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Causal compatibility in
causal models with

quantum latents




P
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Conventional assumption:
dimension of latent quantum system is
arbitrary
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If Z is a complete common cause
of X and Y, then

Pxy|z = Px|zPy|z

If Z is a complete common cause
of X,,...,.X,, then

Pirsa: 25040045

If Cis a complete common cause
of A and B, then

PAB|C = PA|CPB|C
where
lpaic,pB|Ic] =0

If Cis a complete common cause
of A, ..., A, then

PA,..A,|C = H?; PA;|C
where
[pAi|Caij|C] =0 V?’a]

Page 5/61



PA|IXY
PB|Y Z
Pc|xz
Px
Py
Pz

pa|xy,PBlYz] =0

:pB|YZJ PO|XZ] =0

paxysPc|xz] =0

Papc = Trxyz (pajxyPBIY Z2PC|X2PXPYPZ)
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PA|XAYA
PB|YsZgp
PC|XcZo
PXaXc
PY Yg

PZpZc

Papc = Trx s XoYaYeZoZs (PAIXAYAPB|Ys Z5PC| X0 Za PXAXcPYAYEPZ5Zc)
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{BZ°7Ye

PXsXc

¥ gton
ﬁ!@!} PYaYEs

PZpZc

XaYA¥YBZB nXcZc
EXaYagYsZ5 g2

Papclabe) = Trx , xoYaYs ZaZo ( p PX4XcPYAYs PZBZC)
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Triangle Cut inflation of
Triangle

Spiral inflation of
Triangle

Nonfanout Fanout
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Nonfanout inflations
for classical latents



model M on DAG G M’ = G — G’ Inflation of M

Paxy

Ppyz

Poixz

Px with

2 o iy symr:e-tr’\c/.

P, @ Pzz clc;ns Eu;.
1 Yy, = Py,

{A;C4} is an injectable set

Pa,c, = E Pax,v.Pci1x,2.Px, Py, Pz,
X1YaZ:

Pac = ) PaxyPcixzPxPyPz
o

P4c compatible with M  ——> Pa,¢, = Pac compatible with M’
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is a causal compatibility is a causal compatibility

Ps+Pp+FPc—PaPp—Ppc—Pac < 1<: J2aE A Aed A R S on 1 B |
inequality for M inequality for M’
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(PA1C11PB1C1:PA1B1) :> (PAlc’l,PBlc‘l,PAlBl) satisfy
is a valid set of marginals PAl‘I'PBl +P01_PA131_P3101 _PAICI <1

(A
@ (PA1017PB1C11PA131)

is compatible with M’

Q /\@ Al J_d Bl =4 PA181 :PA1P81
D,

(f:izf;;ai?glgléiﬁlﬁ’) p— PA1 +PBI +P01 _PAlpBl _PBICI _PAlcl <1
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(PA1C11PB1C1:PA1B1) :> (PAlc’l,PBlc‘l,PAlBl) satisfy
is a valid set of marginals PAl‘I'PBl +P01_PA131_P3101 _PAICI <1

(Pa,ci> PB,c,, Pa,B,)
is compatible with M’

Q @ Al 1lg B = PA181 :PA1P81

(f:izf;;ai?glgléiﬁlﬁ’) p— PA1 +PBI +P01 _PAIPBl _PBICI _PAlcl <1

is a causal compatibility

PAl +P31 +PC1_PA1PB1 _P3101_PA101 <1 inequality for M’
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Ps+Pp+Po—PsPp—Ppc—Pac <1

rules out, for example:
Papc = £[000] + £[111]
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Triangle

Cut inflation of
Triangle

Nonfanout



Quantum model M on DAG G Quantum model M’ = G — G’ Inflation of M

PA|X1Y>
PAIXY
PB, Y12,
PB|Y Zz
PC1|X12,
PCc|xz 0%, with
PX
oY, symmeFry
Py constraint:
PY,
Pz Pyr = PY;
Pz,

{A;C4} is an injectable set
Pa,c, = Trx.v,z, (PA1|X1Y2P01|X1219X1PY2P21)

Pac = Trxyz (pajxyPo|xzPxPyPz)

P4c compatible with M  ——=> Pa,¢, = Pac compatible with M’
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is a causal compatibility is a causal compatibility

Pa+Pp+FPc—PaPgp—Ppc—Pac < 1<: R R R s R G N e
inequality for M inequality for M’
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(PAlclaPBlc'laPAlBl) :> (PA101:P3101:PA181) S&tiSfy

is a valid set of marginals PAl‘I'PBl +P01_PA131_P8101 _PAICI <1
@ Implications from
@ d-separation to
@ (PAlCla PB1C1J PA131) conditional

is compatible with M’ independences
hold in quantum

Ay 14 By = Pj,p, = Py, Pg, causal models

¥
OBN O

(Pacys Ppicys Py —  Pa,+Pp,+F0,—Pa, Pp,—Pp,c,~Pa,c, <1
is compatible with M’

is a causal compatibility

PAl +PB1 +PC1_PA1PB1 _P3101_PA101 <1 inequality for M’
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Causal model for an J@V&.

