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Abstract:

Assuming the polynomial hierarchy is infinite, we prove a sufficient condition for determining if uniform and polynomial size
quantum circuits over a non-universal gate set are not efficiently classically simulable in the weak multiplicative sense. Our
criterion exploits the fact that subgroups of SL(2; C) are essentially either discrete or dense in SL(2; C). Using our criterion, we
give a new proof that both instantaneous quantum polynomial (IQP) circuits and conjugated Clifford circuits (CCCs) afford a
quantum advantage. We also prove that both commuting CCCs and CCCs over various fragments of the Clifford group afford a
quantum advantage, which settles two questions of Bouland, Fitzsimons, and Koh. Our results imply that circuits made of just U
\otimes U-conjugated CZ gates afford a quantum advantage for almost all single-qubit unitaries U.
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Algorithm 1 IsElementary

1

1: Input: Finite set I' C SL(2;C) such that (I') < SL(2;C)
2: Output: NO if (') is non-elementary, IDK (“I don’t know”) otherwise
3: for g,h €T do
if B(g) & [-4,0] or B(h) & [-4,0] or (g, h) & [-B(9)B(h)/4,0] then
if v(g,h) # 0 then
if B(g) # (g, h) or B(h) # —4 then

5

6 g

G if B(g) # —4 or B(h) # v(g,h) then
8: if 8(g) # —4 or f(h) # —4 then
9 T
0:

AN

eturn NO
return IDK
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Algorithm 2 IsDiscrete
1: Input: Finite set I' C SL(2;C) such that (I') < SL(2;C)
2: Output: NO if (I') is non-discrete, IDK otherwise

3: for g,h € T do
4:  if IsElementary({g,h}) = NO and |tr2(g) - 4| + |tr(ghg_1h_1) - 2| < 1 then

5 return NO

6: if tr(ghg~'h~!) # 1 and |tr2(g) E 2| - |tr(ghg_1h_1) - 1| < 1 then

T return NO

8: if tr(ghg~'h™!) =1 and tr?(g) # 2 and |tr?(g) — 2} < 1/2 then

9: return NO

10:  if tr’(g) # 1 and |tr®(g) — 1| + [tr(ghg 'h™!)| < 1 then

L1 return NO

12:  if tr?(g) = 1 and |tr(ghg~'h~1)| < 1/2 and tr(ghg='h~!) # 0 then

13: return NO

14:  if tr’(g) = 1 and |tr(ghg_1h_l) — 1| <1/2 and tr(ghg=*h™!) # 1 then
15: return NO

16: if tr(ghg~'h™!) # 1 and |tr2(g) - tr(ghg_lh_l)} -+ |tr(ghg_1h,_1) — 1| < 1 then
17: return NO

18:  if tr(ghg™'h™') =1 and tr?(g) # 1 and |tr’(g) — 1| < 1/2 theén

19: return NO

20: return IDK
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