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Abstract:

Recent efforts to formulate a unified, causally neutral approach to quantum theory have
treating spatial and temporal correlations on an equal footing. Building on this motiva
axioms for quantum states over time, demonstrating that, unlike earlier approaches, the:
over time that is valid across both bipartite and multipartite spacetime scenarios.
Fullwood-Parzygnat state over time uniquely satisfies these axioms, thus unifying bipart
seamlessly to any number of temporal points. In particular, we identify two simple assur
a guantum analog of conditionability that single out a multipartite extension of bipartite
to a canonical generalization of Kirkwood-Dirac type quasi-probability distributions. This
guantum Markovianity, advancing our understanding of quantum correlations across both
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Characterizing the
bipartite quantum state
over time function

—

Seok Hyung Lie UNIST
& Nelly Ng NTU
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Symmetry of and
in probabilistic theories?
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In classical theories...

Pirsa: 25020034 Page 4/52




Positions of events X and Y
in spacetime?

P(X,Y)

o0

Space-like?
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Each time slice
lives in a different
Hilbert space
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Is sensitivity to spatiotemporal structure
an inherent property of quantum theory?
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Can we construct
quantum state over time?

(P4, Pga) =y Ppig* py

“Quantum state over time
function”
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Dpia*py 20
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PROCEEDINGS OF THE ROYAL
SOCIETY A

MATHEMATICAL, PHYSICAL AND ENGINEERING SCIENCES

Can a guantum state over time resemble a

quantum state at a single time?

Dominic Horsman ], Chris Heunen, Matthew F. Pusey, Jonathan Barrett and
Robert W. Spekkens

Published: 20 September 2017 https://doi.org/10.1098/rspa.2017.0395
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(@) Hermiticity

.l.
(Ppia* pa) = (Ppja* pa)

irsa: 25020034 Page 11/52



(b) Preservation of probabilistic mixtures

Ppia* (ppa+ (1 —p)oy)

=pPpia *pa+ (1 —p)Ppi4*0y
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(c) Preservation of classical limit

514002 = ) Pralidliloli)
LJ

= Dpiaxpa= ) pyli)l @ li)il
LJ

(Actually the exact form of the axiom assumed is
different from this)
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(e) Compositionality

Weig * (Ppja * Pa)

= (Weip* Ppla) * pa
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It turned out that the criteria
were translated into too strong
mathematical conditions
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1
Dpia* pa = E{pA ® I, D|Ppa}

where D|®p4] = idy @ Pgjar(Faar)

Jamiotkowski isomorphism
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1
Ppia*x pag = E{PA K I, D[(DBIA]}
where D[CDB|A] =idy & cDB|A"(FM1\")

p

P

Ee,m = -5[/

EankPa | | |
BIA (This closed form is known to be equivalent to the pseudo-
density operator (PDO) when limited to multi-qubit systems)
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Highlights ~ Rece cepled Authors Referees Search  Aboul Scope

From Time-Reversal Symmetry to Quantum Bayes’ Rules

Arthur J. Par
PRX Quantum 4. 02033

o —_

TABLEII. The many state-over-time functions appearing in this work, along with their formulas, properties satisfied, and associated Bayes maps. The axioms are Hermiticity
(P1), block-positivity (P2), positivity (P3), state linearity (P4), process linearity (P5), the classical limit (P7), and associativity A (bilinearity has been removed from the table
to avoid redundancy). The = for Ohya’s compound state over time is because the classical limit is satisfied for density matrices with no repeating eigenvalues. Note that we do
not fully define Ohya’s compound state over time for arbitrary CPTP maps between multimatrix algebras (this will be addressed in future work, along with additional examples
of state-over-time functions). The question mark represents the fact that we have not yet determined whether the given axiom is satisfied.
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o
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Name (page ref.) State over time £ * p P7 A Bayes map E;J

X Any CPTP such that £ (£(p)) = p
? Not computed here

Uncorrelated (7) pRE(p)

Ohya compound (7) Yo AP ®E ( - )

Py )

