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Jm Baggott:

Lee, you and Carlo have done so much physics together.
And yet you so often disagree on so many things.

How is this possible?

Lee:

If we agreed on everything,

one of us would be superfluous.
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Knot Theory and Quantum Gravity
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and
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ch is defined in terms of func-
tionals of sets of loops in three-space. In this representation exact solutions of the quantum constraints
may be obtained. This result is related to the simplification of the constraints in Ashtekar's new formal-
ism. We give in closed form the general solution of the diffeomorphism constraints and a large class of
solutions of the full set of constraints, These are classified by the knot and link classes of the spatial

A mew representation for quantum general relativity is described, whi

three-manifold.

PACS numbers: 04.60+n, 02.40.+m

Despite the failure of standard perturbative quantiza-
tions, many people have argued that quantum general re-
lativity may still exist because strong-coupling effects at
short distances contradict the assumption, which under-
lies perturbation theory, that quantum geometry may be
understood in terms of small fluctuations around a classi-
cal background spacetime.! One approach to the investi-
gation of this hypothesis is canonical quantization, in
which the splitting of the metnic into a classical back-
ground part and a fluctuating quantum part is not
made.? In the canonical formulation of general relativi-
ty, for the case of closed space E, the Hamiltonian is
weakly vanishing and in the quantum theory the dynam-
ics is expressed by the quantum constraint equations.

In this Letter we describe a new representation of
canonical quantum general relativity, called the loop rep-
resentation, in which exact, nonperturbative, solutions to
the constraint ¢quations may be obtained.’ In particu-
lar, we describe here the following results.

(1) The entire space of states annihilated by the spa-
tial diffeomorphism constraints D, (x) is found in terms
of an explicit countable basis. The elements of this basis
are in one-to-one correspondence with the gencralized
link classes of the 3D manifold Z. These are the
equivalence classes, under Diff(E), the idemity-con-
nected component of the diffcomorphism group of X, of
sets of piecewise differentiable loops in £

(2) Among these states are some which are also an-
nihilated by the Hamiltonian constraint @(x), and are
thus exact physical quantum slates of the gravitational
field. Included in these is a sector whose basis is in one-
to-one correspondence with the subset of the generalized
link classes of £ which are based on sets of smooth,
nonintersection loops. These are the well studied ordi-

reformulation of general relativity” and is motivated by
the discovery® of a set of solutions of the Wheeler-
DeWitt equation related to loops. In Ref. 7 it was first
introduced by means of a functional transform from the
self-dual representation.® Here, following Isham’s ideas,”
we define directly the loop representation as the guanti-
zation of a suitable Poisson algebra of nonlocal classical
ohservables.

We proceed by describing the loop representation, we
then explain why it is a guantization of general relativi-
ty, and, finally, we describe how the solutions are found

Let I be a compact three-manifold, of arbitrary topol-
ogy, without metric or connection structure. Let Ly be
the space of piecewise differentiable, closed, parame-
trized, nondegenerate curves in I (called in what follows,
loops, and denoted by greek letters #,7.... ) and let Jfx
be the space of the (unordered) set of ¢lements of Ly
(called multiple loops and denoted {71.inl,. . ). Let &
be the space of complex-valued functions (1] on Atz
which (1) are invariant under reparametrnization and in-
version of the loops, and (2) satisfy, for any y and n with
a common base point, the equation Alyén]+.Aly ~'inl
=Ally,nll, where y s)=y(1—5) (s€0i1] is the
loop parameter) and y#7 is the loop made by going once
round ¥ and then once round n before closing. (As in
spin network formalism,” this is an implementation in
the loop space of the fundamental two-spinor identity,
5850 = 5058 = 4ce®P)

On this space & there exists an algebra of regulated
lincar operators which is a representation of a complete,
ohservable algebra lor general relativity. The algebra,
called the 7 algebra, is graded by lhe nonnegative in-
tegers. The zero elements are defined for every loop y by

=0 -
nary link classes, whose classification is the subject of Tl Alipl ] =AlLyu ot
knot theory.* These are a kind of lowering operator. For 2= 1 the
The loop representation is a development of Ashtekar’s operators arc denoted 77" Iyl L is)
® 1988 The American Physical Society 1155
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of the WdW eq.

