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Abstract:

Within the AdS/CFT correspondence, two manifestations of the black hole information paradox are given by the nonisometric
nature of the bulk-boundary map and by the factorisation puzzle. By considering timeshifted microstates of the eternal black
hole, we demonstrate that both these puzzles may be simultaneously resolved by taking into account non-local quantum
corrections that correspond to wormholes arising from state averaging. This is achieved by showing, using a resolvent
technique, that the resulting Hilbert space for an eternal black hole in Anti-de Sitter space is finite-dimensional with a discrete
energy spectrum. The latter gives rise to a transition to a type | von Neumann algebra. Talk based on 2411.09616.
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Overview

AdS/CFT correspondence

Geometry and entanglement

Wormholes and factorization in AdS/CFT

Berry phase and its relation to von Neumann algebras

Non-local quantum corrections
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Talk based on

* Berry phase in quantum mechanics and wormholes

Nogueira, Banerjee, Dorband, J.E., Meyer, van den Brink
arXiv:2109.06190, PRD

e Berry phases in AdS3/CFT2
Banerjee, Dorband, J.E., Meyer, Weigel arXiv:2202.11717, JHEP

e Berry phases and von Neumann algebras

Banerjee, Dorband, J.E., Weigel arXiv:2306.00055, JHEP

e Non-locality induces isometry and factorisation in holography
Banerjee, J.E., Karl arXiv:2411.09616
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l. Lightning review of the AdS/CFT correspondence
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Duality: A physical theory has two equivalent formulations

Same dynamics

One-to-one map between states

Theory| | Duality Theory I |
(Action/Hamiltonian I)\ (Action/Hamiltonian II) |

N\ /

Ph‘sical S‘stem

Gauge/Gravity Duality:

Gauge Theory Gravity theory
Quantum Field Theory o in higher dimensions
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String theory origin of the AdS/CFT correspondence Misiiacsna 1807

D3 branes in 10d

7 7

duality S

AdS;x §°
/ / near-horizon geometry
d4 4%

|} Low energy limit

Supersymmetric SU(N) gau-
ge theory in four dimensions
(N — o0)

Supergravity on the space
AdSs x §°
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Limits in AdS/CFT

SU(N) Super Yang-Mills theory for any N, any A 4= Type IIB string theory on AdS; x s°

v

% &
A= gym

N — o0

-+

2
gs = gyM =

SU(N) Super Yang-Mills theory in large N limit

4T\ =

A
N

— 3

v

) Classical string theory on AdSsx S°

L4
¢4

— OC

v

v
SU(N) Super Yang-Mills theory for large N, IqrgeA 4= Type lIB supergravity on AdS.x s°
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Entanglement entropy in Gauge/Gravity Duality

(Ryu, Takayanagi Phys.Rev.Lett. 96 (2006) 181602)

Leading term in entanglement entropy given by
area of minimal surface in holographic dimension

PA = TrBPtot

AdS

SA - —TI‘ApA In PA
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ll. Black holes and wormholes in AdS/CFT and the factorization puzzle
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Eternal AdS black hole

* Global coordinates (Kruskal)

 Non-traversable wormhole

» Singularity in time coordinate:

Time-like Killing vector
switches sign at horizon
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Eternal AdS black hole

® Eternal black hole in AdS spacetime is dual
to two copies of the boundary CFT,
entangled in the TFD state

J. Maldacena, [hep-th/0106112]

® TFD state is the purification of a thermal
state of one CFT

1 _B *
ITFD) = 7z %:e 250 [n), [n)g .

1
trp [TFD)(TFD| = ?e—ﬁ”t = p3

11
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Factorization puzzle Maldacena+Maoz '13; Harlow ‘16

The two CFTs have disjoint Hilbert spaces since
there is no interaction between them, H; @ Hr

The wormhole Hilbert space does not factorize H

Apparent contradiction?

Holographic map non-isometric

12
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Wormholes in quantum mechanics

Verlinde 2021

Z(B) = tr(e™")

Z(D) = /[dX]efDQ_faDIM‘ D - [\

|

generalized coordinates and momenta X¢ symplectic form Q = iwu;,dX A d X

Exact symplectic structure: $=da, Jp=fpa

Z(8) = Z(D)
It symplectic structure Is non-exact:

(2(8) = 2(5) R
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lll. Berry phases and von Neumann algebras

14
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Berry phase

Maurer-Cartan form: Connection on a group manifold M defined for any group element &
Avce = o tdo

Berry connection: Ground state expectation value of the Maurer-Cartan form
Ap(A) = i{(¥o| Amc |%o)

Berry curvature: £B(}\) = i{to| wkx |¢o)
wkr = dAmc

Berry phase: by = /FB Kirillov-Kostant
symplectic form

15
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von Neumann algebras

Concept of algebraic QFT
for classifying operator algebras w. r. t. entanglement properties

Type | - density matrix and trace (as in quantum mechanics),
admits irreducible representations
Type |l - trace prescription, but does not act irreducibly

Type lll - no trace prescription (eg. free QFTs)

186
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Two-spin system: Berry phase and type | Von Neumann algebra

 Coupled spins in external magnetic field:
Electronic Zeeman interaction in hydrogen atom H=JS,-8—2upBS.

