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Holographic renormalization: scalar field

... a systematic method for dealing with near
boundary divergences

* Using Fefferman-Graham

coordinates | . [)2 1
ds® = gupdr®dz’ = [2( - —(5;”.;(/.1'“(/.1"’)
: 4p? D
consider scalar field
& , L o
S s d p(/d.f‘ﬁ(g”h('),, OOd + m2¢? )

. 1 . :
O-m%)¢p = 0, O¢=—0.(/996:¢).
g
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Holographic renormalization: scalar field

... a systematic method for dealing with near
boundary divergences

* Using Fefferman-Graham

coordinates | . /)2 1
ds? = gyda®dz® = 12( ol —5;,,_,(/.;4'(/.;-”)
& 4p? D
consider scalar field
& | - "
S s d pdd.rﬁ(g”h('),, HOd + m2* )

. 1 . :
O-m%)¢p = 0, O¢=—0.(/996:¢).
g

* Theorem: Solution of EOM can be found in the form:

d(p, x) = pld=A)/2 ((_')U(.r) + pio(z) + pPa(z) + .. )

"

(p.z)
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Holographic renormalization: scalar field

» Namely, plugging ¢(p.x) = plb==/a (g)n(-f‘) + pda(x) + p () +--;)
to EOM we get )

[A(A — d) —m*Cp + pOop +2(d — 24 + 2)pd,p + 4p°0;p = 0

» Solution order by order in p:
1

e / .

_(" = /AN[JAN — : Dy — D(o, ¢
m .A(.A (f) (_)(_)”) _)_”(ZA _(/_ 2”)[:’0()(2”_ 2)

... all determined via phi_0 Oy = 69,0,
If the denominator zero, we koo
have to add p" log(p) xax
| :
XQE =i (D(_))LOU

2T (k)T(k + 1)

®2r. - no longer determined
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Holographic renormalization: scalar field

« The on-shell action needs to be regularized /) = ¢

_ (’ _
B = dez V99" 00,0
p=¢€
and reads , |
= e et f d%a ( Aty 2 (g + eAtS gyt o — o mg__\_,;)
1 d—A+1
S 5 = — oo ¢
o 2(f ) oy @2 Q(QA m— 2)0(} 0?0
d .
A9A —d f.)()([]n)k(f)u-

- 2ZHT(K)T(k + 1)

. Since A >d/2. it diverges and needs to be renormalized by
introducing counterterms — covariantly expressed in terms of
induced boundary metric and boundary field

T = [?2(5;11/ ; D‘; = _,.};W(-')H(-')“ ¢b($) — Cb(E, ZC)
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Holographic renormalization: scalar field

 To do so, need to invert

P(p,z) = pld=2)/2 ((_'){')(.I') + poo(z) + p2da(z) + .. )

B o

p(p.z)
and write (,:52:,-;_ in terms of d)b(gj) == ¢(€, 3;')

» To 2" order we have
| T 1

R 1
| —(d—A)/2-1 D | :
(D = € ]
: Q(QA —d— 2) : ( )

« To cancel divergencies one by one we add
counterterms

~ . (Y ' d ! = ([ T A 1 b ] I : J :
o — 7 / d z\/_( 5 oy () + 200A —d— 2)01,(.1 )L, () + ) :
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Holographic renormalization: scalar field

o Totalaction S = Sy + S
... is finite and yields finite correlation functions

* In particular, since Qi)o is the source, we have

0S5 e 1 0.5
D= =2 ( I )
() 0o () 50 \ 572 VT OOLE, T)
and -9
_ 05
O(x)O(y) = ——
(0@)0y) 000(x)000(y)
| 1
gives X Z— PP
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Holographic renormalization: gravity

e Similar to scalar field we start from the Einstein—Hilbert action (supplemented
by the York-Gibbons-Hawking term):

i ] 17
So = / 'z /g(R+ M!__, )) — / die K, (347)

167G 871G

and perform the Fefferman-Graham expansion of the metric near the boundary:

. od? 1 . ,
ds* = (55 + = g0 @) + pgouo (@) + g (@) . Jdarda”),  (3.49)
4p°  p

.'h“'{!'--”

considering the asymptotically AdS manifolds. (If the boundary is even-dimensional,,

additional logarithmic term appears: p®?log phay.)

e Inserting this ansatz into Einstein equations then determines g, in terms of go.

For example, we have

15 5 (R,m . mflﬂn,m) . {_'3__[”)

e l
Epm = d

e We next plug these back to the Einstein—Hilbert action and identify the divergent
terms,

1 i /2 24 e =
Sreg = — 6nC / diz+/det g°(e~%ay + €¥/*ay + - - - — log eay) + finite, (3.50)
N

where a’s are expressed in terms of ¢".
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Holographic renormalization: gravity

el . . . 2
e Writing these in terms of the boundary metric v, = 7 Jopw (and boundary cur-

vature invariants R, R, R*”....), and choosing the counterterms to cancel these
divergencies, we find

5 1 i (n’ — il A ;r% (R e

L) i i e A 8 -+ 0 = = ST 4

G e vi{— 20d—-2)  2d-22\™ d—1 ) s )
1st

Ind 3rd

(23310
where the 3rd counter cancels the logarithmic divergence present in d = 4 dimen-
sions; we have seen the 1st and 2nd conterterms before for d = 3. The total action
S =Sy + S, is then finite.

e Since gop, is the source for the quantum operator 7, (). we have

2 NS
(T (7)) = e . (3.52)
Videt g dgh’ (x)

However. since

9

= il =
Yur(2) = lim —gouw (3.53)
=0 ¢
we have . :
pd—2
(T (2)) = lim (=7 (3:54)
where 7, is the boundary stress tensor discussed previously:
DD L " 2 T
T = = (Kb = K + G = S7) - (3.55)

It is the (7.(x)) that is finite and can be used to calculate properties of the
CFEFT/bulk spacetime.
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HOLO CRAPHIC RE NORALIZATION
= A SYSTEMTIC WAT TOR fADING COUNTERTERS

O e AcTiov. TO PFAC Le(TH BorkpaRy DIVERGEN e

SPEC. POR QRAVTS:
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NEW COONTERNS  ALlwdTs APPEAR. (N
OK = TVEN OlnEHS kS (AS @OC
DI VEKGENT TEERS )

i — T 2
(_% . fv/ ( \*/’
N

)

&L SR
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o FREE FIELDS ON SXR W™ RADIVS &
HAVE CGASINTR ENERGC T
LA _———

e s e T S

| 2 )
Dol iy ( N \
EG\SH’HQ ~9(pR (Kf /ffo s [:/j\ ] 'Jt/fii/mf )

FIE(D SPg

oo \ \\ e WY
AN C ' J'~. ' L(’ l,\_\‘\_) (/\f,‘—-. \‘1 /
—_— s o /

—
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HAVE (AS (ASINR EAERG

\/\,z\f—\_/-.______
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FRKEE FIELDS ONM
HAVE (ASImMR EAERGT

ASIT
A A —

e ' L o
ECASMH{ :OJC;D/Q_ (# /!/4&9 + |+ N fX:(m, !]
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N DERBETY 14 AD
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| TOVDERBHTY 4 AD
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= NoN-tocA& (GAUGE INVARIANT OPERATORS

'S -_‘./‘I,r

THAT DESCRIRE. PARAUEL TRAN SFOF
e QUAEFT ACONC A CLOSED /L
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"' “ |

AT DESCRIRE  PARAUEL TRAKSPORT
0F QUARKS ALONC A CLOSED Lbof .
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