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View Run Kernel Settings Help Trusted
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Based on Giuseppe Carleo Tutorials. Edited by Mohamed Hibat-Allah.

from optimization import *

~ Hamiltonian of the Hydrogen Atom

% 8 1
5 10 +l(l+)_1

2 9% D2 P
We consider n = 0 (principal quantum number), I = 0 (angular momentum) to get the ground state. Physical
constants are absorbed in r. ,

- Ground state energy: Eg = —-%—

- Ground state: Y (r) = rexp(—T)
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constants are absorbed in r.

- Ground state energy: Eg = — 1

- Ground state: ¥g(r) = r exp(—r)

1. Define the variational wave function (ansatz)
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5]: psi_ansatz=State([8.1, 6.2]) #Define the variational wavefunction

o]
3
P
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~ 2. Running the optimization with gradient descent
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run_optimization(psi_ansatz, epsilon=0.4)

Trusted

JupyterLab [7 & Python 3 (ipykernel) O =

/\1 — 10, Az — 10

1.004

0.751

0.501

0.251!
o.oo-ﬁ

~0:251

Variational Energy

----- Exact energy = -0.5
--¢-- Variational energy

). BT s e e e e M

250 500 750 1000 1250 1500 1750 2000
Gradient descent step

step 2000
lambdal = 1.0000000000000004 , lambda2 = 1.0000000000000004
energy = -8.5
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v Ground-State: Heisenberg model

Author: Giuseppe Carleo and Filippo Vicentini (EPFL-CQSL)

The goal of this tutorial is to review various neural network architectures available in NetKet, in order to learn the ground-state of a
paradigmatic spin model: the spin-1/2 Heisenberg antiferromagnetic chain.

The Hamiltonian we will consider for this tutorial is the following

H= E Oi* Oiy1.

L
i=1

L is the length of the chain, and we will use both open and periodic boundary conditions. & = (o7, 0¥, 0%) denotes the vector of Pauli

matrices. Please note that there is a factor of 2 between Pauli-matrices and spin-1/2 operators (thus a factor of 4 in H).

We will consider in this tutorial 5 possible ways of determining the ground-state of this model.

v 0. Installing Netket

If you are executing this notebook on Colab, you will need to install netket. You can do so by running the following cell:

[1] 1 %pip install --quiet netket

695.1/695.1 kB 14.7 MB/s eta 0:00:00
177.1/177.1 kB 18.1 MB/s eta ©:00:00
3.1/3.1 MB 58.2 MB/s eta 0:00:00
42.6/42.6 kB 1.2 MB/s eta 0:00:00
1.2/1.2 MB 17.8 MB/s eta 0:00:00
55.2/55.2 kB 3.1 MB/s eta 9:00:00

41}
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v Ground-State: Heisenberg model

Author: Giuseppe Carleo and Filippo Vicentini (EPFL-CQSL)

The goal of this tutorial is to review various neural network architectures available in NetKet, in order to learn the ground-state of a
paradigmatic spin model: the spin-1/2 Heisenberg antiferromagnetic chain.

The Hamiltonian we will consider for this tutorial is the following

L
H= E G+ Gl %

=1
L is the length of the chain, and we will use both open and periodic boundary conditions. & = (6®, a¥, ¢*) denotes the vector of Pauli
matrices. Please note that there is a factor of 2 between Pauli-matrices and spin-1/2 operators (thus a factor of 4 in H).

We will consider in this tutorial 5 possible ways of determining the ground-state of this model.

v 0. Installing Netket
If you are executing this notebook on Colab, you will need to install netket. You can do so by running the following cell:

[ 1 %pip install --quiet netket
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7] 1 %pip install ——quiet netket
S+ 695.1/695.1 kB 14.7 MB/s eta 0:00:00

177.1/177.1 kB 186.1 MB/s eta 0:00:00
3.1/3.1 MB 58.2 MB/s eta 0:00:00
42.6/42.6 kB 1.2 MB/s eta 0:00:00
1.2/1.2 MB 17.8 MB/s eta 0:00:00
55.2/55.2 kB 3.1 MB/s eta 0:00:00

We also want make to sure that this notebook is running on the cpu. You can edit the field by changing “cpu” to "gpu" to make it run on the
GPU if you want. But you'll need to use much larger systems to see a benefit in the runtime. For systems with less than 40 spins GPUs slow
you down remarkably.

© 1 imporf os
2 os.environ["JAX_PLATFORM_NAME"] = "gpu"

After having defined this environment variable, we can load netket and the various libraries that we will be using throughout the tutorial.

