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Cohomological DT theory

Given any projective 3 CY variety X, indivisible Chern class

a € H*V"(X,Z) and a generic stability condition (, the
Donaldson-Thomas invariants DTS, defined by Thomas in

2000 “counts” semistable sheaves on X of given Chern class a.

They are defined by taking the degree of the virtual fundamental class
of the moduli space of sheaves Mg(X) Given any scheme Y,
Behrend in 2005, defined a constructible function vy: Y — C and
showed that DTg is precisely the weighted Euler characteristic

X(ME(X), v x):
When Y can be written as the critical locus of a function f : Y 5 C

where Y is smooth, then there exists the vanishing cycle sheaf ¢f
which satisfies

> (1) dimH (Y. or) = x(Y, vv).
i>0

@ In cohomolgical DT theory, inititated by Konstevich-Soibelman; one

studies the cohomology H(Y', ¢r) itself. Jacobi algebra-provides local
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Quivers

@ A Quiver Q = (Qo, @) is a directed graph with vertices Qy and edges
Q1.
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Quivers

Jordan Quiver
X

0

Cyclic quiver of length 3:
0
S NG
R v 1

QK cyclic quiver of length K + 1.
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ONIVEES

e A Quiver Q = (Qo, Q1) is a directed graph with vertices Qp and edges
Q1.
@ Let CQ be it's path algebra.

CQjor = C[X] |

@ The moduli stack of d = (d;);cq, dimensional representation of CQ is

Ma(Q@) = Repg(CQ)/ || GL(di) = ][] Hom(C¥ c%)/ || GL(d))

icQo ai—j ieQo

My(Quor) = [End(G)/ GL(d)]
where g - X = gXg 1.
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Jacobi Algebras

e Given any quiver Q = (Qp, @1), let W € CQ/[CQ,CQ] be the
potential, i.e a linear combination of cyclic elements in the path
algebra.

@ Let a € @ then for any cycle W we define the derivative

W
(a—a— Z bc

W =cab

and we extend the definition to any potential.

@ [hen the Jacobi algebra is defined as

oW
Jac(@, W)= (CQ/((a—a, ae @)
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X

()
UO

£

For Q = Jors = Qor and W = X[Y, Z], Jac(Quor, W) = C[X, Y, Z].

Note that Mty(Jac(QJor, m) ~ Cohp(C3).

Example (Tripled quiver with Canonical Potential)

For any quiver @, we may consider the quiver Q formed by doubling Q
and then adding loops on each vertex. We choose
W = (Dicq, wi)(2_.cq,[a:a*]). Then we have isomorphism

—~—

Jac(@, W) ~ MNglw] where w = " w;.
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Example (Tripled cyclic quiver)

- S A3 W3 (o x
Figure: Q°, W* = ngz/z% wi(af 112041 — ai.f—laf,f_l)
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Example (ALE surface )

Let Zk 1 C SLo(C), where (X, Y) = (wX,w™1Y). Let Sx — C?/Zk 1
be the unique minimal $esolution. Then we have derived McKay
correspondence due to [Kapranov-Vasserot 1998|

& : D"(Coh,(Sk x C)) =~ D(Jac(QK, W) — mod).

Example (Resolved conifold)

Let

a
SR — (] i_bh‘\} i

e

be a quiver with the Klebanov—Witten potential given by
Wiw = acbd — adbc. Then there is a derived equivalence

D" (Jac( @™, Wiw)) =~ D"(Coh¢(Yeon))-

where Yeon = Totpi (Opi(—1) & Opi(—1)) is the resolved conifold.

= ——— - e
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Kontsevich-Soibelman cohomological Hall algebra

@ For any smooth X with a function f : X — C, there exist perverse
sheaf ¢r, such that Supp(¢r) = Crit(f). Vanishing cycle measures
singularity of crit(f).

e Given a quiver Q with potential W, note that Tr(W) : My(Q) — C,

Crit(Tr(W)) = Mg(Jac(Q, W)).
e Kontsevich and Soibelman [2008] constructed an algebra product on
the critical cohomology, as the algebra of BPS states

Aqw = P H(Dﬁd(Q)s%ﬁTr(Wﬁj‘

deN®o

o When Q = Qjor and W = X[Y, Z] then

( (QJor) CTr W)) H(COhn(Cs)f QTr(W))

studies Cohomological DT theory of AS3.
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Algebra structure

@ Defined by Thom-Sebastiani isomorphism, pullback and pushforward
in the vanishing cycle cohomology

Ma(Q) x Me(Q) £ Extye(M(Q)) —Z— Mye(Q)

@ For any torus T, which leaves potential invariant, one can similarly
define AZ;}_W = Daen HT(EDId(Q), iP‘Tr(W))-
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Relation to preprojective CoHA and MO Yangian

@ We have a dimension reduction isomorphism due to Davison[2015]
and Konstevich-Soibelman (as vector spaces), giving an algebra
isomorphism:

A=A, = @) P Q")
| deN%

where Ag also has an algebra structure, defined by
Schiffmann-Vasserot for Jordan quivers in the proof of AGT
conjecture.