. . " i o 3
arbitrary generalized Cep? Cee®
probabilistic theory (B
(GPT) o2,

Ps+Pp+Po—PsPp—Ppc—Pac <1
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Inequalities derived from nonfanout inflations are
causal compatibility constraints that hold
for all theories
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Violation of causal
compatibility
inequalities from
nonfanout inflations

Witnessing )
% quantumness * NO
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Violation of causal
compatibility
inequalities from
nonfanout inflations

irsa: 25040045

Witnessing need for
different structure
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Witnessing need for

different structure
Violation of causal

compatibility

inequalities from
nonfanout inflations %

Pa+Pp+Poc—PaPp—Ppc—Pac <1
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Witnessing need for
different structure

Violation of causal
compatibility

inequalities from
nonfanout inflations %

Pa+Pp+FPoc—PaPp—Ppc—Pac <1
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Inequalities derived from nonfanout inflations are
causal compatibility constraints that hold
for all theories

Consequently, the only inequality constraints that
can serve to prove gaps between theories (e.g.,
quantum-classical gaps or postquantum-quantum
gaps) are those derived from fanout inflations
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Violation of causal
compatibility
inequalities from
nonfanout inflations

Pa+Pp+Po—PaPp—Ppc—Pac <1

irsa: 25040045
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(PA1C19PB1C1:PA1B1) :> (PAlc’l,PBlc‘l,PAlBl) S&tiSfy

is a valid set of marginals Pj.4+Pp . +Po,—Pa,B,—PB,c;,—Pa,c, <1
@ Implications from
_ NG S d-separation to
i AR 2y s
X, KA (Pa,c,, PB,c,, Pa,B,) conditional
et ¥ is compatible with M’ independences
@ hold for causal
"ﬁz%», A1 Ly Bi = Pa,B, = Pa, Pg, modelsbased on
Sene an arbitrary GPT

(Pa,c,, PB.c,, Pa.B,)

Pp,+Pp, +Fe, —Pa, Pp,—Pp6, —Pa0, £ 1
is compatible with M’ — ! 1 1

is a causal compatibility

PAl +P31 +PC1_PA1PB1 _P3101_PA101 <1 inequality for M’
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Quantum model M on DAG G Quantum model M’ = G = G’ Inflation of M

PAIXY @ P AL
PB|Y Z @ e
percs o Potam
* PX, with
PX oy symmetry
PY ' constraint:
PY>
Pz Pyr = PY;
Pz,
Injectable sets: {A:1},{B1},{C1},{A:1C1},{B1C1}
(Pa, P, Pc, Pac, Ppc) i (Pa,, PB,,Pc,, Pa,c,, P, c,)
is not compatible with M where Pa, =Pa  Pac =Pac
PBl — PB PBlC’l = PBC

Pc, =Pc
is not compatible with M’
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OJ

O
@

O
(B)

PA(1)Pp(1)Pc(1)
< Psp(11)FPc(1) + Pec(11)Pa(l)
i PAc(ll)PB(l) -+ PABc'(OOO)

This inequality was obtained from the spiral inflation, which is
fanout, and therefore might be quantumly violated
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Z yabca’b’c’PABC(abC)PABC(a,b,cf) > 0 )
a,b,c,a’,b’,c’ 2899983 131121123331113 Polino et al.,
\ Nat. Comm.

14, 909 (2023)

a quadratic inequality

This inequality was obtained from the web inflation, which is
fanout, and therefore might be quantumly violated
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Data-seeded inflation technique

V= Z yabca’b’c’PABC(abc)PABC(a’blcl) Z 0
a,b,c,a’,b’,c’ /

WWWWWRWWNNNNRON =2 2 a2 a a0

WWN 200 WN =220 WNN-=0 W

WO 2N WOANWO 2N WO =N W
[] []

(b) The coefficients of a quadratic inequality
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Z yabca’b’c’PABC(abc)PABC(a,b,cf) > 0 )
a,b,c,a’,b’ ¢’ 090988, 111132921331313 Polino et al.,
\ Nat. Comm.