Change variables again Tlg] = ¥[A] = T[y] U[y] = /[DA] Tr{eﬁf A] V[A]

Solution of the second equ. Uly] = Y[k[y]]
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A mew representation for quantum general relativity is deseribed, which is defined in terms of func-
tionals of sets of loops in three-space. In this representation exact solutions of the quantum constraints
may be obtained. This result is related to the simplification of the constraints in Ashtekar's new formal-
ism. We give in closed form the general solution of the diffemorphism constraints and a large class of
solutions of the full set of constraints, These are classified by the knot and link classes of the spatial

three-manifold.
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Despite the failure of standard perturbative quantiza-
tions, many people have argued that quantum general re-
lativity may still exist because strong-coupling effects at
short distances contradict the assumption, which under-
lies perturbation theory, that quantum geometry may be
understood in terms of small fluctuations around a classi-
cal background spacetime.! One approach to the investi-
gation of this hypothesis is canonical quantization, in
which the splitting of the metric into a classical back-
ground part and a fluctuating quantum part is not
made.? In the canonical formulation of general relativi-
ty, for the case of closed space E, the Hamiltonian is
weakly vanishing and in the quantum theory the dynam-
ics is expressed by the quantum constraint equations.

In this Letter we describe a new representation of
canonical quantum general relativity, called the loop rep-
resentation, in which exact, nonperturbative, solutions to
the constraint ¢quations may be obtained.’ In particu-
lar, we describe here the following results.

(1) The entire space of states annihilated by the spa-
tial diffeomorphism constraints D, (x) is found in terms
of an explicit countable basis. The elements of this basis
are in one-lo-one correspondence with the gencralized
link classes of the 3D manifold Z. These are the
equivalence classes, under Diff(E), the idemity-con-
nected component of the diffcomorphism group of X, of
sets of piecewise differentiable loops in £

(2) Among these states are some which are also an-
nihilated by the Hamiltonian constraint @(x), and uare
thus exact physical quantum states of the gravitational
field. Included in these is a sector whose basis is in one-
to-one correspondence with the subset of the generalized
link classes of £ which are based on sets of smooth,
nonintersection loops. These are the well studied ordi-
nary link classes, whose classification is the subject of
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The loop representation is a development of Ashtekar’s

reformulation of general relativity” and is motivated by
the discovery® of a set of solutions of the Wheeler-
DeWitt equation related to loops. In Ref. 7 it was first
introduced by means of a functional transform from the
self-dual representation.® Here, following Isham’s ideas,*
we define directly the loop representation as the guanti-
zation of a suitable Poisson algebra of nonlocal classical
observables.

We proceed by describing the loop representation, we
then explain why it is a guantization of general relativi-
ty, and, finally, we describe how the solutions are found

Let I be a compact three-manifold, of arbitrary topel-
ogy, without metric or connection structure. Let Ly be
the space of piecewise differentiable, closed, parame-
trized, nondegenerate curves in E (called in what follows,
loops, and denoted by greek letters 7,1, . ) and let Jfxy
be the space of the (unordered) set of ¢lements of Ly
(called multiple loops and denoted {71.inl,. . ). Let &
be the space of complex-valued functions SAllyt] on Jtx
which (1) are invariant under reparametrization and in-
version of the loops, and {2) satisfy, for any y and 5 with
a common base point, the equation Alyén]+.Aly ~'in)
=Ally, 9], where y s)=y(1—5) (s€01] is the
loop purameter) and y#7 is the loop made by going once
round ¥ and then once round n before closing. (As in
spin network formalism,” this is an implementation in
the loop space of the fundamental two-spinor identity,
5850 = 5058 m e ™)

On this space & there exists an algebra of regulated
lincar vperators which is a representation of a complete,
ohservable algebra lor general relativity. The algebra,
called the 7 algebra, is graded by the nonnegative in-
tegers. The zero elements are defined for every loop by
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These are a kind of lowering operator. For n=1 the
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Received 26 September 1988
(Revised 30 March 1989)

We define a new representation for quantum general relativity, in which exact solutions of the

quantum constraints may be obtained

The representation is constructed by means of & noncanomcal graded Poisson algebra of
classical observables, defined in terms of Ashiekar's new variables. The observables in this algebra
are nonlocal and involve parallel transport around loops in a three-manifold 2. The theory is
quantized by constructing a Linear representation of a deformation of this algebra. This represen-
{ation is given in terms of an algebra of linear operators defined on a state space which consists of
functionals of sets of loops in ¥ The construction is general and can be applied also to
Yang-Mills theories