] :_sin%—cos% _8111%4—005% e o B
Ground state  [¢0) 7 W 75 tana = 2up5
* Projective Hilbert space Cp3 (= SU4)/U(3))
Schmidt decomposition |?,Do> = Zi:Tgi Iﬁ)i|i, E)
1 — sin.co 1 +sina

Kt = 5 5

17
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Two-spin system: Berry phase and type | Von Neumann algebra

COS ¥

3 9 9 . 1l —sin« |
Entanglement entropy SEE = — Z Ky InkK; =sinaln Ceosa In 5
i=1, o )

No entanglement (J=0) See =0 Entanglement orbit  CP!x CP!

Maximal entanglement S —1n2 SU2) _ 3
(J very large) B Zo b

Intermediate entanglement CPl X IRP?’

18
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Two-spin system: Berry phase and type | Von Neumann algebra
Berry phase from symplectic volume of entanglement orbit

1—sin «
v—= 0 }

Reduced density matrix from P = :
y |: 0 / 1+521n o

by 38, b
Other points in the orbit O=uP, uw=¢"2"g 7°9g3"=
Connection on the orbit A=itr(Q'dQ) = SH; “ (1 — cosf)do
Symplectic form Q=dA="""%in0do A do

Berry phase

| S—— / Q= 81121 a V(SQ) = 2rsina = P¢

19
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Two-spin system: Berry phase and type | Von Neumann algebra

Trace functional f(ca) =cf(a) for c€C,a€ A and
fla+b) = f(a)+ f(b) for a,be A.

Cyclicity? f(ab) = f(ba)

fO(aL) — (“14"_.10'(1,[, ‘L'D) 8L =QLnOn; OL=Upntn, nE{l 2,92}, arnbrn€ER,

fo(lap,br]) = 2isina(ag ,br.» — ap b))

Trace functional on commutator proportional to
fo([aL, bL]) X (I)G geometric phase

vanishes for maximally entangled state

20

Banerjee, Dorband, J.E., Weigel arXiv:2306.00055
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Infinitely many spins

Using [\ = \/%(M) — \/Xm)) with 0< <1
consider .
’ 1
= A}E}“@@ | An) 1m § —m(uwn + \/EHTM)

1— A\,
14+ M,
TFD state for two copies of an infinite collection of spins,

Sum over pairs of spins, phases @g’) = 2r

temperature given by entanglement temperature
In general type lll von Neumann algebra

Geometric phases vanishes for maximal entanglement -> type Il vN algebra

21
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Berry phase and Von Neumann algebra for eternal black hole

tp =tp
I

No global Killing vector in i

the presence of a wormhole . @ I QD 3
related to mass/temperature | \ - \
of eternal black hole \\ * //

Leads to non-exact symplectic form b 6
TL s, . f RT evolve by =, » evn]ve=by IL
; Hy + Hp Hy — Hp
TFD;) = e~i(Hi+Ha)3 | TED SN
| 8) | ) does not transform state

22
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Wormhole Berry Phase

Time translations at each boundary  U(1) x U(1)

Bulk isometry from H_ L - H R U(l)

Bulk moduli space of classical solutions ~ U(1) x U(1) U(1) ~ St
parametrized by 0 w

Berry connection  As = i(TFD|UT9;U|TFD) If = HptHRlo

<I>(GTFD) — / dd A5 # 0 proportional to geometric phase of bulk moduli space

23
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Type Il vs. type Ill von Neumann algebra for eternal black hole

In geometric phase approach:

Non-factorization -> non-zero geometric phase -> no trace definition -> type lll vN algebra

Maximally entangled state -> geometric phase vanishes -> type |l vN algebra

Banerjee, Dorband, J.E., Weigel arXiv:2306.00055

24
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S. Banerjee, . J. Karl

i ] ] J.E
Relation to black hole micro state counting 5411.09616

Generalised phase-shifted TFD states |TFD.) WZ e e P ), n)h

Same entanglement orbit as TFD state
Berry connection As; =i(TFDa|ds |TFDa) ZE =P

These states can be thought of as microstates of the eternal black hole

Black hole entropy from overlaps of phase-shifted states shows cancellation such
that only discrete spectrum remains

