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Abstract:

[ will introduce how to incorporate loop contributions into positivity bounds in a massless scalar theory with shift symmetry. The
allowed region of Wilson coefficients is called the EFT-hedron. With loop contributions, the n=4 null constraint, which plays an
important role in determining the allowed region for g3-g4 (the Wilson coefficients of dimension-10 and dimension-12 operators,
respectively), is modified. This modification of the null constraint reveals new features of the EFT-hedron. We obtained a much
stronger bound for g2 (the Wilson coefficient of dimension-8 operators) without using the full unitarity condition. Furthermore,
we found a negative g4, which is not possible under the tree-level bound. It would be interesting to generalize our method to
more complicated theory and test our results.
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Integrating out and UV completion

/’qul Doy e'S(PL.du) — /’quL 655"(0"), eSa (L) — f’Dq}H e S(@L.én) Integrating out

Make it renormalizable
Z = Gejryripy w—- L = Gy + a\ Gy Oy + Gy [ gy + -+

Breaks unitarity as [ ] increases, and perturbation theory becomes invalid.

It could be UV completed by adding a heavy particle ¢ into UV spectrum in the form &£ = ﬂ.‘i"{‘(p

w "
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Not very EFT is allowed
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Positivity bounds

* The form of IR amplitude is usually known by symmetry. UV theory is unknown, but assuming UV theory has basic
properties such as unitarity, causality, Lorentz invariance, crossing symmetry can give nontrivial bounds on IR Wilson
coefficients through dispersion relation.

* Unitarity condition:

S1S=1 S=14iT
Tm-n=1r
* Inserting it between the same [initial state> and [final state> — left hand side is imaginary part of scattering amplitude,

right hand side is positive
Im7 o« ImA(s, 1) > 0

2t
& 2
A(s, 1) = 16z!czvcn(21+ 1) fis) P, (l e _4m2). 0<|£I° <2Imf(s,1) <4
L B = = 3
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Positivity bounds
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* The form of IR amplitude is usually known by symmetry. UV theory is unknown, but assuming UV theory has basic
properties such as unitarity, causality, Lorentz invariance, crossing symmetry can give nontrivial bounds on IR Wilson

coefficients through dispersion relation.

* Unitarity condition:

S’Ts=1

S=1+iT

-1 =TT

» Inserting it between the same |initial state> and [final state> — left hand side is imaginary part of scattering amplitude,

right hand side is positive

A(s,t) =161 ) 2+ 1)fi(s) P, (1 +

[even
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0 < |f|* < 2Imfi(s,1) < 4
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Scattering Amplitude

» For 2 to 2 scattering amplitude, there are 16 kinetic variables in 4D. 14 constraints: External
particle on shell condition (4), energy momentum conservation (4), Lorentz invariance (6).

« Fix ¢, analytically continue the A(s, ) into upper half plane. The causality condition implies
A(s, t) is analytic in upper half plane. Schwartz reflection principle

/ s=—(p+p)% t=—(p+p)’ u=—(p,+py°

A(s*, 1) = A*(s, 1)

» Singularity appears only in real axis, a pole in s = mz, a branch cut starts from s = 4m2,
where m is the mass of intermediate state.

P2 P4 2
L rd
~-et %
) p: " 13
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Dispersion relation for massive theory

L
2 poles and 2 branch cut due to crossing symmetry s+ 74+ u = 4m2

’ _ _j{ A(u,t)

Z Z du Au, r) i du DlSCA(H, r) d,u DlSCA(ﬂ, 1)
A(s, D) = : F—
m-—s m —u 2::1 u-

DiscA(s,t) = %[A(S +1io,t) — A(s — io, t)] = ImA(s, t)

Froissart-Martin bounds: A(s, ) < slogzs

Taking two subtractions makes infinite arc integral vanish Phvs. R 9 m 64. 135: B1375-B1377
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Dispersion relation in massless scalar theory

-
N

Froissart-Martin bounds: / du A(p,t) ~0
A(s, 1) < s log2 S 7y, 278 (U = 51)(u = 52) (4 = 5) ’
Branch cut integral
, ®  du ImA(u, 1) © du  ImAG1)
Aﬁpﬁt) — SAgpr(0,8) = Appr(0,0) = s2 L:A: 7 (i —3) + 52 L:AZ 7 Gt 0% —1) Jeak coupling limit assumed in addition
IR EET Appr(s, 0) = A5, D), |s| < €2A?
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massless theory with shift symmetry

