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Abstract:

Non-local operators, supported on submanifolds of spacetime, often encode fascinating physical insights about a theory and can
serve as order parameters for phase transitions. In this talk, we will explore various aspects of
1/2

BPS surface operators in N=4 super Yang-Mills. Specifically, | will show how supergravity computes exactly the planar limit of
certain correlation functions of surface operators, even though they receive nontrivial quantum corrections. In particular, we will
compute correlation functions with Chiral Primary Operators by localizing N = 4 super Yang-Mills on S™4 to a deformed version
of 2d Yang-Mills on S™2. These correlation functions, which have a finite number of quantum corrections, can also be computed
perturbatively in four dimensions. | will show the exact agreement between these approaches and the corresponding
supergravity result. This talk is based on 2406.08541, work in collaboration with Changha Choi and Jaume Gomis.
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OPERATORS IN A 4D THEORY

Characterized by their codimension

» Local operators

» Line operators Q
~

» Surface ope]_‘ators charged B

particle charged
string

» Interfaces

They introduce a probe into the theory
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CORRELATION FUNCTIONS WITH
SURFACE OPERATORS

(Os O)
(Os)

— <O>|OE?

In our case O will be:

» Local operators: Chiral Primary Operators
(CPO) and stress tensor

» Wilson loops
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IN N =4 SUPER YANG-MILLS

AdS/CFT correspondence let us compute (O) in two
ways:
» Perturbative QFT (¢°N = \ < 1):

<O>|@EO<C0+C1)\+C2)\2+...

» Holographic SUGRA computation (A > 1):

= . A o
<O>‘(QEOCC0+C1X’FC2§+...
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1
<O/—\,k>|02 )\/_\/2 (e @]

1 L e . 1
@, — 0 |
Onplos o (C“‘flﬁ Frh z"ﬁ—"ﬂ)’ =

[Drukker, Gomis, Matsuura '08] found ¢y = ca_p-

T

Conjecture: the correlation function of (Oa k) |o..
1. has a finite expansion in A
2. is captured by supergravity in the 't Hooft limit
3. is computable using supersymmetric localization

/ 39
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A 1/2 BPS Os, (3 = R? or © = §%) depends on
[Gukov, Witten '06]

» A choice of Levi subgroup

L=]Jumy)cG=uw)
1 |

» 4M continuous parameters (oy, 51, V1, M)
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GOAL

Compute
(O, O)

(Os)

— <O>|OE?

as a function of ¢2,,, N, L and ay, 8, y;, 1 in two ways:

» 4d perturbation theory
» supersymmetric localization
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OUTLINE

1. Definition of Surface Operator
2. Perturbative calculation
3. Supersymmetric localization
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SURFACE OPERATORS IN A 4D GAUGE
THEORY

A = ado.

Induces an | =y
Aharonov-Bohm phase
for a charged particle
whose worldline links
with the surface &

ol

Locally, R* = ¥ x 3.
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A=adb

The gauge group U(N) is broken to L = []", U(N)),
the subgroup that leaves « invariant:

ar - I I
( 10Nl 052°I[N2°-° 0 \

\ 0 0 OzMj]INM)
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2d THETA ANGLES

We also insert

exp( Zm/TrF )

into the A" = 4 SYM path integral, where F ), is the
field strength of every unbroken U(1) factor.
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1/2 BPS Oy, INN = 4 SYM

[GUKOV, WITTEN "06]

A,and & = %(& + i¢®)
have singular profiles near >..
If ¥ =R
1

Ag=adl, o :(6+ify)E,

where z = re!’ parametrizes the normal plane to Y.
Bosonic symmetries:

SO(1,3) x SO(2) x SO(4),
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(Os. O)
(Ox)

= <O>|02=

the expectation value of O in the N’ = 4 SYM path
integral prescribed by the insertion of Os:

[a=a0+a, Dla] D|y'| D), O ein | TrF p=Sgym
¢'=do+¢'
(Ox)
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CHIRAL PRIMARY OPERATORS

2n A2
= (87) / COk (qﬁ{ll ¢ia})
a3k NA2 A 11 A ’

These operators have conformal dimension A and
U(1)g chargesk = —A, —-A+2,...,A =2 A.