Theorem (Botta-Davison 2023, Schiffmann-Vasserot 2023)

For any quiver Q, there is an isomorphism of algebras

T MOt

where T is any torus acaling the symplectic form.

@ Only known for type ADE and Jordan quiver.
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Affine Yangian of glk: Yg:;iz, K > 2

@ Defined by Nicolas Guay in 2007.

° Y;i ;i deform certain universal central extension of U(slk[uF!, v]).
o They have a triangular decomposition and the positive half is defined
as a Clhy, hy| algebra generated by elements Xﬁr where
i € Z/KZ; r > 0 with specific relations. |
@ Let T = C* x C* be a torus action, where first copy acts on arrows a
by weight (1,0), arrow a* by weight (0, 1) and loops w; with weight
(—1,—1). There exist an algebra morphism
(K+1).+ T
P :;ﬁ o AQK w
defined by X" — af, where af = u"[pt;] € HT (M, (QK), o,
Hr(pt)[u],0; = (0,---,0,1,0,---,0).
S
i Os
@ This morphism is not a surjection, since there are elements of negative
degrees in AT K 18 = [Sk] € H]%M(Dﬁ(l,l.__.‘_1)(I—IQK),Q“") of

cohomologlcal degree —2.
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Embedding to Shuffle Algebra

Then usual properties of vanishing cycles gives a morphism of graded

vector spaces H(T)(My(QK), Prciiry) H(T (9Mg(QK), QVir).

This morphism upgrades to a morphism of graded algebras

{TY. 4tT)

@ / is not always an injection however / is an embedding when T = T.

f 2D
Q K
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Localized Algebras

@ Thus it is enough to understand the image of iT.

@ After localization, we have that

Theorem (Schiffmann-Vasserot 2017, Negut 2023)

AT@ = OCFy o] C(h1, ho) is spherically generated. i.e generated by

dimension vectors §; = (0,---,0,1,0,.--,0) € NQo
W
| Os

@ Yang-Zhao 2018 for ADE, Rapcak-Soibelman-Yang-Zhao 2018 for
Jordan quiver study localized algebras and relate them to Yangians.
One can similarly show that ® @ C(fq, /) is an isomorphism.

@ However, without localizing, these algebras are typically (Except ADE
and Jordan quiver) NOT spherically generated. These moduli spaces
are singular, localizing looses lot of geometry.
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IntCoHA(n),+
Integral form Y, " (7]
hi1,ho

Consider the C[Aq, hy] algebra generated by elements Xﬁrwhere
i=0,---,K;r>0and K, where r > 0 such that |

[Xi_!_r+1 ! Xf_:l.sl ) [Xi_!_r ! Xr'_:l.s+1] = (h’l s 52/2)[)(;{_,*? Xf'_:»l.s} [ 52/2{)(!%:‘ ' Xf_:»l.s}

+ + + + +
[Xf\r+11Xf—1.s] - [Xr',r? i+—1.5+1] = _(h’l 5 h2/2)[XiJ._rr’X' ] - h'z/z{xf.rfxi—l.s}

i—1,s

P G — G XLl = B 0GR, X )

i1 % s i,ris TR Ay
X X5l = 0 V)i — j >,
Kty s it s Xikia ol = 0
hihoK, = T'((h1 + h2) Yk — Zk)
Yk = > Xi0lXis1,0, [Xiv2,0, - - 5 Xi—1,0ll

Zi = [Xi,00 [Xig1,15 Kiz2,00 [+ 5 Xi—1,011l]

Symrl .rz[

+y _ oyt + oyt y oyt + + 3+
where T(Xi,r) - Xf.r+1“ T(Xf.er‘s) - Xr"rirlXj.s &= Xi.er.s+1
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For K > 2, we have an isomorphism of algebras

IntCoHA ,(K+1),
ntCo (K+1),+ R .A
hy .o

QK. W
Q @;

given by XI-J; — A =

- . T . 2 D
@ How? By a purity result, Aé?-w. is flat deformation of AQKTW' We

first study AQK_.W which allows to give minimal generators of AQK.'VT/

and compute the image of /L.
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Cohomological Integrality and PBW
theorem[Davison-Meinhardt 2016]

@ For any symmetric Q and potential W, there exist a (perverse)

filtration 1 on A(QTB/V such that we have cohomologically graded
PBW isomorphism

)
sym (8875 © Clul) =~ Gry(AG )

e The BPS Lie algebra Q%F__)a/'(r) — A(QT&V is a sub-lie algebra closed

under commutator Lie bracket.
o The C[u] action is given by the determinant line bundle: for each
vertex I/, we have a tautological bundle R; on each vertex

Det : EDTST)(CQ) — pt /C*, R > det(R;)

u acts by > c(R;).
BPS,(T)

® gow  ®Clu — A(g.VT/ is not always closed under the Lie bracket.
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Affinized BPS Lie Algebra [Davison-Kinjo]

Note that Jac(Q, |7V) ~ [Mp[w], we can analyze generalized
eigenvalues of w.