Il 1 # Import netket library
2 import netket as nk
3
4 # Import Json, this will be needed to load log files
5 import json
6

v 1m18s completed at 10:56 PM
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2 # We impose to have a fixed total magnetization of zero
[l 3 hi = nk.hilbert.Spin(s=0.5, total_sz=0, N=g.n_nodes)

The final element of the triptych is of course the Hamiltonian acting in this Hilbert space, which in our case in already defined in NetKet. Note
that the NetKet Hamiltonian uses Pauli Matrices (if you prefer to work with spin-1 / 2 operators, it's pretty trivial to define your own custom
Hamiltonian, as covered in another tutorial)

© 1 # calling the Heisenberg Hamiltonian
2 ha = nk.operator.Heisenberg(hilbert=hi, graph=g)

v 2. Exact Diagonalization (as a testbed)

Just as a matter of future comparison, let's compute the exact ground-state energy (since this is still possible for L = 22 using brute-force
exact diagonalization). NetKet provides wrappers to the Lanczos algorithm which we now use:
x

[ 1 # compute the ground-state energy (here we only need the lowest energy, and do not need the eigenstate)
2 # evals = nk.exact.lanczos_ed(ha, compute_eigenvectors=False)
3 # exact_qgs_energy = evals[@]
4 # print('The exact ground-state energy is E@=',exact_gs_energy)
5
6 # Just in case you can't do this calculation, here is the result
7 exact_gs_energy = -39.14752260706246

v 1m18s completed at 10:56 PM
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— ['] 3 # exact_gs_energy = evals|[0]
= 4 # print('The exact ground-state energy is E@=',exact_gs_energy)
3
@ 6 # Just in case you can't do this calculation, here is the result
7 exact_gs_energy = -39.14752260706246
< TNV B 2@

{r} v 3.The Jastrow ansatz

G Let's start with a simple ansatz for the ground-state: the Jastrow Ansatz.
O log¥(o) =X a0+ 320105058

To show how it's done, we write this simple ansatz as a flax. linen module. We import this module and call it nn, as it is customary in all
Flax documentation.

You should define a function in the module called _ call__ and decorated with @nn.compact . This function is responsible for defining the
flow of your model, that is, to evaluate the module for a batch of inputs.

Parameters in the module are specified by calling self.param(parameter_name, initializer, shape, dtype) . The first argumentis an
arbitrary string, the second should be an initializer from nn.initializers and the other two are shape and dtype of that parameter.

As the module should work with batches of inputs (therefore the input will be a 2d matrix with shape (N_inputs, N_sites), but we are lazy
mAmA firmd i+ o nnniarta Aafima tha fiimatinm far A Aninala inmidt = A TN uAantar af aharma (M cddkan V Tharafara wa uirida A fiimatinm anllad
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Well that's not too bad for a simple ansatz. But we can do better, can't we?

v 3. Learning with a Restricted Boltzmann Machine (RBM)

We will now consider another celebrated ansatz, the Restricted Boltzmann Machine (RBM). It simply consists of two layers: a visible one
representing the L spin 1/2 degrees of freedom, and an hidden one which contains a different number M of hidden units. There are
connections between all visible and hidden nodes. The ansatz is the following

Yrem(0f,03,...,07) = f:xp(Z:iL:1 a;0f) Hfil cosh(b; + >, Wijo?)

a; (resp. b;) are the visible (resp. hidden) bias. Together with the weights W;;, they are variational parameters that we (or rather NetKet) will
optimize to minimize the energy. Netket gives you the control on the important parameters in this ansatz, such as M and the fact that you
want to use or not the biases. The full explanation is here.

More conveniently (especially if you want to try another L in this tutorial), let's define the hidden unit density « = M /L, and invoke the RBM
ansatz in NetKet with as many hidden as visible units.

[] 1 # RBM ansatz with alpha=1
2 ma = nk.models.RBM(alpha=1)

v 1m18s completed at 10:56 PM ® X

PE0=200"a@@Q0TH2xCEB000 00080 00 ¥

Pirsa: 25030044 Page 21/49



# Firefox File Edit View History Bookmarks Tools Window Help

[ NON ] (B | & Hydrogen_Atom_Dema x [ Ground-State: Heisenberg mod X | €O gs-heisenberg.ipynb - Colab X | + ~

= C O 6 == https://colab.research.google.com/drive/1t7388MOTclIWilSJgx7h4kixX JIPBLEIn#scroliTo=z 2nXmYsiBMxR&unigifier=1 B 1wox ¥ & Q0 =

coO & gs-heisenberg.ipynb ¥ & B @ 2 shere 4 Gemini @
File Edit View Insert Runtime Tools Help

Q. Commands + Code + Text Reconnect T4 A

- ° 4 # Extract the relevant information

= 5 iters_RBM = datal["Energy"]["iters"]