14, 909 (2023)

a quadratic inequality

This inequality was obtained from the web inflation, which is
fanout, and therefore might be quantumly violated
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Witnessing need for
different structure

Violation of causal
compatibility
inequalities from
fanout inflations

Witnessing
quantumness

irsa: 25040045
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Bell Standard inflation
of Bell

Fanout
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(T
)

% Z:L':y PXY|ST(33’£/|00) + % Zm:y PXYJST(:Ey|01)
1 2o=y PxvisT(#y[10) + 3 30p, Pxvisr(aylll) < g
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Note that the derivation of the CHSH inequalities
from brute-force quantifier elimination did not
provide much conceptual insight into their origin

Pirsa: 25040045 Page 38/61



Bell model M
0‘ @ Px|sA

Py
(s) (1) P
(L)

PxyisT = XA Px|saPy|TAPA

Pxy|sT
compatible with M

Pirsa: 25040045

Inflated model M’

Px1SoA

Px. 1517

Py, 1A

Py, 11y A

Pp
Pxo150A = Fx1(81A
Py, imon = Pry|TyA

Px o ¥o|SoTo = 2N Pxg|SonA Pyp| ToAPA
Pxovy18,Ty = 2N Pxy|son Py [Ty aPA
Px vo181To = 2A Px;|8;A Py ToAPA
Px. vy 18,17y = 2A Px,15,APyy| T APA

Px o ¥o|SoTo» PX oY1 180Ty PX1 0|81 T Px1 1811y
where PXZ}/AS%T? — PXYlST
compatible with M’
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Bell model M Inflated model M’

D

i 2a—y Pxy|sT(2y]00) + 5 3. Pxy|sr(zy|01) 1 2z—y PXoYolsem, (zy|00) + 3 3° . Pxovi s, (2y|01)
% Z;:::y PXY|ST($:§!|1[}) + % Z;u;éy PXY|ST(Iy|]-1) < % %Zx=y PX1Y0|31T0 ($y|10) Gl % Zx#y PX1Y1|S1T1 (iL‘ylll) <
Causal compatibility inequality in M Causal compatibility inequality in M’
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Consider any distribution over 4 variables @ x,x,v,v;

The marginals QXOYOaQXOYlaQXlYoaQXOYl satisfy

Pirsa: 25040045

“II Z.’E:y Qxov, (7y) + i Zm:y Qx,y, (xy)
i 2ip=y @x1vo (TY) + 3 D zpy @x:1: (2Y) < 3
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Inflated model M’

Xl YO 1 S()Tl

SoTo = Px,v,|SoTos: Ty = Px,Yo|SoTs
SoTh = Pxyvi|S,T05:T: = Pxovi|SoT

SITO = PX1Y0|SUT051T1 — PX1Y0|SITO

X1Y1 L SoTo|S1Ty = Px,vy|s,155: 7y = Px,vy|8:T)
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Inflated model M’

XoYo L 5171|5070 = Px,vy|SeTes: Ty = Px0Yo|S6Ts

XoY1 L 51T0|SoTy = Px,v,|s0105: 7. = Pxovi|SeTh

X1Yo L SoT1|51T0 = Px,v,|80T05: 7. = Px1v0|8: T,

X1Y1 L SoTo|S1T1 = Px,vy|s,155: 7, = Px,vy|8:1)

31 Zx:y PX0Y0|3031T0T1 ($y|0101) + i Zx:y PX0Y1|5051T0T1 ($y|0101)
% ZZBZ'y PX1YO|5081T0T1 ($y|0101) _I_ % Zm#y PX1Y1|8081T0T1 (xy|0101) S %

511 Za::-y PX0Y0|SOTD ($y|00) + % Zx:y PXOY1|SOT1 (:L'y|0].)
511 szy PX1Y0|SIT0 ($y|10) + % Zx;&y PX1Y1|31T1 (mylll) S %
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Bell model M Inflated model M’

D

i 2a—y Pxy|sT(xy]00) + 3 3. Pxy|sr(zy|01) 1 2zey PXoYolsem, (zY[00) + 3 3= Pxovi s, (2y|01)
1 Za—y PxvisT(2yl10) + ;3 ., Pxyisr(zylll) < § 1 2 omy Pxivolsimo (@y|10) + 3 3., Pxyvaisimy (y[11) < §
Causal compatibility inequality in M Causal compatibility inequality in M’
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(T
)

i D o=y Pxvis7(2y[00) + - >y Pxy|sr(ayl01)
1557, Prrisreut) + 15, Pevisr(alih) < 3
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Witnessing need for
Violation of causal different structure
compatibility
inequalities from
fanout inflations

Witnessing
quantumness

/

i Yaey PxyisT(zyl00) + § ., Pxy|sr(zy|01)
i L=y PxvisT(zy|10) + 3 3,4, Pxyisr(zy/ll) < §
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Violation of causal
compatibility
inequalities from
nonfanout inflatians

Pirsa: 25040045

No! All nonfanout
inflations of the
Bell DAG lead to

trivial constraints

Consequently, there are no nontrivial
bounds in the Bell scenario that hold
for all theories.
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Quantum inflation technique
Wolfe, Pozas-Kerstjens, Grinberg, Rosset, Acin, Navascues,
Phys. Rev. X 11, 021043 (2021)