For U an open disc of Al, let fmg(@) be the open substack where
generalized eigenvalues of w; are in U ¢ Al. Thus we have

H(Ma(Q), o1r(w)) = H(MG (Q): e1e(wy )

If U; and U, are two disjoint open sets, then we have a version of
Thom-Sebastiani implying

HMU T %(Q), erw)) = HOU(Q), prw)) @ BN (Q), orv(w))

This gives a cocommutative coproduct on Ac§@W which means

Az~ (gapg) for some lie algebra gBPSV

As a vector space gBPS ] gEEPSI but not as a Lie algebra.
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Cyclic quivers

@ We have a relation with Kac plynomial[Davison]

Y2 (2) = Y (~1)/(q2) dimHI(gB"S ) = aga(a™)

i

where ag 4(q) is the Kac polynomial.

This gives generators a-gr) ;= u" - a5, of cohomological degrees 2r.r > 0 and

7(% = u" - k.5, k > 1 of cohomology degrees 2r — 2, r > 0, where
= (1,1,---,1) is the imaginary root.

There is an action of Aé;{ 7 the equivariant Hilbert scheme

@VER(ZKH)H(HiIbV(CQ) @Q), and there is an action of

——

Agf( _ 1= Bg>oH(M. 5(Q ) ‘f’Tr(W)) on the Hilbert scheme

@kzo (Hilb (Sk), Q).
Geometric McKay corrrepondence and Lehn relations allows us to

show that AHQK is generated by @Er) and ~ ( ) where r > 0 with
explicit relations.
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@ Let WK be the Lie algebra generated by Ty ,(X) where X € slx and
tx ; Where k € Z and a > 0 with the relations

O, [tm.aa Tn,b(X)] = (na - mb) Tm+”=a+b_1(X)

[tm,as tn.b] — (na — mb) tm+n.a+b—1
[Tm.a(X), Top(Y)] = Tminasn([X, Y])

Let QX be the cyclic quiver of length K + 1. Then there is an
isomorphism of algebras

—~—

A’b?ﬁ/’ ~ U(Wi4)

@ This provides enough relations to compute the image of
it AT — AT allowing us to prove previous theorem. We can
QK. W QK
also consider a C* deformation.
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@ Let i be a formal variable and let D;(C*) be the algebra of
h—differential operators on C*. It is defined as a unital associative
C[A] linear algebra generated by z*!, D subject to the relations:

Dzr=z(D+ )zt =z gz =L (1)

Let Dy(C*) ® gl be the algebra of polynomial differential operators
on C* with coefficients in gl,. This forms a C[A] Lie algebra with
basis z"D?X,ne€ Z,a > 0,X € gly.

Let

Wk C (Ds(C*) @ alk) ®cpp) CIA™]
be the C[A] linear subspace spanned by Ty ,(X), X € gli and

A = Tk,a(l)/ﬁ
O,

where k € Z,a > 0, X € gl and by 1, we mean the identity matrix
Id = g[K
@ Wy is closed under Lie bracket and limy_,o Wk = Wk.
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Deformed Affinized

It is shown by Tsymabliuk [2016] that the classical limit of affine Yangian

Yéf;iz is Uc[h](Dﬁ,(C*) ® glk ). Since equivariant CoHA A(ﬁ; is a flat

deformation of Ap,, this gives

Let QX be cyclic quiver of length K + 1. Assume K > 2. Let C* be a
torus acting on the arrows a with weight 1 and arrows a* with weight —1
and weight 0 on the arrows. Then there is an isomorphism of algebras

A%’,W ~ Ucin (Wi 1)

O,
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3d Quantum Groups

MO,+ i ]
Yoot —=— A

T dimension reduction

when(Q.W)=(Q,W)
-
AL
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Ongoing work: Super Quantum Groups

The Borel-Moore homology of the moduli space of representations of
preprojective algebra is all even dimensional.

Similarly the construction of the Maulik-Okounkov Yangian is done by
considering cohomology of Nakajima quiver varieties, which are all
even dimensional.

If one wants to construct super quantum groups geometrically, one
needs to fermionize these constructions.

A way to do so is by considering “mass terms” or quadratic terms to
the potentials. One can then aim to define 'critical stable envelopes’
using BPS cohomology. The Jacobi algebra of resolved conifold can

be obtained by doing fermionizing construction to Q! quiver.

In an ongoing work of Ben Davison, we realize Lie superalgebras as
example of BPS Lie algebras and we study the cohomological Hall
algebra of resolved conifold which is expected (Kelvin Costello) to be
isomorphic to the positive Half of the Affine Yangian of gl(1,1).
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