@ 6 energy_RBM = data["Energy"]["Mean"]
i
8 fig, ax1 = plt.subplots()
<> 9 axl.plot(iters_Jastrow, energy_Jastrow, color='C8', label='Energy (Jastrow)')
10 axl.plot(iters_RBM, energy_RBM, color='red', label='Energy (RBM)')
11 axl.set_ylabel('Energy')

{x} 12 axl.set_xlabel('Iteration')

13 plt.axis([@,iters_RBM[-1],exact_gs_energy-0.03,exact_gs_energy+0.2])
o 14 plt.axhline(y=exact_gs_energy, xmin=0,

15 I xmax=iters_RBM[-1], linewidth=2, color='k', label='Exact') |
) 16 ax1l.legend()

17 plt.show()

p

-

— —38.95 A
, —— Energy (Jastrow)
—— Energy (RBM)
- Exact
-39.00 A
>_]
= > —39.05 1
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o 15 Xmax=1ters_RpoM|-1], Linewlatn=Z, COLOr="K°, LabeL="cXact’)

16 axl.legend()
17 plt.show()

B
)

—38.95 1 ‘{‘
| Energy (Jastrow)
© ' —— Energy (RBM)
| — Exact
{x} -39.004{ |
(o] |
1
(| 2 —39.05 -
]
S
—39.10 -
—39.15 A |“|hl‘ihl lm‘]ﬂ‘
0
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— ° 18 xmax=iters RBM[ -1], unew1dth 2, color="'k', label='Exact"')

= 19 ax1.legend()

20 plt.show()

et
<> —39.04 Energy (jastrow)
—— Energy (RBM)
{x} —39.06 - —— Energy (Symmetric RBM)
- Exact
oo ] —39.08 -
-39.10 - |
= R l
=
—39.12 A
i nuumnmm mmlu
—39.16 1
—39.18 1
—39.20 A
: . ' . '
n SN 100 150 2nn 250
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Neural Quantum States

S = (81,85 s55)

U (S; W) = Z e25 @305 +30; bihi+ 30,5 Wishio]
{hi}

U(S; W) = e2i %% x IIM Fy(S)

F;(S) = 2cosh [bi T Zj Wijo';:l

Restricted Bolzmann Machine (RBM)

Carleo, Troyer, Science, 2017.
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Ground States

1073 p—— ===
p kJastrow -
i
10-5]
1—6L ] - 1—4 | | ] ]
. 1 & 4 s 1 2 4a8 16 32

—_ r T yv_.y A
Harn = E o,0; +o;0; +0;0;
(4,5)

Carleo, Troyer, Science, 2017.
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Time evolution

1.0 ,

\ B e

- mem ==

U A h=(4—2)
0.6 B - -.-L..._=_t_1...f_--.—-=ﬂl-£.-@__g:____h-__:

o
-~
—
T
8
~—

R(t:; W(t)) = dist(8, ¥ (W(t)), —iHT) /
L ;//'Lh —(1/2 1)

0.2 '

y ;
Hrrr = —hZag’ - Z oio;

(©.3) Carleo, Troyer, Science, 2017.
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Convolutional Neural Network Quantum States

(@) Sum

A

H=J1 ESQSJ+J2«Z»§7,SJ
1J

11

Choo, Neupert, Carleo, PRB, 2019.

Neural Quantum States
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Recurrent Neural Networks (RNNs)

Very powerful at generating sequential data:

* Speech recognition, machine translation,...

An RNN is a Universal Turing Machine: can be seen as a general-purpose

computer that can perform any classical computation. Siegelmann and Sontag, ACM, 1982
Chung and Siegelmann, NeurlPS 2021

Neural Quantum States
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RNNs can be also used in many-body Physics

S\

“Spins” instead of “Words”

Neural Quantum States
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Autoregressive sampling

&RNN@

\ (Simplest) Recursion relation:

h4 .
P(lal) l@ \ Memory

(hidden) state

hy, = f(W[hn—l;a'n—l] o b)

01

Neural Quantum States
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Autoregressive sampling

h h;
RNN | —L. | RNN | —
(Simplest) Recursion relation:
h h
l 1 l 2 h,, = f(W[hn—l;a'n—l] * b)
P(o1) P(o3|o1)
Conditional probability:
P(o;lo<;) = Softmax(Uh,, + c) - o,
A A
W, U, b and c are the parameters of the RNN.
01 09

Neural Quantum States
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RNN wave functions

HEA

01 09 03 04

| ¥rNN(01,02,03,04)|> = P(o1)P(02|01)P(03|02,01)P(04|03,02,01)

RNN
wave function

YRNN

Neural Quantum States
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Autoregressive sampling