Lo
Lorr = = 507 + LOBPP + 20,0, 0 + 480,047 + -

Agppr(s, 1) = gz(s2 +2+ uz) + g3Stu + g4(s2 +12+ uz)2 + -

Substitute into I.h.s of dispersion relation

2t
Do partial wave expansion on r.h.s of dispersion relation: A(s, 1) = 16z Z QI+ D f(s) P, (1 + e ),
s—4m

even/

+00 d
(F(u,1) = Y, 162(21 +1) / “Eimfy () F (u, 1)
] e2N\2 T

/1 ~ [3-2L? /1 2 >0, g.>0,
£ = ”3 » 8% ”4 » &= 2;.45 g3 has upper boundary

L*=Ii(+1), Le{06,20,}
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Null constraint |

« 5, t, u full crossing symmetry has:

a*A a‘A "
— [0 x g4 -
4 29¢2 :
Os 5.1—0 ds*ot 5,1—0
This leads to null constraint on the right hand side
4 _ 2 / IIIJ . 8n n—2
-——L 8L — 0, L2 = Z(l + 1) ' 8n = _(eA)Z( o

If there is spin 2 particles in 82
the UV spectrum, there has to
be higher spin particles

pE

« Using null constraint, numerical results are given by Simon Caron-huot (SDPB), analytic result given by Yu-tin Huang
etc. formed in terms of moment problem

JHEP, 2015, 06: 17

\}" P 9 U‘I‘- 280
JIFC! e 1, U, 2OV

JHEP, 2022, 03: 063
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Null constraint .

« 5,1, u full crossing symmetry has:

d*A d*A .
ey x X &4 i
4 2
Os |, 0 0520 ,
This leads to null constraint on the right hand side
P
L4 _ SLZ AllJ = _ &n 2(n-2)
iy, T - g, =—(eA)
=0, L*=10+1) If there is spin 2 particles in ! 2

5
K the UV spectrum, there has to
be higher spin particles

« Using null constraint, numerical results are given by Simon Caron-huot (SDPB), analytic result given by Yu-tin Huang
etc. formed in terms of moment problem

JHEP, 2015, 06: 174
JHEP, 2021, 05: 280

JHEP, 2022, 03: 063
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moment problem
a, = Zpixi’ i = Zpixiz s Gy = Zpixin

{a,,a,, a3, ---} is called a moment sequence if it has a positive solution for p; where a; are
called moments. The moment problem refers to: if the sequence is a moment sequence,
what is the allowed range for moments a;.

Analog:
Coordinate x
Moments g;

Mass p;

Integral variable 1/u
Wilson coefficients g;

Branch cut integral, Imf;

&2=\73/) &= 3 » &=
W H

;>
2u8
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moment problem
al=zpfxis %=2Pix,'2 e an=ZP:‘x{1

{a,, a,, a3, ---} is called a moment sequence if it has a positive solution for p; where a; are
called moments. The moment problem refers to: if the sequence is a moment sequence,
what is the allowed range for moments a;.

Analog:
Coordinate x
Moments g;

Mass p;

Integral variable 1/u
Wilson coefficients g;

Branch cut integral, Imf;
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Hankel matrix condition

» The solution to moment problem is the Hankel matrix formed by {a,, a,, a3, -+-} is positive semidefinite

r"0 a a )
a a a
H = 1 2 3 > ()
02 03 04
\ : " )

p; > 0 = H is positive semidefinite
1
Xj
H(a) = pr"i"? = Epi | (1x;x7 ),  Forany vector v: vIHv = Epl.(vTx’.)Z > 0. x€ER
i i %4 :
i

H is positive semidefinite = p; > 0

Construct (vTx,-)2 so that it is a Dirac delta function
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Transformed Hankel matrix

1/p€[0,1]
| |
pr(vrx,)zzo - l_ i ay—a, G,—ay -
; > ¥ v (px,(1 - x)xx v 2 0. Yor-x| % |05 ) =| a-a ay-a, - [20
0<x; <1 i : :
(a) —s1a9) (ap—s1a)) -
& Z VT(p,-(x,. - Sl)xix?)v 2020=|(ay —s1a)) (a3-=51ay) |20,
i
(b) z VT(Pj(X, - $,)(x; — 5,+])X,-Xl-T)V >0
L2 81,89, S2, ** f
€ { 1292493 } (ay — (s; + sp41)a) + 5;54100) (a3 — (s; + 8;41)a2 + 5;5;41a)) =
= |(a3 — (5; + 5;41)ay + 5;5;4101) (ag—(s; + 5;.1)a3+ 5;5..,1a,) - >0,

(—ay +s,ap) (—a,+s,a;) -
(c) Z VT(P[(S,, gt x,)X,K,-T)V >20=|(-ay+s,a) (—a3+s,a) -|20.
i '
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* Relaxing inequality:

* Gram'’s inequality:

