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Abstract:

In this episode, we continue our exploration of Lie Groups and weight diagrams of their representations as a means of
understanding the very specific field content and Gauge Groups of the Standard Model. Previously we presented a novel
perspective of the Electroweak sector of the Standard Model as a shadow of 3 dimensional polytopes, which correspond to
representations of a rank 3 group, and who's shadow corresponds to a specific embedding of the Electroweak Gauge Group.
While interesting, we highlighted the theories inability to include colour as a simple extension, which motivated our search for
higher rank unifying groups. Today, we present an algorithm for determining the Gauge quantum numbers of all SM chiral
fermions from nothing but a projection of a 5 dimensional cube. We will discuss how previous unifications such as
Georgi-Glashow, Pati-Salam, and others can be seen as different aspects of this rank 5 group and what conditions are used to fix
the embedding corresponding to unbroken symmetries of the Standard Model. While our approach does violate common
necessary conditions for Grand Unification, we use these difficulties to motivate our search for connections between the
violation of spacetime symmetries such as Parity, and symmetry breaking in the Gauge sector.
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Polytopes and the Standard Model

Cole Coughlin
(March 2025)

1 Why This Standard Model

"The Standard Model (SM) may be defined as the renormalizable field theory with gauge
group Ggy = SU(3) - X SU(2); X U(1)y, with 3 generations of fermions in the representation

(312) 1 FI3:1) 160, Hi(12), (1,1,
and a scalar Higgs doublet H transforming as (1, 2),." - PDG [2]

The Standard Model contains 19 free parameters. The 3 couplings of the gauge groups
g,,8, &, corresponding to SU(3) . x SU(2), x U(1),, respectively. 9 masses for the charged
fermions e, u,7,u,d,c,s, t,b as well as 3 angles and one CP violating phase for the CKM mixing
matrix. And finally the Higgs mass and quartic coupling as well as a CP violating phase in the
QCD sector which is currently consistant with O. The Standard Model can be made to include
neutrino masses by adding 3 more masses as well as the appropriate mixing angles and
phases.
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Lie Algebra is the tangent space of the Lie group at the origin.

Complete Reducibility - Every finite dimensional representation of a compact semisimple
Lie group decomposes into a direct sum of irreducible representations.

Cartan Subalgebra -.Every simple lie algebra g contains a Cartan subalgebra h € g such
that adH is diagonalizable for all H € h. The dimension of h coincides with the rank of g. As
described in [3] we may choose a basis of g

{hp---,hlagl,g,l,gz,g,y---,g%,g_?}
satisfying
1 [hi,gj] = A}fgj (no sum), Agi €ER
2. [hi’ hj] =0
|epe ] en

This defines the Root System of the algebra

=B @cus CONE80 1:EE- 10008  --o DA 0NN 00006
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{h]! S5ty hl’gl’g_l‘ gz’g_g! g g?’g_zz;'}
satisfying
1, [hi,gj] = ;{j;gj (no sum), /lf €R
2. [hi’ hj] =10
[gp8_;] en
This defines the Root System of the algebra

&

All simple Lie groups have been classified
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Image borrowed from [1].

3 Broken Historv of the Standard Model
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Image borrowed from [1].
3 Broken History of the Standard Model

3.1 Gell-Mann and the Eightfold way

By the 1960s, over 100 particles were discovered which seemed just as fundamental as the
proton and neutron. It was difficult to imagine that this was a fundamental description of
nature with hundreds of free parameters, thus this era was deemed the Particle Zoo.

The conserved quantity Isospin described by an SU(2), ., was previously discovered but

other particles were decaying strangly so a new conserved charge was proposed U(1),.

Y Better Together

\_/ by Cole Coughlin

mySketch.js stylecss  indexhtml  testjs

let angleX = @;
let angleY = 0;
let angleZ = 0;
let basislLength = 100;
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3.1.1 Quark Model
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3.1.1 Quark Model

The apparent SU(3), symmetry of the hadrons immediately pointed towards substructure. The

particles discovered up to this point could be neatly categorized as irreps coming from tensar
products of the fundamental and antifundamental representation of SU(3)

3R3=8P1, (1
333=1008081, (2)

We now understand the flavour symmetry discovered by Gell-Mann as a result of chiral
symmetry breaking in QCD. In the limit of the theory with 3 masless flavours of quark, there
exists a global SU(3), X SU(3), symmetry of the lagrangian, but this is broken to the diagonal

subgroup SU(3), of Gell-Mann. The eight broken degrees of freedom are "eaten” by the

mesons and give them mass.