The diffeomorphism constraint is defined in terms of a natural representation of the diffeomor-
phism group. The hamiltonian constraint, which contains the dynamics of quantum gravity, is
constructed as a limit of a sequence of ohservables which incorporates a regularization prescrip
tion. We give the general solution of the diffeomorphism constraint in closed form. 1t is spanned
by & countable basis which is in one-to-one correspondence with the diffeomorphism equivalence
classes of multiple loops, which arc a generalization of the link classes studied in knot theory.
Then we exphietly construct, in ¢losed [orm, a large space of soluton of the entire set of
constraints, including the hamiltonian constraint. These turn out 1o be classified by the ordinary
knot and link classes of X

The space of solutions that we find is a sector of the physical states space of nonperturbative
quantum general relativity. The failure of perturbation theory is thus shown to be nol relevant to
the problem of the cxistence of a nontrivial physical state space in quantum graviry. The
relationship between this new loop representation and the self-dual representation of Ashtekar is
luminated by means of a functional transform between states in the two representations.
Questions of the completeness of the solution space, the meaning of the physical operaters and the
physical inner product, are discussed, bup not, so far, resolved

05503213 790 /503,50 @ Elsevier Science Publishers B.V.
{North-Holland)
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Wearving a Classical Metric with Quantum Threads.

T ren t 0 7 9 9 2 Abhay Ashtekar, """ Carla Rovelli,"™ and Lee Smolin ™

) Peparemens of Physics, Syracuse University, Syracuse, New York [ 12441130
D peparimens of Physics, University of Piesburgh, Piitsburgh, Pennsyloenia | 3260
and Dipartimento df Fisica, Universita di Trento, Trento, Haly
and Istiruta Nazionale di Fisica Nucleare, Sezione i Padova, Padova, fialy
{Received 14 Agril 1992]

Results that iluminate the physical inferpretation of states of nonperturbative quantum gravity are
obtained using the recently introduced loop variables. It is shown that (i) while Jocal operators such as
the metric at a point may net be well defined, there do exist nonloca! operators, such us the area of a
given teo-surface, which can be regulated diffcomorphism invariantly and which arc finite wizhour re-
normalization; (i) there exist quantum states which appraximale a given melric at lirge scales, bul such
states exhibit a diserete structure at the Planck scale.

PACS numbers: 9460 +n

It is by now generally accepted that perturbative ap-
proaches to quantum gravity fail because they assume
that spacc-lime geometry can be approximated by a
smooth continuum at all scales. What is needed are non-
perturbative approaches which can predict— rather than
assume—what the true nature of the microstructure of
this geometry is, In such an approach, background fields
such as 2 classical metric or a connection cannet play a
Tundamental role; quantum theory must be formulated in
a diffeomorphism-invariant fashion, An important task
in these programs is then to introduce techniques needed
1o describe geometry and 1o “explain™ from first princi-
ples how smooth geometries can arisc on macroscopic
scales.

Over the past five years, two avenues have been pur-
sued 1o test if quantum general relativity can exist non-
pertisrbatively, The first is based on numerical simula-
tions (1), while the second is based on canonical guantizas
tion [2-6). This Letter concerns the second approach.
While the canonical approach itself was introduced by
Dirac in the late 19505, the recent work departs from the
early treatment in two important ways: (1) It is based on
a mew canonically conjugate pair, the configuration vari-
able being a connection [2.5); and (ii) it uses a new repre-
sentation in which quantum states arise as suitable func-
tions on the space of closed loops on a f(spatial} 3-
manifold (23.6]. The new ingredients have led to techni-
cal as well as conceptual simplifications which, in turn,
have led 1o a varicty of new results. In particular, these
methods have opened up Bridges between quantum gravi
ty and other areas in mathematics and physics such s
knot theory, Chern-Simons theory, and Yang-Mills the-
ory.