Petz map #,.¢ := Ad,12 0 £* 0 Adgy-12 l
Rotated Petz map Ad,-i 0 #,.e o Adg
Ad!:, o] ,‘7:.’,)‘5 (o] Ad(}_{m
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t-rotated (8) P @ 1) Z[E] (P @ 13)

STH (8) (Uhp'? @ 15) ZIE](p' 12U, ® 15)

Symmetric bloom (11) 3{p ® 18, Z[€]}
Right bloom (13) (p ® 1) F[£E] (e.g., two-state)
Left bloom (15) PE(p ® 1) (e.g., correlator)
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Quantum stat over time (QSOT) function
A function x:C(4,B) X §(A) » A ® B that maps
(®pja, pa) to Ppia * pa is @ QSOT function if

Trp®pia * Pa = Pa
Try®pja * pa = P(P)s
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Axiom (E): Completeness

For any quantum state over spacetime p4 g with two
arbitrary regions A and E in spacetime, and any quan-
tum channel Eg| 4. the action of QSOT function on a
subsystem Ep14 * paE can be defined and has the fol-
lowing properties: For any completely positive trace
non-increasing operation Zr on system E,

Ie[Epia*pae) = Epja*Te(par),  (3)

Axiom (T): Time reversal symmetry

A state over time corresponding to the trivial evolution
should be symmetric under the time reversal transfor-
mation, i.e. Fap(idg|a * pa)Fap = idpja * pa, for
all py € &(A), where F 4 denotes the swap gate be-
tween systems A and B.

Axiom (P): Compositionality, [24]

A QSOT function should be compatible with composi-
tion of quantum channels. In other words, for any two
quantum channels £g| 4 and F¢|p, we have

Trp [Foip* (Epjax pa)] = (Fo€)gaxpa. (5)

Axiom (CC): Classical Conditionability (informal)
When the input state and the channel are prepared in
an ensemble {/\,-. TA;»EB|A, } then the corresponding
QSOT is givenas Egja* (D_; Aima,) = D, Mi€p|a, *
TA,, where 5;3“4 = Z’- E;gm,.
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Axiom (E): Completeness

For any quantum state over spacetime p4g with two
arbitrary regions A and E in spacetime, and any quan-
tum channel £p) 4, the action of QSOT function on a
subsystem Ep14 * paE can be defined and has the fol-
lowing properties: For any completely positive trace

Axiom (T): Time reversal symmetry

A state over time corresponding to the trivial evolution
should be symmetric under the time reversal transfor-
mation, i.e. Fap(idg|a * pa)Fap = idpja * pa, for

non-increasing opera

Ip(Epja*p

and state £ 4, pa, the state over time £p314 * p4 Must
be Hermitian.

notes the swap gate be-

Axiom (H) (Hermiticity) For any quantum channel

Axiom (P): Composi —

A QSOT function should Bgcompatible with composi-
tion of quantum channels. InWgher words, for any two
quantum channels £g| 4 and FWywe have

Trp [Foip* (Epjax pa)] = (Fo

\

s e ——-(Uitionability {informal)

When the input stagand the channel are prepared in

an ensemble {/\,- A €B|A, } then the corresponding

QSOT is givends Epja* (D, \ima,) = >, Mifp|a, *
BlA = i EB|A;-

—

1
Epla* Pa = E{PA & Iy, D
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Axiom (E): Completeness

For any quantum state over spacetime pag with two
arbitrary regions A and E in spacetime, and any quan-
tum channel £p) 4, the action of QSOT function on a
subsystem Ep 14 * paE can be defined and has the fol-
lowing properties: For any completely positive trace
non-increasing operation Zg, on system £,

Ie[Epia*pae) = Epja*Te(par),  (3)

Axiom (T): Time reversal symmetry

A state over time corresponding to the trivial evolution
should be symmetric under the time reversal transfor-
mation, i.e. Fap(idg|a * pa)Fap = idpja * pa, for
all p4 € &(A), where F 4 denotes the swap gate be-
tween systems A and B.