Generalization of NPA semidefinite programming hierarchy for
Bell scenario
Navascués, Pironio, and Acin, New J. Phys. 10, 073013
(2008)
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Quantum inflation technique
Wolfe, Pozas-Kerstjens, Grinberg, Rosset, Acin, Navascues,
Phys. Rev. X 11, 021043 (2021)

Generalization of NPA semidefinite programming hierarchy for
Bell scenario
Navascués, Pironio, and Acin, New J. Phys. 10, 073013
(2008)

For convergence result, see:
Ligthart, Gachechiladze, and Gross, arXiv:2110.14659 (2021)
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GPT-latent-permitting causal
models
(Generalized Probabilistic
Theories)

Henson, Lal and Pusey, New J. Phys. 16, 113043 (2014)
Fritz, Comm. Math. Phys. 341, 391 (2016)



Quantum-latent Bell model

PX|SA
PY|TB
PAB

b

(a8}

Pxy|sT = TraB(px|saPy|TBPAB)

XL1TIS 1Y, Pxysr(zyl00) + 3 >°,_, Pxy|sr(zyl01)
Y LSIT LY ey Pxy)sr(ayl10) + 1 3., Pxysr(zy|11) < 0.85

Can violate Bell inequalities. Satisfies new inequalities.
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Boxworld-latent Bell model

p ; Boxworld
Lols c R%A « Only product
= ; effects
e € R®B - All states that
@ are positive on
LA sAB ¢ R4 @ R%B product effects

(AB}

Pxy|sr(aylst) = (@, ®r[) - 45

X L1T|S % Zx:y PxysT(zy|00) + % Zx:y Pxy|s(zy|01)
Y LS|T 2oy Pxvisr(2yl10) + 3 30, Pxy|sr(zy|ll) <1

No nontrivial inequality constraints
J. Barrett, Phys. Rev. A 75, 032304 (2005)
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Popescu-Rohrlich box

1(00] + 1[11] if (s, 2) € {(0,0), (0, 1), (1,0)}

PXy|ST(3/'y|3t) = {2 lio1) + 2 [10] if (s,t) = (1,1)

% Zﬂ’,‘:y PXY|ST($y‘OO) + % Em:y PXY|ST(xy|01)
i Zm:y PXYlST(xy“O) o % Ex7§y PXY|ST(33?}|11) — l

compatible with boxworld Bell model

incompatible with quantum Bell model
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Witnessing need for
Violation of causal different structure
compatibility
inequalities from

nonfanout inflations :

or
Witnessing

% post-quantumness

i Z:c:y PXY|ST('ry|UO) + % Z:r:y PXY\ST($y|01)
i Lamy PxyisT(@y]10) + 3 30y Pxyisr(eylll) < 3 + 5.7
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Bell model

B35

v A,
> P

Yz
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Space of compatible probability distributions

R= (P (zy|st)
( SSd|sa | ):cyst Algebraic variety

describing equality

" constraints
,’,’III \\:"'.., X 1 TIS

Y LS|T

Classical
constraint on Bell quantity
(Bell bound)

\\ Algebraic maximum
for Bell quantity

Quantum constraint on Bell
quantity (Tsirelson bound)
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Space of compatible probability distributions

B=(pP (zy|st)
( xv|sT(zy| )a:yst Algebraic variety

describing equality

constraints
x X1T|S

. Y LS|T

_—— Distributions
compatible with
\ some GPT causal
\ model

Distributions
compatible with a
classical causal
model

Distributions compatible
with a quantum causal
model
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Next: Causal compatibility
in causal models with
quantum latents and

gquantum visibles




Data-seeded inflation technique

> Yabearvre Papc(abe) Pape(a'b'c) > 0
a,b,c,a’,b’,c’ /

==
1l

This causal compatibility inequality
is violated by the data

Vexp = —0.02436 £ 0.00016

OWN 220 WNN=O
.

WNMNNNN =2 2 aaaa
O=2NWO-=2NWO =N
L]

Polino et al., Nat. Comm. 14, 909 (2023)

w
(=]
w

a12f " "E
321|
33of"

333

(b) The coefficients of a quadratic inequality
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Bell model M Inflated model M’

@

i 2a—y Pxy|sT(xy]00) + 5 3. Pxy|sr(zy|01) 1 2zey PXovolsem, (zy[00) + 3 3° . Pxoviis,r (2y|01)
% Z;::z_?,r PXY|ST(‘/L‘y|10) + % Z;c;éy PXY|ST(‘Ty|11) < ]3 }Tz$=y PX1Y0|5'1T0 ($y|10) & % Zx#y PX1Y1|S1T1 (:L.ylll) < %
Causal compatibility inequality in M Causal compatibility inequality in M’
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Triangle

Spiral inflation of
Triangle

Fan-out
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