The purpose of this Letter is 10 report en the picture of
quantum geometry that arises from the use of the loop
variubles. To explore the geometry nonperturhatively, we
musl first introduce operators that carry the metric infor-
mation and regulate them in such a way that the final
operators do ot depend on any background structure in-
troduced in the regularization. We will show that such
operalors do exist and that they are finite without renor-

malization. Using these operators, we seek nonperturba-
tive states which can approximale a given classical
geometry up terms ©Up/L), where /o is the Planck
tength and L is a macroscopic length scale, lengths being
defined by the given metric. We find that such states do
exist but that they exhibit a discrete structure al the
Planck scule {p. Such a result was unticipated on general
grounds since the 19305, Indeed, there exist o number of
guantum gravity programs that begin by postulating
discrete structures at the Planck scale and then atlempi
to recover from it the known muacroscopic physics (7]
The key difference is that, in our approach, discreteness is
arrfved at by combining general relativity with quantum
mechanics using loop variables.

In this Letter, we will only sketch the main ideas in-
volved; details will appear elsewhere [8],

Let us begin with the classical phase space. The
configuration variable A% is a complex SU(2} connection
and its conjugate momentum £7, the mathematical ana-
log of the electric field in Yang-Mills theory, is a triad
with density weight 1 [SI. (Throughout we will lel a,
b, ... denote the spatial indices and 4/, . . ., the internal
indices, A tilde over a letter will denote a densily weight
1.} The first step is the introduction of loop variables [6]
which are manifestly SU(2)-gauge-invariant functions on
the phase space. The configuration variables are the Wil
son loops: (iiven a closed loop y on the 3-manifold I, we
set

Tin = TepennG P a,ae. w
where (7 is Newton's constant.  (Throughout, we use the
2-dimensional representation of the gauge group to evaly-
ate traces.) Variables with momentum dependence are
constructed by inserting Ef at various points on the loop
before taking the trace. Thus, for example, the Joop vari-
able quadratic in momenta is given by

Ty,

; -;Tri[sﬂupc;_f'/i.-rrls'(y')

A.d?"]k '(u)i.
2)

237
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d s shown to be finite and difeomurphism invariant. The prublem of construsting this Hamil
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the uperier corresponding 1o the spatial volume of the Universe

PACS numbers: 4 6w

One of the main problems of nenperturbative quantum
gravity hus been how 1o realize physical ime evolution in
the absence of a fixed background spacetime geomelry
[1]. One solution to this problem, which has been often
discussed. 15 Lo use a matter degree of freedom to provade
u physical elock [2.3), and represent evelution as change
with respect ta il In his Letter we show that it is possi-
hle te explicitly implement this proposal in the full theary
of quantum general relativity, using the nonperturbative
approich hased on the loop representation 4-T1 We use
u scalar field as a clock as supgested in several recent pu-
pers [B]. and we show that it is possible o construct the
Humiltoniun operator # that gives the evolution in 1his
clock time. "

We construct the Hamilionian operator H by uung
regularization techniques recently introduced [6.9] for
diffecomorphism invariant theories. The main result that
we oblain is that the operator H. although constructed
through o regularizasion procedure that breaks dilfeo-
marphism invariance, is nevertheless diffenmorphism in-
variant, background independent. and (as we have argued
elsgwhere [9] is implied by these conditions} finite. Tt fol-
lows that M 15 well defined on the space, V., of the
diffeomurphism invariant states of the gruvitutional field.
As ¥ is spanned by the basis given by the gencralized
knot clusses 141 (diffeamorphism equivalence classes of
Timite sets of loops in E. the three-dimensionul space mua-
ifald). 7 is represented by un infinite dimensional matris
in knot space. W present here @ procedure for comput-
ing all the matrix elements of the Hamillienian & n koot
space. This procedure is purely combinatorial and alge-
briic. Thus, our main resull is the reduction of the prob-
Jem uf vumputing the physical evalution of the quantum
gravitational field with respest 10w clock o a problem in
araph 1heary and comhinatarics.

