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Abstract:

Understanding quantum noise is an essential step towards building practical quantum
noise is a useful model widely applied in guantum benchmarking, quantum error mitig:
Despite previous research, the problem of how to learn a Pauli noise model self-consi
remained open. In this talk, | will introduce a framework of gate-set Pauli noise learnir
The framework treats initialization, measurement, and a set of quantum gates to suffe
which are allowed to have customized locality constraints. The goal is to learn all the P

operations. | will first introduce a theory on the learnability of Pauli noise model, |
identifiable within the model and what is not. This is established using tools from algebr
tomography; | will then discuss a sample-efficient procedure to learn all learnable inf
desired precision; Finally, I will demonstrate how to apply our theoretic framework for

assumptions, and discuss the potential impact on quantum error mitigation and other app
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Noise remains the major challenges in building a quantum computer!
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Why noise characterization?

Hardware calibration & Learning-based Improved designs for
improvement guantum error mitigation (QEM) quantum error correction (QEC)
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Learning noise in quantum circuits

—
* Components of quantum circuits: @ U fﬁ
e

(lgnore leakage, non-Markovianity, time-fluctuation, ...)

State preparation (SP) Gate Measurement (M)

* Black-box learning method?

—ly — — — ' s " N >
P o~ (o~ [ ] ) T,
— ! l ! — N V)“ —h | N "‘;‘-EL ,, —_— [f\ J
i( “ || | T | )
— . J‘ s it | —— i

Process tomography State tomography Detector tomography
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Learning noise in quantum circuits

_
* Components of quantum circuits: @ U fﬁ
—

(lgnore leakage, non-Markovianity, time-fluctuation, ...)

State preparation (SP) Gate Measurement (M)

* Black-box learning method?

ibm_marrakesh, 24-12-10 )

/
— _ "
E@ ' ‘ u _ [f\ ]l Median CZ error: 2.242e-3
' 2.774e-4

Median SX error:
Median Readout error: 1.610e-2/

 All are noisy! SPAM noise non-negligible in practice.

* Questions: How to learn about the noise self-consistently?
* i.e., learning noise using noisy operations themselves

/A mIWOO
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Randomized benchmarking (RB)
gR—{é ¢,
B S

(alpha: 0.980(8.9e-04) EPC: 1.514e-02(6.8e-04)]
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* Idea: Separate gate noise from SPAM noise via gate repetition and fitting
* Learning gate noise SPAM-robustly assuming gate-independent noise of Clifford group!"
* In practice, difficulty arises with gate-dependent noise

[1] Kimmel et al., PRX (2014) 5
/A mIWOO
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even with perfect

G ay ge fre e d om Indistinguishable! N
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*Assume depolarizing noise (for simplicity)
O/ QAEN@O
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Gauge transform

* Noisy operation set (SPAM+gate): { @ ‘akl }
* Gauge transform map (invertible): @ @

-y, | e e i i S g

( 1 / | ( I
* Gauge transform: i@—@i E@‘ Uy, —@: ii

, CIaim:{@ @ }and { @ } are indistinguishable

7
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Proof of indistinguishability @

Gauge transform map
Any quantum circuit: @ \

@ \ Same outcome statistics
8
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Gauge and noise learnability

F() {@ }
?(GJ{@ }L

* Gauge transform relates a manifold of indistinguishable noise realizations
* Restriction: All noisy components still need to be physical and obey model assumptions.

Wwopaal} agneo

* Consider a function F of the noise parameters (e.g., SPAM fidelity, gate fidelity)
* If F is learnable, then F must be invariant under any gauge transformations
* In contrast, unlearnable function can only be determined up to gauge freedom

* Can we characterize the “learnability” of a given noise model?
* Which functions are learnable? How to construct learning experiments?

O/ mIWOO
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Summary of contributions

Characterization of the learnability for Pauli noise model via graph theory

Learning algorithm that is self-consistent, complete, and efficient.

Experimental results justifying the practical relevance of noise unlearnability.

Applications to error mitigation
Azr

AXX: I‘{X‘{,
Avx | | Ay

AIZ Ay
Az Azx) Ayy,
}tzy Aoz ') Axy. Ayz

[SC*, Y Liu®, et al., Nat. Commum. 14, 52 (2023)], [SC et al., arXiv: 2410.03906 (2024)]

A;x

Merged to one layer

O/ mIWOO
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Pauli channels

* n-qubit Pauli channel:
A(p) = Xaepn PaFapPa = Xpepn ApPpTr(Ppp) /2"
« P = {I,X,Y,Z}®" - n-qubit Pauli group
* {Pa}a — Pauli error rates
» {1,}p — Pauli fidelities or Pauli eigenvalues, A(P,) = A, P},

Example:

p (error rate)

07 0 o 03 .|

A (eigenvalue) 1 0.4 0.4 1

E.g., Phase-flip noise channel
12
O/ QAEm®O
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Pauli noise mode|

» Consider an n-qubit system with the following gadgets:

— —— —
:zi— I I —— —=

|0)—— —— —=
Layer of multi-qubit Clifford Layer of arbitrary Computational-basis
i ®n
Initialization to |0) gates G from aset ® 1-qubit gates ® ; U; measurement {E; };

/A mIWOO
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Pauli noise mode|

* Consider an n-qubit system with the following gadgets:

T I T
|0)_ AS — — AG1 — AY2 —
p = AS(J0}0|®™) G=GoAY ®; U; noise negligible

* Pauli noise model assume (ignore leakage, non-Markovianity, ...)