HEA

01 02 03 04

| ¥rNN(01,02,03,04)|> = P(o1)P(02|01)P(03|o2,01)P(04|03,02,01)

The samples are independents and can be generated in parallel {o D}

N
Importance sampling: Ernn = ¥any H ¥ann & 2 Y Eioc(0@)
' 3—1

Neural Quantum States
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Autoregressive sampling

| Trnn (o) |2
A .
b g

>
o

The RNN can sample from multiple modes

| WRNN(01,02,03,04)2 = P(01)P(02|01)P(03|02,01)P(04]|03,02,01)

Neural Quantum States
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RNN wave functions

Positive RNN wave function Complex RNN wave function
o

P(o)=1Y_,P,
N
$(o) =) én
n=1

Yrnn (o) = /P(o) exp(ip(o))

M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, PRReasearch, 2020.

Neural Quantum States
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RNN wave functions

Positive RNN wave function

M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, PRReasearch, 2020.
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Transverse-field Ising model in 1D

Hamiltonian:

) N-—1 N
Ferromagnetic coupling (order) H == E : o7 &f+1 —h Z G;
t=1 =1

Pauli matrices:

L (1 0 . (0 1
=\o -1/ 72 7"\ o

Spin flip coupling (disorder)

irsa: 25030044 Page 38/49



Transverse-field Ising model in 1D

Hamiltonian:

. Nz1 N
Ferromagnetic coupling (order) H=- E : 62? &f+1 —h Z G;
i=1 =1

®_® @ @ @ @ Ord{: Dis\order

Spin flip coupling (disorder)
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RNNs can estimate observables and entanglement

(b) (c)
0.14
0.16 A
0.4 W’..
”’ ’\
<N <
<3 0.08 - 012 (2 wn \
Hep) T \
= 3 0.2 1 N = 20: N = 80: ‘I
@ RNN ¢ RNN
0.1 4 ¢ Symmetric RNN
0.00 T T T T 0.10 T T T T T T
40 50 60 70 80 0.0 0.2 0.4 0.6 0.8 1.0
n ¢/N

Correlations functions Entanglement entropies

M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, PRReasearch, 2020.
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Transverse-field Ising model in 2D

Ferromagnetic coupling (order)

- In 2D, the exact ground state energy is not

known theoretically.

Spin flip coupling (disorder)

Neural Quantum States
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Transverse-field Ising model in 2D

Ferromagnetic coupling (order)

- Hamiltonian:

N
o § et A E A
H—_ U’iai+l_h G'z-
1

(4,3) &=

/ \

Order Disorder

* P oo *
Spin flip coupling (disorder) * oo %
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2D recurrent neural networks

2D recursion relation:

h;;= f(W(h)[hi—l,j;az’—l,j] =+ W(U)[hz‘,j—l; oij—1] + b)

M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, RNN Wave functions,
PRReasearch, 2020.

A. Grave et al., Multi-dimensional recurrent neural networks, 2007.
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Comparison with the state-of-the art in 2D

(H)/N

(H)/N

(H)/N

-2.409601 4
h=2 —e— DMRG
o --- IDRNN
-2.409602 - PixelCNN;
""" 2DRNN

-4.121797
-4.121798

o 1\\
-3.17387 h=3

3173897 Fommmmmmmmmmmmmmmmmmmme—mae S -\--—.T
_3.173902 B R R R

-4.12178 1

_4.12179l\ J-
h=4

T T

o b — — — — — 1 — — — 1 — — — — —

T T T
256 512 1024
X

- Hamiltonian (N = 12x12):

5 — § Lol e E [T 1
H—— O'Z-O'z-_{_l—h G-.l'_

(4,3) i=1
DMRG: Density Matrix Renormalization Group.

2DRNN and PixelCNN: Neural Network architectures.

- The lower the energy the better!

2DRNN: M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, PRReasearch, 2020.
Pixel CNN: Sharir et al. 2020, PRL, 2020.
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Comparison with the state-of-the art in 2D

-2,409601 +
h=2 —— DMRCG 2 .
= -~ IDRNN - Hamiltonian (N = 12x12):
W -2.409602 —-= PixelCNN ]
T [ ] ¢ - 2DRNN 7 ) N
: BT I. H =—Z&f5§+1—h26f
-3.1738 (2,7) i=1
= -3‘173871
T s - RNNs are more compact!
-3.173902 -

- 0.03% of the variational parameters of DMRG.
= "“2”9;|, 2.6% of the variational parameters of PixelCNN.
= @

T 4121707 §
-4.121798
2l56 51'2 1()l24
X

2DRNN: M.H, M. Ganahl, L. Hayward, R. Melko, J. Carrasquilla, PRReasearch, 2020
Pixel CNN: Sharir et al. 2020, PRL, 2020.
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