We begin by introducing the sealar field T0r), whose
three-surlaces of constant values may be taken. under ap-
propriate  circumstances, o represent time [8L We
denote the physical regime in which this can be done (n

448

which the sealar field grows monotonically everywhere an
E} a5 the clock regime. The formalism developed here in
meuningful enly within this regime. 1f we denot its con-
Jugate momentum by wlv), the Humiltonisn construint is

Elx) =t B8, T T+ n
2p 2

where u is o constant. The gravitational contribution has
th dard form g =Cr+A, where =cu
x FYEYEYS and g =det(ges). Here A is the cosmological
constant, und all other symbols hive 1he usual meuning in
the Ashiekar formalism [10], We then resirict the free-
dom of choosing the time coordinute by fring 1he gauge
8,7 =0 This implies that the Japse is VOc}=a/xlx) for
some constant @ and that all of the infinite number of
Hamiltonian constraints E0x) turn out W be gauge fixed
cxeept one, which is

_L =t "-'Z_];n+fz‘f? E ey =0

In the quantum theory the diffeomorphism invariant
states are then of the form %(lal. 7], where la] indicates
4 generalived knot class and the real number 7 is the con-
stant value of the time. These states satisly o Schié-
dinger-1ype equation (hdW/dT ) =~TUHY where H s
the yuantum operator corresponding 1o the observable

H—L\,*(‘,.. (o

We now proceed o construct the quantum opesator
We regularize the integral by writing it as 4 limt of o
sum. wnd, in addition, we regularize cuch vperator prod-
ucl. We write

A= tm o T N T E YT

hd 50T

4

whete we have divided the spatial manifold £ mto cubes
of size L according 10 an arbitrary set of fixed Euclidean
coordinates, and the sum is over these cubes, lubeled 7
The quantities & and A are paramelers iwvolved in the

Chapter 4
Pittsburgh—Penn State 1994
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Dynamics
s H¥ =0

¢ regularization = in the limit in which the cut of removed
H is finite on diff-invariant states

» H=BEE, regularization: B =1lim — ., U/(A)

Hu (x) (i a—0
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The theory is naturally ultraviolet finite

Far from being inconsistent, Gr and QFT conspire to solve each others problems
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Discreteness of area and volume in
quantum gravity
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* Department of Physics, University of Finsburgh, Pitshurgh, PA 15260, USA
Y Center for Gravitational Physics and Geometry, Depariment of Physics, Pennsylvania State University,
University Park, PA 16802-6360, USA

Received 2 November 1994; accepted 20 March 1995

Abstract

‘We study the operator that corresponds to the measurement of volume, in non-perturbative quan-
turn gravity, and we compute its spectrum. The operator is constructed in the loop representation,
via a regularization procedure; it is finite, backg) inds dent, and diff; ism-invariant,
and therefore well defined on the space of diffeomorphism invariant states (knot states). We
find that the spectrum of the volume of any physical region is discrete. A family of eigenstates
are in one to one correspondence with the spin networks, which were introduced by Penrose in
a different context. We compute the corresponding component of the spectrum, and exhibit the
eigenvalues explicitly. The other eigenstates are related to a generalization of the spin networks,
and their eig lues can be p by di izing finite di matrices. Furthermore,
we show that the eigenstates of the volume diagonalize also the area operator. We argue that
the spectra of volume and area determined here can be considered as predictions of the loop-
representation formulation of quantum gravity on the outcomes of (hypothetical) Planck-scale
sensitive measurements of the geomelry of space.

1. Introduction

In spite of recent progress, rescarch in quantum gravity[1] has produced few precise
physical predictions, against which the theory might be, at least in principle, experi-
mentally tested. In this paper, we show that, under certain assumptions, predictions for
the spectra of ceriain geometric quantities can be derived from the quantum theory of

' E-mail address: tovelli@vms.cis.pitt.edu.
* E-rmail address: smalin@phys psu edu_

Elscvier Science B.V.
S504 0550-3213(95)00150-6

Chapter 5
Uerona 1994
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Can we compute eigenvalues non perturbatively?

Ves!

Physical geometry is discrete at the Planck scale,
As a direct result of taking GR and QT together.
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Spin networks and quantum gravity

Carlo Rovelli*
Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 15260

Tes Smalint

Center for Grovitational Physics and Gevmeiry,

i, ia State University,

of Ph
Uniiversity Pack, Pennspluanin 16802-6360
and School of Natural Science, Institute for ddvonced Study, Princeton, New Jevsey 08540
{Received & May 1595)

