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Quantum causal models,
part 2




Joint states for systems that are common-
cause connected
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Classical Quantum

State of knowledge Py PA
Normalization B e Allon) =l
Joint state Pap PAB

Marginalization e ZA A pB =Tra(pas)
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Conditional states for systems that are
cause-effect connected
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Classical belief propagation
Pp =T'g|a[Pa]

Stochastic map preserving
positivity and normalization

In terms of a conditional
Pp = ZA PBIAPA

> gPea=1
Ppja 20

Quantum belief propagation

pB = Epja(pa)

Completely positive trace-
preserving map

In terms of a conditional

pB = Tra(pplapa)
Tre(ppja) = 1a

T
pBTA >0
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The quantum analogue of the difference
between structural equation models and
Bayesian causal models
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structural equation Bayesian causal structural equation Bayesian causal

model model model model
* L ‘ Al Y
i ¥ Y .
Y- XCA) Py /O*r\x
X A X %
x| g' : = | @ .
P
()
X X X
Py|x = ZA PyTXAPA py|x = Tra (Pye|XAPA)
e — where pdet  is CJ-i ‘
At PYTXA = Oy, f(X,A) | Py xA 18 CJ-isomorphic to Vy | xa
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variable X has no influence on
variable Y

_________________

>

f(X,X) = g(X)

o

det _ _ pdet
Pyixx = Py|x

Y L X|X

system X has no influence on
systemY

..................

<,
I

I
Z,

>

det _ __ _det
Py|xX = Py|X

Y L X|X
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One system a complete common cause of
two others
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B and C are conditionally independent given A

PBC|A = PB|APC|A Denote this
(B L C|A)
I(B:C|A) =0
where

I(B:C|A) := S(AC) + S(AB) — S(ABC) — S(A)

L 1
for PABC — PBCME

= Trar [pBojar(127) a4 (27F)]
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Why should a rational agent organize their
beliefs so that A being a complete common
cause of B and C implies that B and C are
conditionally independent given A?
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Ti il
U = | = L2
\—~ £ b A £
bV A Vt bV} A Vt Y} v\:
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det F
PBC|ADE ‘=

)/ is block-diagonal across
the i sectors and is nontrivial
only on 'HAJ_:,

1

e Hiy @ (@zHAf‘ ®’HA£2) R HE

vt
Upciap e ®idapr)(D ;4 7){klap e ® |k){j|aDE)
det det det

PBC|ADE = PB|ADPC|AE
d — d
pBeﬁ’-lD =2 pBe|tDAf' ® I4r

det _ det
PCiag = 2oilan ® Pc|ARE
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det
Py gz x = E Py Zixawas Doy az

Ay Az

det
P Z|Xxy)\z Y 2

det det
PY|X)\YPZ|XAZ

Py xs = 5. F5

det det
Pyzx = E Py xxy Pzix2, Pry Pz

Ay, Az

Ay )\Z

= Py|xPz|x
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(z P&TBWPAY) (z o

p,\z)

— det

det
PBC|AXsAc 8 c
det det l l
= PB|AAgPC|AXc
Ag Ao
Prsrc = Prp @ Pirc ﬂ—v

A

p5oia = Tamac (PETarsPErs (Prs © P2c))

= Tr», (p%ﬁ‘iqABPAB )Tr)\c (pdCeltA)\cp)‘C)

= PB|APC|A
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Quantum causal model

PX|SA
PY|TA
PA

lox|sns PYiTAl = O

Pxy|sT = Tralpx|saPy|TAPA)

irsa: 25040044 Page 16/47



Quantum causal model

{E:I:|s}37 for each s
{E |t}y for each ¢

LA PAB

(a8}

Pxysr(zy|st) = TrAB((EﬁS ® ,y|t)PAB)
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Quantum causal model

PX|SA
PY|TB
PAB

b~

(a8}

PxyisT = TraB(px|saPy|TBPAB)
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Quantum causal model

PX|SA
PY|TA
PA

lox|sns Py iTAl = O

Pxy|sT = Tralex|sanPy|TAPA)
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Quantum causal model

PX|SA
PY|TA
PA

lox|sns Py iTAl = O

Pxy|sT = Tralpx|saPy|TAPA)

Leifer and RWS, PRA 88, 052130 (2013)
Henson, Lal & Pusey NJP 16, 113043 (2014)
Costa, Shrapnel NJP 18(6) (2016)
Allen, Barrett, Horsman, Lee & RWS, PRX 7, 031021 (2017)
Barrett, Lorenz, Oreshkov, arXiv:1906.10726

Pirsa: 25040044 Page 20/47



Quantum causal model

PX|SA
PY|TB
PAB

b

(a8}

PxyisT = TraB(px|saPy|TBPAB)

Causal compatibility constraints:

Y 4 — 2
X|ST — - X|S§ i 2o—y Pxvisr(2yl00) + 3 >, _, Pxy|sr(zy|01)
Py g7 = Py : ) 1
1 2oa—y PxyisT(@y|10) + 5 >,y Pxyis(zylll) < 5+ 55

Tsirelson, Lett. Math. Phys. 4, 93 (1980)
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Remaining questions about the
inferential theory:

What is a joint state over systems
that are cause-effect related?

What is a conditional state
between systems that are
common-cause related?
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Relation of
conditional to joint

Normalization
condition

Belief propagation

Bayesian inversion

Ppia =

Pap = PpjaPa

Pap

Pa

> .5 PBla=1

Pp =3, PpaPa

Pp =T'g|a[Pa]
e
Poja = TaizPe

e —1/2
PB|A = PaA  PABPxy

pB|a = 0 (positive)

_1/2 V2
PAB = PA PB|APA

TI"B(PB|A) =14

pB = Tra(ppjapa)

pB = Ep|a(pa)
EplacTs € CP (co-CP)
—1/2 1/2 1/2 —1/2

PB|A = Pa Pp PABPB Pa

See: Leifer, PRA 74, 042310 (2006), Leifer & RWS, PRA A 88, 052130 (2013)
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