1) Assume 1q gate has negligible noise
2) Assume multi-qubit Clifford gates and SPAM has Pauli noise channels

» The Pauli fidelity for AS/M/S is denoted by 3/™/9

* WLOG, assume A3 or A only depend on the support of a
O/ QAEm®O
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Why Pauli Noise Model

®) @@
o) e (Z]
o) 12—
[0)

N X
[
B [EE
G)

=

)
b

[ [ (B[R

A]
|

(z)

* Generic noise can be twirled into Pauli * State-of-the-art quantum error * Knowledge of Pauli noise rates
channel via randomized compiling, given mitigation techniques based on useful for decoder optimizer in
sufficiently good 1q gates. Pauli noise model QEC.
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Pauli noise learning

» Start with a simpler problem: learn {Ag} for every Clifford gate G € ®

» Cycle benchmarking (CB) solves this problem ... up to “degeneracy”

{ mtimes

‘0>_ gPJ — ﬁoq —— — ﬁfﬂ = o BI?(.PJJ
‘U)»— Bra — Rz ‘“_— G — R — ‘Ecm.z |

B, 31

0.10
0.08 o o
0.06

= = 0.04
‘ 0) — Beny — Row

0.02

0.00

(7, 6): CX

* We prove such degeneracy is a manifestation of gauge freedom
* Qur results: Learnability of Pauli noise & learning algorithms

/A mIWOO
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Graph for Pauli noise

* Define the pattern of a Pauli:
s pt:P" - {0,1}"via {X,Y,Z} » 1,1 » 0
 E.g., XYIIZ » 11001

* Let’s put all Pauli fidelities Ag on a graph:
* Nodes: All non-trivial Pauli pattern {0,1}™\0"
* Edges: pt(P) — pt(G(P))forallPandG € ®

* Example: ® = {CNOT}

O/ mIWOO
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IX-IX XZo-YY XIo XX
10~,10 11~11 10~ 11

2—1 X

n=2,G =CNOT
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Graph for Pauli noise

* Define the pattern of a Pauli: Azt
s pt:P" » {0,1}"via {X,Y,Z} » 1,1 » 0 )
 E.g., XYIIZ » 11001

* Let’s put all Pauli fidelities Ag on a graph: iXX’ A,
* Nodes: All non-trivial Pauli pattern {0,1}™\0" vx | | A

* Edges: pt(P) — pt(G(P))forallPandG € ® Az Ary
o A— ﬂ'XZ! AZX! AYY:
C) Azy, Azz \) Axy, Ayz

* Example: ® = {CNOT} A

* Multiple edges only drawn once

X

n=2,G=CNOT
Pattern Transform Graph (PTG)

18

/A mIWOO

Pirsa: 24120035 Page 19/45



Learnability of Pauli noise

* Theorem:

1) Any Ag is learnable © A% is on a self-loop of PTG.

* Thatis, pt(P) = pt(G(P)).
* CNOT: A;x is learnable, Axx or Ax; is unlearnable.

2) Any product form Aglkgz Agm is learnable &
(/191,/1%2, ,Agm) forms a cycle of PTM.
* CNOT: The product AyyxAy; is learnable

* Rigorous statement needs algebraic graph theory

O/ mIWOO
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ﬁjm
AXX' H'XI’
Ayx Ay;
A1z, Ay
° — e Axz, Azx, Ayy,
;lzy,ﬂ.zz \) AXYJ)LYZ
%;;
n = 2, CNOT

Pattern Transform Graph (PTG)

19
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Proof Sketch — Learnable part

’11 X

CNOT(IX) = IX

1. ForG(P,) = P,, CB gives SPAM-robust estimate for )lg

o o1 Ipi=]
IO)—C'; A—I— A_I_ A_I_ i @E

Eﬁo (TX ) = A?xlfsxlﬁ

Aix = Tr(f, IX) Pauli fidelity of state preparation noise A% Pauli Fidelity for measurementnoise
O/ CEIEOO
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Proof Sketch — Learnable part

2. If G(P,), P, have same pattern, there is 1q Clifford C such that (C o G)(P,) = P,

i

s

Tl

I
SR

—

-_————

2 M
XZ
Axz4xz CNOT(XZ) = YY;

VZ Q@ VX(YY) = XZ

/A mIWOO
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Proof Sketch — Learnable part

2. If G(P,), P, have same pattern, there is 1q Clifford C such that (C o G)(P,) = P,

I

s

Dbt

I
Sl

—

CNOT(XZ) = YY;
VZ QVX(YY) = XZ

gate noise  SPAM noise

Expectation value for depth t: Fy,(t) = A% ,A%,4%,

/A mIWOO
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Proof Sketch — Learnable part

3. Products on any cycle on pattern transform graph can be estimated via CB.

o {oH Ipi=]
|0)—C'§ Al AT | g

\ "4 N

Expectation value for depth 2t: Fyy (2t) = 15,18,25,1%,

gate noise SPAM noise

Fitting F(t) different t gives SPAM-robust estimate for \/A;,4;,

40

O/ mIWOO
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Break the degeneracy?