‘We intraduce a now hasis on the state space of nonperturbative quantum gravity, The states

af this basis are linearly independent, are well d

efined in both the loop representation and the

connection representacion, snd are labeled by a gencralization of Penrose’s spin networks, The new
Tasis fully reduces the spinor identities [SU{2) Mandelstam identities] and simplifies caleulations in
nonperturbative quantum gravity. In particular, it allows a simple expression for the exact solutions
of the Hamiltonian constraint [Wheeler-DeWitl equation) that have been discovered in the loop
representation. The states in this basis disgonalize operators that represent the threc-geometry of
space, such as the ares and the volume of arbitrary surfaces and regiony, and thevefore provide a
discrete picture of quantum geometry at the Planck scale,

PACS number(s): 04.60 Ds, 75.25 45

1. INTRODUCTION

The loop representation [1,2] is a formulation of quan-
tum field theory suitable when the degrees of freedom
of the theory are given by a gauge field, or a connee-
i This formulation has been used in the context of
continuum and lattice gauge theory [3], and it has found
a particularly effective application in quantum gravity
[24], because it allows a description of the diffeomar-
phism invariant quantum states in terms of knot theory
[2,6], and, at the same time, because it partially dingonal-
izes the quantum dynamics of the theory, leading to the
discovery of solutions of the dynamical constraints [2,6].
Recent results in quantum gravity based on the loop rep-
resentation include the construction of a finite physical
Hamiltonian operator for pure gravity [7] and fermions
[8]. the computation of the physical spectra of arca [9]
and volume [10], and the development of a perturbation
scheme that may allow transition amplitudes to be explic-

[7.11,12]. A math ically rigorous for-

Abelian Yang-Mills theories

Appli of the Joop however, have
been burdened by complications arising from two tech-
mical nuisamces. The first is given by the Mandelstam
identities, because of which the loop states are not inde-
pendent and form an overcomplete basis. The second is
the presence of a certain sign factor in the definition of
the fundamental Ioop operators T for o > 1. This sign
depends on the global connectivity of the Joops an which
the operator acts and ohstructs a simple loeal graphical
description of the operator's action. In this wark, we de-
scribe an elegant way to overcome both of these compli-
cations. This comes from using a particular basis, which
we dencte as spin network basis, since it is related to the
spin networks of Penrose |16]. The spin metwork basis
has the following properties: (i) It solves the Mandel-
stam identities; {ii) it allows a simple and catirely local
graphical caleulus for the T™ operators; (iii] it dingonal-
izes the area and volume operators, The spin network
basis states, being eigenstates of operators that corre

approach to ne

wantum field theories whose ion

& space of consections, inspired by the loop rep-
resentation, has been recently developed [13,14] and the
Kinematics of the theory Is now on a level of rigor com-
parable to that of constructive quantum field theory [15]
This approach has also produced interesting mathemat-
ical spinoffs such as the constenction of diffeomarphism
imvariant generalized measires on spaces of connections
[14] and could be relevant for a constructive ficld theory

“Electronic address: covellilivis cis.pitt edu
*Electronic address: smolin S8phys.psu.cdn
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apand 10 of the physical geometry, provide
i physical picture of the three-dimensional quantum ge-
annetry of space at the Planck-scale level,

The main idea hehind this construction, long advo-
cated by Loll [17], is to identify a basia of independent.
Toup states in which the Mandelstam identities are com-
pletely reduced. We achieve such a result by exploit-
ing the Bacl, that all irreducible representations of 8U(2)
are built by szed powers of the F 1 repe
resentation, We will show that in the loop representa-
tion thie translates into the fact thatl we can suitably
antisymmetrize all loopx overlapping each other, with-
out losing generalily. More precisely, the (suitably] anti-
symmetrized loop states span, bul de ool overspan, the
Kinematieal state space of quantum yravity.

5743 1995 The American Physical Society
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ieivalent laaps, For instance, io te example sbove the

intersection between o snd 3 in the bop o -y 37

in vrivalent becouse v and 37! form a single set of over-

Tapping loop segments ( sngle rope) emerging trom the
wil deal with

in the r\w"mlh‘
e may hope to reduce she degemesacy by replac-

of by means of the retracing sdentity. [n the example
comaldeaid piouh b Liuladies, A ab st Wk ok
{a A-57" to & linear combination of the two stater
ditacd 1 (1)

3 = T+ 124 | + I

%wﬁ?