3.2 Electroweak Theory
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mesons and give them mass.

3.2 Electroweak Theory

Parity violation of the weak interaction discovered by C.S. Wu in 1956, proposed by T.D. Lee
and C.N. Yang.

UQ) ; UQ
¥, —(>)e E'fwaL, b i

- U wo, —0- 1= -

I,bfLI‘be £> )e (efg afL)wawfR #* ?'bfLipr’ efR # efL

The introduction of the Higgs allows us to build gauge invariant mass terms for our Dirac
fermions which we observe in nature.

ief
e fr
Y

— U ; .= =
'l‘bthI,bjR _(E-)el(eh+9fﬁ QJL)zlbfL hl,be — l/)f'L h‘!lbe’ sh — QfL . ng
3.2.1 Higgs Mechanism

Introduce a complex scalar field
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—sin 8y cos Oy, sin 8y, cos Oy J\ B

B

2
v, ~2Z ~2 . A2
= T(Z“‘ A M (Ai) where M = diag(m,0).

3 2 : 5 i 3
(w B#)MZ(W'“) _ Y (W Bﬂ)( cos Oy sin ew)ﬁ (cos Oy — sin BW)(W#)

With our redefined fields which are mass eigenstates
Z,\ _ [cos 6y —sin By \( W}
A,]  \sin 8y cos 6y /\B,.
Leading us to the relation between the angle of rotation and the ratio of the couplings

g
tan Oy = -2,

2
Finally yielding
(D (D*h') = f% [(a#H)Z 1t MEV((W,},)Z + (Wﬁ)z) +M(Z,)* + M5(A)?),
with masses My, = g v / 4, Mz = (g + g2)vj. / 4and M, = 0.

3.3 Grand Unification

(12)

(13)

(14)

(15)
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10 5 (3,2:®G,1D_:®(1,1), g,u® and e®
6 3
1-(1,1), v©

24 - (8,1),® (1,3), ® (1.1), ® (3.2)_s & (3, 2)s

3.3.3 SO(10)

$0(10) > SU(5) X U(1),,
45524, 910_, B 10, D 1,
16 > 10, ®5_; @ 15
10 > 5_, @ 5,.
SO (10) D SU (4) x SU(2), X SU(2),,

45 - (15,1,1)®(6,2,2) ®(1,3,1) & (1,1,3)
X 16 — (4,2,1) @ (4,1,2).

4 Weight Diagrams and the Standard Model
4.1 Electroweak Polytopes

4118U(2), x U(1),, C SU(3) C G2

Page 14/30

SwO@8- 0088 -C0D:03

=B ©cH8 COINS20 V+EE- 1+ 0008 )



& Firefox File Edit V‘lew History Bnokmarks Tools Window Help = D [ 1 *  Mon Mar 31 2:30PM

[ N ] @ PaperTools x

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

w28 DEB8-000:08

e L I EDEEL |- EREL 11 | ISEE

=k a9k

Pirsa: 25030186 Page 15/30



& Firefox File Edit V‘lew History Bnokmarks Tools Window Help = D & *  Mon Mar 31 2:39FM

[ N ] @ PaperTools b3

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O2s- DEP8-000:08

SOEE830V+EE: 1 e0BND8 )

€R

B K-l

Pirsa: 25030186 Page 16/30



& Firefox File Edit View History Bookmarks Tools Window Help = 0 *  Mon Mar 31 2:41PM

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O2s- D0R8-000:08

=y

8880 :EE- 1 +«0008 )

4.2 Standard Model Polytopes

Pirsa: 25030186 Page 17/30



& Firefox File Edit View History Bookmarks Tools Window Help = D *  Mon Mar 31 2:43PM

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O2s- D0B8-000:08

TTTDREEY BT T T T 16

4.2 Standard Model Polytopes

Pirsa: 25030186 Page 18/30



& Firefox File Edit View History Bookmarks Tools Window Help = D »  Mon Mar 31 2:46 PM