Axiom (P): Composi ality, [24]

A QSOT function should Bgcompatible with composi-
tion of quantum channels. InWgher words, for any two
quantum channels £g| 4 and Fg|

Trp [‘FCIU * (513\.'1 * /M)] =(Fo

\

1
Epla* Pa = E{pA & Iy, D

Axiom (CC): Classicg#Conditionability (informal)
When the input staggand the channel are prepared in
an ensemble {/\,- Ai» €B|A, } then the corresponding
S 51;|A * (Z,—_ AiTtA;) = Z; /\iSHI--“-; "
BlA = 2_; EB|A;-

_—
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Axiom (E): Completeness

For any quantum state over spacetime pag with two
arbitrary regions A and E in spacetime, and any quan-
tum channel g4, the action of QSOT function on a
subsystem €314 x pa can be defined and has the fol-
lowing properties: For any completely positive trace
non-increasing operation Zg on system £/,

Ik [5:3|A * PA 1-:] = 5!3|.-'1 *Lp(paE), (3)
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Axiom (E): Completeness

For any quantum state over spacetime pag with two
arbitrary regions A and E in spacetime, and any quan-
tum channel g4, the action of QSOT function on a
subsystem €314 x pap can be defined and has the fol-
lowing properties: For any completely positive trace
non-increasing operation Zg on system E,

Ii|Epja*pae| = Epa*Ie(par), (3)

(Maybe we should've named it
Axiom (L) for Locality and Linearity...)

It is equivalent to state-linearity of
EBlA * Pa
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Axiom (P): Compositionality, [24]

A QSOT function should be compatible with composi-
tion of quantum channels. In other words, for any two
quantum channels £g| 4 and F¢|p, we have

Trg |[Foip * (Epjaxpa)| = (Fo E)cia* pa- ()
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Axiom (P): Compositionality, [24]

A QSOT function should be compatible with composi-
tion of quantum channels. In other words, for any two
quantum channels £g| 4 and F¢|p, we have

Trg |[Foip * (Epjaxpa)| = (Fo E)cia* pa- ()

Pirsa: 25020034 Page 26/52



Axiom (CC): Classical Conditionability (informal)
When the input state and the channel are prepared in
an ensemble {)\.,-. TA;» EB|A, } then the corresponding
QSOT is given as Epja* (X, A\ima,) = D_; Mi€p|a, *
TA;, where 813|A — Zi 513|f1i'

l@} b2®

BIA ;
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Axiom (CC): Classical Conditionability (informal)
When the input state and the channel are prepared in
an ensemble {)\.,-. TA;» EB|A, } then the corresponding
QSOT 1S giVCﬂ ds 813|A * (Z' /\-iTIF/\i) = Z) /\,,j_g];|f4_‘. *
TA;, where 813|A — Zz 513|f1-i.'

QSOTs for each

-t
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Axiom (T): Time reversal symmetry

A state over time corresponding to the trivial evolution
should be symmetric under the time reversal transfor-
mation, i.e. FAB(idB|A *x pa)Fap = idB|A * pa, for
all py € &(A), where Fy 3 denotes the swap gate be-
tween systems A and B.
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Axiom (QC): Quantum conditionability
For every state p € G(A), there exists a state-rendering P( ) - ) )
function ®, [17,40,41] on B(A) such that x °Y P( YI X P(x

Ega % pa = (0, @ idp)(Exia * 1) (13) “state-rendering”

for all £ € €(A, B), where O, is linear, and for any M €
‘B(A), whenever [p, M] = 0, we have ®,(M) = pM.
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Axiom (QC): Quantum conditionability
For every state p € G(A), there exists a state-rendering
function ©, [17,40,41] on B(A) such that

Epia*x pa = (O, ®idp)(Epja * 14) (13)

for all £ € €(A, B), where ®, is linear, and for any M €
‘B(A),jwhenever [p, M] = 0, we have ®,(M) = pM.

(This part requires reduction to classical state rendering
function, which may warrant a separate axiom.)

“state-rendering function”
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|[EBja, pAl =0 = Epgja x pa = Epjapa.

(Horsman et al. , Proceedings A, 2017)
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Axiom (J): Jamiotkowski
For a system A with dimension |A|, the state over time
associated with the maximally mixed state 74 18
1

A (ida ® Epar ) (Fpar). (11)

Eja * A =

el ]

=Jamiolkowski isomorphism is the “canonical” isomorphism
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