=112 12

21

S0 we may hope that any time we have two paradlel lioes,
we conld e the spinor identity as fallows:

1= X0 ] X
=i+ uzn

~
st 2]

Unfortunately, this doss oot work. ‘To wuderstand va
el i i v e g i that stasts w
ends in feremt pointy of o, e by oy n.»d
s v sements in which the twn Inbrsections with

{31

7 partition . Then we have, dise to the spinor and
rteacing, identitie,

Gl = deny T ey a4 Qe v =0, (14)
namely

{o|<a|-< a |

IF we want ta pick two Independent linear combin alons,
we have ta choose the spnmetric combination |
S U 4 el ek A, amftafyeiris S s bAtor
Namely, we have to choose

WKLo

»€@|={an|.< o |

(16)
Thun, ta pick the independent combination of loop states,
we have to antisymmetrise the rope in ooe case, but we
have to symmetrize it in the other case. In general, the
chaice between symmetrization and antisymmetrization
«can anly be worked out by writing out explicitly the full
attern of roatings m the multiple Joop. In other words,
Eq. {13} is in general wrong if taken as a calcwlation rule
that can be used in dealing with any loop state. More
precisely, at every intersection, the spiner identity pro-
videa a linear relation between the three multiple loops
abtained by replacing the intersection with the three pos-
sibe raotings through the loop

XX T X

7

bt the sign In front of cach term depends o the glohal
routing of the loops.

There is a simple way cut of this dificulty, which does
allow s to get siek of the spinor identities among, trivalent
Toops simply. 12 Ruthyremstrieotlon, 15 onder to Gecer-
mine the correct signs of the various terma i Eq. {17),
we have ta take the giobal seuting oo account. There
are only three poasibilities:

g-8-%-
00

00~ 00"
886

%)
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eounts the ferms of the symmetrization. Let us analyze
this state o some detail. For every lik | with color py,
there aso p parallel propagacars Dyl A] slong the

cach one in the spin.§ representation, that enter the d
initine of ¥¢{A) Lel us indicate tensors” indices expli
itly; we introduce spinor indices A, 8, .. with value 0.1
The counection A his compoaents 445, which form an
a2, matrix, and its paealle] propagator along a link {
ia 2 matrix U4 SL{C) greup. Sinee SLIZCY i
#ke group of matcices with gnit deserminact, we have

=, (34)

(35

Qne can wiite ws(A) explicitly (0 ters of the paru-
161 propagatars 14", the objects rqp and «4% and the
Kroneker delta 45, Thus, any spin-network state can be
expressed by means of s certain tensor expression lormed
by 51(2,7) tonsors, + and § objects
Fenrase has described in p!; & graghical natativn fir
temsor expressions of this kind. This sotation is going
play o role in what follows, 50 in by secalling
Its wain (ngredients. We indicate twe-index tensors with
. With the v at the ogen eids of the lioe,
ihe distinetion betwern upper indioes, ndi-
cated by lines polnting up and lowes indicss, carroipond-
ing 1o hm puicting down. More precisely. we indicate
of the parallel pragagator U, of an fopen ar
leml.] curve @ a8 3 uemud bold line ac in

Ui == ‘M

b (36}
where the label o i understood unles: v clarity;
we indicate the antisymimetsie tensor as b
' (37
& -
" )

Fioally, we indicate the sum over tepeated indices by

connecting the open enda of the Jines whece the indices
are We then have, for jnstance,

[E]

n izl 3 ()

The mast interesting Telation is the ideity

an

Falbe® — Ea R0 = PPyp fan

X -R .

which is of couree relaved to the loon representation
apinor ideatity. Because of his last relation, i the Pea-
agram of any boop slate we van use the graphical

[
(43

where the Lar indi anmetcivtion. en any (tae]
iy, lorp

i saialier & geterk le) kuap slate o the
commectin sepresentatio Nedpniakait p N
Yaomin ench of L i the trams B o pradiuct oF matsicr
W can represent these races i tetms of the cocrespond-
ot raphical temsos diogram, which will 7
clised Tnes. Wee slapt the sdlditional cony
i lines that Form & rope as peachy parallel s, sl
of prproducing the intersections of the original loops as

relatin
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Thanks for the fabulous journey, my friend
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ThIS is non sensica} !
No theory predicig this !

White
hole

Quantum
Transition

Black
hole
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