Pl
Example

ak,q Eplx y;’ x€[09l]9 ,VE{S,}.
i

L4
Gy = — 1/ue(0,1], L*€ {06,20,}
U
1 2% 4 3 & 5 " "
a2\, azp—€‘azp >0, azp—€a4020, az)—e€‘ag=>0,....
ff'f, fflf.' ffif:s G20 aso as) I '
[Rh [ [ffs|20 = |ase asp asy| >0, o Mg, T M W S
. azn 440 a1 42 a4 Q42
[ [fafa [ £ asz,] G41 Q42

* Polytope boundary condition:

Pirsa: 25030169

ay5—26a,, + 1200, > 0

<u,- —6)L2- 20)) —
s
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Dispersion relation in massless scalar theory

/N
\ A

Froissart-Martin bounds: / du A(u,t) _
A(s, 1) < slog?s ruys 270 (= $1)(l = 5)(4 = 5)

 dpImAwD) r’ de  ImA(u, 1)
— S —

e ! -— = 52
Agpr(s, 1) SAEF]‘(OJ) Agrr(0,0) = 5 [ an (u + t)z(ﬂ =

an T pHp —s)

eaxK coupliing nmit assume

Appr(s, 0) = A5, D), |s| < €2A?
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Result

g = Zpi-"f}’?’ x€[0,1], y € {s;}.
i

_ [ L= 1 3-212 1
%a=\ Lx 8= B g3 = — ] 84 = 0

Collecting all constraint up to k=5:

0< (‘1'3‘1 < %&4‘0 for 0< 54.0 < 2,

"
40 iy, = —(eN)* 2

: a
0< 53'! < % (654.0 " (21 - 20&4.0)&4'0) for 42'—(7) < 64_0 < 1. 20

1
8 =00 8 =3a35—2a3; g4 = ;a4

2
/854 243
— 1) —84 < §1<34/28 for 0<g;<—, - -
3 84 <83 84 or UsSgs= 354 g, = gn(eA)z(n 2)
120. 74 /=— — - 243 . 1
i g4—5\/2g4(21—40g4)<g3<3\/2g4 for e Sl 82
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IR divergence

Apw(s.t,u) =g, (s + 12+ ) + ggstu+ gy (s* + 17 + u2)2 + gs stu (s* + 12 +u?)
+b; (s*log(—s) + t* log(—1) + u* log(—u))

+b, (s*tulog(—s) + st*ulog(—1) + stu” log(—u))

(
(s*
¢y (s° log(=s) + > log(—1) + u’ log(—u))
+ ¢, (s’ tulog(—s) + st’ulog(—t) + stu® log(—u)) +

1 Alu, 1)
M ()= — M,, My, M, contain similar singular structures
27i Jore pu"t!
Ms(t) = ; (Gy: + 3byet + 2(‘,(") -+ l'i“ ( 2g3 — 10b1€% — 4boe? — Teyet — 2¢: el) M) o 494 + 2e1¢” 41 by log(~t) [+ by log(<”)
s ) . . 2c1€% - 2g5€? 4[r‘162 og(—t)] —|5¢, €2 log cre? log(e?
+8 (?bl + 2by + 1295 + 14c1€® + 3eae? +[f)h1 log(— fj lb-? log(— }» by log(r - !.(.._U:, LJ 2“-’2 = B il I.,k( 'J !11 IN’)J_ . i ))
2
Ms(t) —t(zb + 8g4 + 6e1€2 +4by log(—1t)|— b2(log(€®) —[log(—t )
3 e 1+ 8g4 1€ 1 log (log(e

, (261 + 25 — Scre” — 202¢” — dgye” —[""L' log(—t) |-{3cac? log(~t)| - cae?log(e?)) Do combination of M, to cancel the IR divergence

PY ]
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Bootstrapping tree level amplitude

Apee = 8(8% + 12 + u?) + gastu + g4(s* + > + u*)* +

1 . s s ;
fi= —[ dxP(x)Aee(S, — 5(1 - X), — 5(1 + x))
1

167 ) _
58 s? 3353 7845° g5  g35° &S
fols) === + , )= + 2.
9611 407 240t 480 707
L " G 532)24 (82 )24
g —3 S =| —— ] "
Saturate the unitarity condition 2Im f; = f;~: Im f, (487r - Im f, i
Agu(s,bu)=g (52+f2+u2)+g;sru+g4(53+r2+u2)2+gssru(52+12+u2)
1 +1* 1)+ u" log(—
\ Esj o]g( (s) og(] )( u) og( *:)) g 5 2lg'22 " gg c 8283 c 8283
+b, tulog(—s) + st’ulo + st log(— = - = — i o .
s“tulog(—s) + st“ulog s g(—u | 7202 2 24072 1 6072 2 24072
[(s log(—s) + ° log(=1) + u° log(—u))
(s tulog(—s) + st’ulog(—1) + stu’ log(—u)) +
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IR divergence