[ N ] @ PaperTools x

&
< C @ o0
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O2s- DEP8-000:08

SOEE830V+EE: v e0BND8 )

=k ecak

4.2 Standard Model Polytopes

Pirsa: 25030186 Page 19/30



& Firefox File Edit View History Bookmarks Tools Window Help = D *  Mon Mar 31 2:49PM

[ N ] @ PaperTools x

&
< C @ O O http:/127.0.01
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O28- D0P8-000:08

CEE0830V«ER- 1 +02008

B M-

4.2 Standard Model Polytopes

Pirsa: 25030186 Page 20/30



& Firefox File Edit View

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes

2 190 @

Pirsa: 25030186

History Bookmarks Tools Window Help

b3

O [ http:/127.0.01

Enter arXiv Number

4.2 Standard Model Polytopes

v,

€L

er

ur

dr

Mon Mar 31 2:51PM

|\ Read ‘

@ D

Page 21/30

)wO@s DNB8-000:08

L (R,

230 :EE- 1 +«0008 )



& Firefox File Edit View History Bookmarks Tools Window Help = D *  Mon Mar 31 2:52PM

[ N ] @ PaperTools

=

)wO@s- DEB8-000:08

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

xe
3
3°
&

830 :EE- 1 «0008 )

Y SO0) Vectors
v Cole Cough

Pirsa: 25030186 Page 22/30



& Firefox File Edit View History Bookmarks Tools Window Help = D *  Mon Mar 31 2:59PM

[ N ] @ PaperTools x

&
< C @ O O http:/127.0.01
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“B2s- D0R8-000:08

230 :EE- 1 +«0008 )

L References

Pirsa: 25030186 Page 23/30



& Firefox File Edit View History Bookmarks Tools Window Help

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“O2s- D0B8-000:08

LleRl T EDEEY - ~EREY L1 18

E] K-l

L References

Pirsa: 25030186 Page 24/30



& Firefox File Edit View History Bookmarks Tools Window Help

[ N ] @ PaperTools x

&
< ¢ @ QO O http:/127.0.01
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“B2s- DEB8-000:08

COE0830 «ERl- v +2008

E] K-l

L References

Pirsa: 25030186 Page 25/30



& Firefox File Edit View History Bookmarks Tools Window Help = D *  Mon Mar 31 3:10PM

[ N ] @ PaperTools x

&
« ¢ @ O O http:/127.0.01
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

“B2s- D0B8-000:08

8230 :EE- 1 +«00208 )

L References

Pirsa: 25030186 Page 26/30



& Firefox File Edit View History Bookmarks Tools Window Help

o0 & & PaperTools X q.
< ¢ @ O O hitp:/127.0.0.1: _
. o

PaperTools: Polytopes Enter arXiv Number | Read ‘ g
L ) "

a 1 a 0 ~
INe smallest exceplondl Lie ‘oroup GZ Can pe aermnea as wne supgroup or su(/) wnicn ,

stabilizes a spinor. =

]

() S07) buttons .

N Cole Coughlin __,_.

Bian- - !

[ ]

20 -

E0 T : :

URr uy, =

=3 .

N Mg

cube-oct *

=) L .

L e

:c—\.\. -

L v VL (]

A ®

L dR '

@)

[ ]]

-

i

e v

.‘——“.
€y, eR !

Pirsa: 25030186 Page 27/30



& Firefox File Edit View History Bookmarks Tools Window Help

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

=) SO(7) buttons
N ) Cole

“O2s D0R8-000:08

=B ©c85k | COSN830 1+EE- 1 *0000 )

Pirsa: 25030186 Page 28/30



& Firefox File Edit View History Bookmarks Tools Window Help

[ N ] @ PaperTools

&
<« C @
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

)wO@s- DEB8-000:08

=B ©c5k | COHE880 1+EE- 1 *0008 )

Pirsa: 25030186 Page 29/30



& Firefox File Edit View History Bookmarks Tools Window Help = D " Mon Mar 31 3:26PM

[ N ] @ PaperTools x

=

“O2s- D0P8-000:08

&
< C @ O O http:/127.0.01
PaperTools: Polytopes Enter arXiv Number | Read ‘

& 190 & @ D

SOE0830V«ERl- 1 +0008

B M-Ea- ]

g Refarenrec

Pirsa: 25030186 Page 30/30