4
472 _ - i

Oro= —Tr (400 -3 ¢ig' |, © s e

2.0 3\ ( i1¢¢) 22 o (PD)
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1. Expand around the background ® = ¢ + ¢
2. compute all possible Wick contractions

(Po), (#9),I=1,...,4

1672 872

(O20) |0y = N3 Tr ( (2o®o) + (P — v101)), (O22)os = o Tr (Do),
1673 = . 3273

(O31)|o; = P Tr ((®5P0) +2P0{pP — v1¢1)) s {O33)|0s = NGYE Tr (97) ,
8t . - =

(04,0”(92 = \/%T)\Z Tk (12(‘1’0@0)2 -+ 32@0‘1’0((,0@ — 901901) <4 16‘1’0((,0‘1)0@ — (,01‘1)0(,01>—|—

= 2 | [T = =
+16{pp — v1p1)" + 8 | 1101901 — 2001001 + Y@@ | |

/ 39
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83 = - i i
Oz = I (2@2c1> = @ZM)
i=1
Expand around the background ® = &y + ¢

/,lfsfo 9}
T(@%) = e gt 2 W

Tr (q)%ao) Tr(Po{pp))

167T3 9= =
(O31)los = 5375 T ((2520) +220(p — pr1001))
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The result of summing over all Wick contractions
only depends on

(i) (o) Plek) ) — Plai) (o) P ekt (K> %) =
= ﬁ%\]%d%c@k@lﬂ — 0ap)(1 — 0ca)
(b ®Tn | By o by )
i, 0, D = szNlez ®]IN2N2bN2NM
\ B B 1 g @
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<C?20|Oz'_
(O22)|og =
(Oz1)|og, =
(O33)|ox =
( 40|Oz‘_

A . 2
+ Terz N — N ) i

<O4,2) |O): .

1672 52+% s

8W2 2N ’
\f ZNI ﬁl‘}_rﬂ) )
1673 B+ 271 B by b e
o DNE (( R T
\f)\3/z EN’ Bt i)’

(6% +7) (2N — 3N))

(ZNI( (847 + 5o

() (o))

(Z Ni(B + iv)? ((52 RS, SW);N S 3N[)) "
l

#)(5))

)\2

3274
V102

o (2

Pirsa: 24120036

Page 20/41



For L =U(1) x UN —1):

Gauge theory Probe Brane
(O20)|0s = ﬁ% ((5%%) i 4_:;2) , (Or0)los = |1|2?Z_ (4 -+ (B2 + )5 )
(0220 = ij”{\(! D (Oralos = 57 (B + ),
Oulon = g i) (B 4+ 2y),  Ooiles= L5 i (g e ).
(O33)|0x = ;—Sm(ﬁ + iv)?, (Os3)los = %%;Z(ﬁ +i7)®,
B I e ]
(Os2)loy = ﬁjz_g; (B +iv)? ((ﬁz +92) + 4_)‘2) (Oa2)los = Zz|1z|2 jz—w)\({ + iv)? ( LE 0 /\ ),
Ousllon = %52+ i) (Ousllon = 2558+ i),

19 / 39
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SUPERSYMMETRIC LOCALIZATION
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We consider a SQFT in a curved background. Given
a supercharge Q:

Q*=B=/Ly+R

We want to compute

z— (Dol Dule, (©)= [IDsiDy O
invariant under some supersymmetry Q:

Q5=0, Q0=0
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SUPERSYMMETRIC LOCALIZATION

» Deform the action S(t) =S+t QV (Q*V = 0)

Z[1) = / Dg] [Dy] &5+

» Saddle point approximation at t — ool
» Z localizes to supersymmetric configurations
obeying
QV =0

[Witten "91]

'We prove that 9,Z[t] = 0, the result is semiclassical wrt to ¢, exact with respect to all
other parameters.

22 / 3¢
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LOCALIZATION OF N =4 SYM ON S* TO 2d YM ON S2
[PESTUN, "09]

~9 L
4 " X
e =k e (1 - @) dr?

2z 7 aye
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Supersymmetry equations: V = (U, Q V)
QV =0 = QV =0 (16 complex equations)

Split on bottom and top equations with respect to
= IRUR
qutop —0 Q\I]bottom —0.
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FROM S% TO B3

1. Qubttom — () (8 complex equations)
V,A, =V, ¢ =0

. o ---"-":} e
S!L

¢ 'y

*Natural since R, C Q2
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FROM B3 TO §2

QU™ = () determines the 3d theory on B°.