(Matrix model calculation similar to Balasubramanian, Lawrence, Magan, Sasieta 2212.02447)

25
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IV. Non-locality induces isometry and factorisation

Banerjee, J.E., Karl arXiv:2411.09616

26
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Black hole micro state counting

In semiclassical, or large N limit the energy spectrum is highly random (approx. continuous)
[Verlinde H. '20]

~  (TFD,|TFD), = —Z(l.-a) 3 B gilman) _ 5, 1 O(c=Sen/?)

n

This may also be calculated from the gravitational path integral
= includes a sum over geometries consistent with given boundary condition

~
(1[*Dla: m ]T:O

L R Y
? ¥
o i (TFD,|TFD)., =~
n T=20
ITFD)., = U

= Due to orthogonality states form infinite basis of bulk Hilbert space

27
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Black hole micro state counting

Problem is solved by calculating overlaps in microstates from higher moments

1 s 1 1 _osE. 1 , Z(2B)
N;|(TFDQ|TFD),F| =¥ 20 ;e =¥ 20

Correction term understood from appearance of replica wormholes in gravitational
path integral (verlinde H. 20, Verlinde H. '21]

x & Q o

= non-perturbative and non-local correction
28
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Black hole micro state counting

Appearance of non-trivial overlaps in higher moments understood from an averaging procedure
(TFD4|TFD), = My, with My, = 6oy + e BH/2R

and R,~ is random matrix with mean zero = Higher moments contain variance of R
e Degrees of freedom of fundamental theory encoded in R
e Path integral averages over fundamental DoF (penington, Shenker, Stanford, Yang '19]
e Here this is a state average over Hilbert space of phase-shifted states

The Euclidean replica wormholes arise from an average over states corresponding to
Lorentzian wormholes of different length.
This connects two seemingly different notions of non-locality in QG

29
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Black hole micro state counting

Counting only linearly independent microstates: Strategy [Balasubramanian et al. 22, Emparan et al. '24]
e Consider Hilbert space H(, spanned by {2 microstates
e Calculate dg = dim(Hq) = Dimension of full HS given by limit of dq
e dg given by rank of Gram matrix G;; := (TFD,,|TFD),, i.j=1,....Q

o Q
dg = lim, / dAD(A) = Q —Ker(G) with D(X):=Tr(3(\L —G)) =3 6(A— X))
€E—r € i—1

e Higher powers G encode overlaps = resolvent method [Penington, Shenker, Stanford, Yang '19]
e Eigenvalue density D(\) given in terms of trace of resolvent

DO\ = — Tim (R(A — i€) — RO\ + i)

Qﬂ"t e—0

30
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Black hole micro state counting

Resolvent is defined as R;;(\) = (Ml_G) = % + Y ()(\?Tr?il or pictorially:
L] n=1

31
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Black hole micro state counting

R(\) is solution to quadratic equation and we find the EV density of ¢

,SBH
D(A) = t‘%)\ \/[/\ - (1 — (0 e—SBH)lﬁ)z} [(1 3 (QG—SBH)l/Q)Q B /\]
+ 6(X) (2 — e%81) © (Q — &8H)

From this we find
do = min (O E‘SBH)

Hilbert space dimension bounded from above

32
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Algebraic perspective on factorisation

In the type Il description all microstates are orthogonal, and the entropy is infinite

e We showed explicitly that the inclusion of non-perturbative wormhole corrections imply:
= microstates span finite dimensional Hilbert space = Type |

* Non-perturbative corrections yield discrete energy spectrum

e Consequently all microstates can be written as an element of a factorized Hilbert space

%l X H-r — Span( |En>l X |Em>r )

33
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Non-locality induces isometry and factorisation

The holographic map seems to be inconsistent in the semiclassical limit
Problem 1: Bulk Hilbert space has way too many states

e Infinite family of generalized TFD states are orthogonal for Gy — 0

¢ Including non-local effects in the gravitational path integral leads to non-trivial overlaps
— linearly independent states span a HS consistent with holographic entropy bounds

Problem 2: Factorisation puzzle (type | vs type Il1/II)

e Reduction in size corresponds to a transition from type I/l to type |

e Transition is understood in terms of a discrete energy spectrum
= Energy eigenstates span factorized Hilbert space

A consistent formulation of a quantum theory of gravity has to be non-local

34
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Conclusions and outlook

* Non-Factorization of wormhole Hilbert space due to
non-exact symplectic form that results in non-zero Berry phase

* Mathematical structure also present in quantum mechanics and in CFT
* Relation to von Neumann algebras
* Inherently local quantum gravity corrections yield type | von Neumann algebra

* Relation between entanglement and geometry

35
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