Aw(s.t,u) =g, (s + 12+ ) + ggstu+ gy (s* + 17 + 142)2 + gs stu (s* + 12 + u?)
+b; (s*log(—s) + t* log(—1) + u* log(—u))

+b, (s*tulog(—s) + st*ulog(—t) + stu’ log(—u))

(
(s*
¢y (5° log(=s) + > log(—1) + v’ log(—u))
+ ¢, (s’ tulog(—s) + st’ulog(—t) + stu® log(—u)) +

1 A(u, 1)
M ()= — M,, M3, M, contain similar singular structures
2]“ n+1 3 4
arc H
M(t) g ]5 (692 + 3bye* + 2c1€°) + ;l)f (*2!1.1 — 10by€® — 4boe® — Tyt — 2(‘:04) M) =0 494 + 20, i{ by log(—t) k‘ by log(?)
=0 ' - . - g'l‘!‘"—-‘t'f."—-[f‘lf: og(—t) —|5¢1€2 log - coe? log(e?
+ € (Thy + 26y + 1294 + 1cye? + 3oze? +{6b, log(=t] + b log(—t) |- b log(e?)) W ol - 2 t|-paclog(0 - xog(e)
=
Ms(t) B r(zb + 8y + 6c1€° +dby log(—t)| - b2 (log(e®) — 10«,;(-@;)
3 kg 1 4 1 1 (
o (201 + 2y — 9ere” — 2ez¢” — dgse? —11""1'"l"g(—ﬂH-’irw‘m(—f'l— cz¢* log(e*)) Do combination of M, to cancel the IR divergence

-
Pt
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Leading order:

Next leading order:

Pirsa: 25030169

Modified null constraint

1 PMy(t) 1 OMs(t) _ [ (4bLAL? - 8) + by(4 + LXL* - 8)))
12by + 2bs ot? 4by + by Ot 2(4b, + b,)(6b, + bz)ﬂs

1 OMs(t)  My(t) <_ 2(Qb1+bz)>

4by +by Ot b by (4by + bo)u®
i (Lz(Lz N 3)> _ 28b +28b,by + 5b§~,+(zoble, + 1261, + 12bye, +6bycy)
uS 2b, + b, 2b, + b,
Only shifted by a constant
) e

<(L3(|50 + L} (43 4+ 2LY)
n5 =

> = —480¢, — 264c, — 12(16b, + 115y~
ub - L

5—212\  5(20c, +9¢;) — by(Tc; +¢;)  8b7 +Tbyby + 263 |

o :< 24 > * 25, i 26, 2
(Sblcl + 2b2C2) -
R — loge”.
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®

o o0 lovved Bound
2 e B

o f Celn
C=1 =1
=1, 5=378
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Result

.\ |
. E=1,p=10
3 € =05 g,=10
— ),’ g
~—— E=02,5=10
S

2(eA)?

L%(L%-8) -12
R Wy AR

Tree devel townd

Optsmured hoop hossd
0

>2—1282
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massless theory with shift symmetry

1
Lorr = = 507 + LLOBPP + 50,0, 0 + 480,047 + -

Agppr(s, 1) = g2(52 + 224+ 1%) + gsstu + g4(s2 24 u?P 4 e

Substitute into I.h.s of dispersion relation

2t
Do partial wave expansion on r.h.s of dispersion relation: A(s, 1) = 16x Z QI+ D f(s) P, (1 + 7),
s—4m

even/

+00 d
(Fu,0) = B 1651 +1) [ Pimfi0F a0
I e2 A2

_ L ~ [3-2L? /1 2 >0, g.>0,
5= H3 » 8% ﬂ4 » 8= 2#5 g3 has upper boundary

L>=1(+1), Le{06,20,:)}
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Conclusion

» Negative g, is related to loop diagram that characterizes finite-range interaction, this is a reminiscent of the non-local
UV completion which also gives negative g,.

+ Loop effect breaks projective nature of some positivity bounds, therefore relates positivity condition Imf; > 0 with full
unitarity condition 0 < Imf, < 2. Moreover, this non-projective nature sets a bound on g, which enters the running of

g4, therefore, this gives a bound on f function of g,. How to implement the unitarity condition fully is also worth
exploring.

* The best bounds including loops is not given by the bound on a fixed scale, but by an overlap of bounds with different
scale.

* More informations can be implemented in the UV spectrum, asymptotic free, asymptotic safety... Also There is a
reverse problem, restoring UV from moments in IR. More informations (low energy theorem) are known from the IR side.
Low energy theorem could have constraints on UV completion.
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Thanks for listening!

shaolongqi22@mails.ucas.ac.cn
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