We can write the Q? invariant 3d action as
2. Sz = [(QUP)2 4 §(...), localization to S? = OB°

27 X;
Soup=— [ dQ®. D, = "¢
2d g2 52 no n ‘X‘¢I+4
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2d YM

Defining a complexified connection on S?
Ac = Ay — 1 %3 ¢ and using the susy equations

1 2

S GO )2 e
& ggdz s2 (r2Fac)’s S 47y’
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> O

» (Ox [Drukker, Plefka; "09]
> Wi/e

by

00,0

Q

Gt
-

Q is a symmetry of

(Ros — R;)

Z:IX@51CB3 X@Sl

28/ 39
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ADDING Oy TO THIS STORY

A= loip) Y

St

o st

A= (arip)d

From 2d YM pov: non trivial background for Ac
Ac = adyp —iycsc0df — i cos0dy, Fg = ifdVolg
Holn(V4) = parl e Holg(V4) = o2 (i)

298830
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LOCALIZABLE CPOs

We cannot use Ox i because they are not invariant
under Q2.

Define position dependant CPOs [Drukker, Plefka,
09’] compatible with Q [Giombi, Pestun, "10]:

1

1 .
P, = R (x2<b6+ " (z<I>+z<I>)) .

Ona = Tt (B — ighe)>
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O IN THE 2d YANG-MILLS THEORY

Using susy equations (QV¥ = 0) the 2d action can be
written in different ways:

szdzﬁ Qe = — / dQ(d;%f)z_
g% /s s2

In the localization locus:

1
g5 2d

dQ (%24Fag)?

and

(OaOls)yy <= (Tr[(—=i*Fu)?]),,
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Gaussian action for F, only nontrivial coincident
points propagator for modes outside of the Levi
subgroup:

A

e 2N5ad5bc5ﬂ5jk(1 — Oap)

(1)

Fo=18, (Fuw)Fyan) =

Example:

(02) oy = ZNZBI +g2dN<N N) @

: 24120036
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In order to compare with (Ox +Oly):

N
RIOx]= Z ZA+k/ZZA_k/2CkOA,k + R|OA]
k=—N

Example:
Z2 /2 = V6

PlOy] = EWOZ’Z + Emoz,—z + Woz,o
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COMPARISON
4d calculation

_ 16n2 ﬁ+ﬁ) .AN—M)
Gt E S [(EE LA
472
O o Ni(Br + im)?,
(O2)|o 7 Z!: 1(B1 + i)

1673 3 + i 32 + 47 A N-N
((93,1>|OE=)‘3_';(2 ZN’[’-I—I% ((I;+'n)+2_ :)’
1

V2 2 872 2N
873

_ S
(O33)|og = i ;Ns(ﬁx-i-l’n) ;

2d calculation

M
(O2) log = ;N,ﬁf i %M(N =i

(O2) los = D_ N} + g2 BNi(N — N))
=1
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MORE CORRELATION FUNCTIONS
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Other interesting correlators

O¢
1/8
> (OsWii,) S
> <OZTW> - EE Ost
> (Ox) K. . ..
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CORRELATION FUNCTION WITH
WILSON LOOP




1 . .
W0 = N Trexp / di) (IA#) + |z| cos 6y ¢! + V2 sin 6y Re (z q)e—ﬂ/)o)) :

First quantum correction:

W, ., O N
( 620&1;02> E> = WHO#/JOLI)&AO (1 + %%2 COSZ 90 + - ) ‘

Only rainbow diagrams contribute to the full correlation
function.
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SUMMARY, CONCLUSIONS, ONGOING WORK...

» We proved the conjectures:

1. (OaxOx) receives a finite number of quantum
corrections (using susy localization
2. they are captured by supergravity in the planar limit

» Surface operators have conformal anomalies:

0, log(Os) = ﬁ f d*xVhéo (b Ry + ¢1gmnh" H"?KIL K", — c3 Wm,,,ah“‘f’h””)

qny

we want to compute them using the 10d supergravity
solutions

Pirsa: 24120036 Page 41/41