Can we turn ZZ back to IZ using single-qubit gates, so as to break degeneracy?

10y -{c'H—{>? ? ? ] o= ¢
: | A | ! |
0) —{C' ? A ? ? H A

\ "4 L N

No, because single-qubit gates preserve Pauli patterns
(i.e., never transform between | and {X,Y,Z})

41

/A mIWOO
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Proof Sketch — Learnable part ol

iiﬁ'H’Efi'
1. ForG(P,) = F,, CB gives SPAM-robust estimate for Ag e A

L 10)—{¢'H ot o) s

L 10— c : _I,_ & _Ir_ H o' |

2. If G(P,), P, have same pattern, there is 1q Clifford C such that (C o §)(P,) = P,

10y — Ci —VZ —JET—‘_F«/EI— . c;’—ﬂg
10— ¢ —JEL VX VX ey =g

w7 L

S ——— - L ] L ] L J [ V——

Merged to one layer

3. Finally, any cycle on pattern transform graph can be estimated via generalized CB.

How to prove these are all the learnable functions?
42
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Proof Sketch — Learnable part

3. Products on any cycle on pattern transform graph can be estimated via CB.

o o1 Ipi=]
|0>—<:'§ Al AT | g

h "4 N

Expectation value for depth 2t: Fyy (2t) = 15,18,25,1%,

gate noise SPAM noise

Fitting F(t) different t gives SPAM-robust estimate for \/A;,4;,

40
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Gauge freedom for Pauli noise

» Recall the following gauge transformation (defined by an invertible map M)

10)—
10)—

e,

AS

10)—

p = M(p)

X

—

M

GHMOGOM_l

®; U > Mo®, U o M™!

i

P

AM

|

A

A

(A

Ej o (M1 (B

* Let M be a depolarizing map D, (p) =n1/d + (1 —n) p on some subset of qubits

10)—
10)—

e,

AS

10)—

O/ A mIWMOO
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Gauge freedom for Pauli noise

» Recall the following gauge transformation (defined by an invertible map M)

e,

i

[0)— AS M Mt

i 1
p = M)

M

GHMOGOM_l

T

®; U > Mo®,Uo M™!

P

Mt AM

|

A

A

A

Ej » (M1 (B

* Let M be a depolarizing map D, (p) =n1/d + (1 —n) p on any subset of qubits

10)—
10)—

s,

AS

by

e

AG1

|

— AM

s,

" e

* Lemma: Subsystem depolarizing gauge (SDG) is a valid gauge transformation for Pauli noise

O/ A mIWOO
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Proof Sketch — Unlearnable part

* Any cut defines a gauge transformation of the Pauli noise model.

* Add a root node to encode SPAM params

A
ZI «  WLOG, )LS/M only depends on pt(a)

@ Mo .”) * For edges crossing the cut, multiply the
fidelity by n or ! depending on its direction:

\ AXXrAYXrﬂ-llJAOl k=1,

23 \ {11 Axx I

AXIaAYI:/hlJA 1/=7

M AX.’J .
e | l T AYX lyr * This corresponding to the following SDG:
iz dy /1,,, Imh }
Axz, Azx, Ayy, A2 —1 ACZ -1 | A
0 D D D
: /".ZY A.ZZ A’XY A‘YZ | )
AIX

Thus, provably indistinguishable by any experiments

* Learnable function must be orthogonal to all gauge transformation

* Now that Gauge space = Cut space L Cycle space, learnable functions must be inside cycle space
O/ QAEN@O
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Full example of CNOT

()AZI
A’XX’ /].X!,
Ayx Ays

A'IX

Pattern transform graph for CNOT

/A mIWOO
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Gate

CNOT

(a) Cycle basis

{HJ tZk ler iZXt ":XZl iYYJ’ IXYI tYZf
liz+lzz v+ 2y, Lz + zy,
Ly + Lo Ly + Lyx b+ Lyx

(b) Learnable Pauli fidelities

)‘Ht AZl: AIX: AZ)(r AXZ; AYY# )‘X Yr AYZ:
)‘-JZ i )‘ZZ: AJ’Y ® AZY: )UZ : AZY:
)‘-X.f * )‘XX: A-Y! L A‘r"Xn AXI * )LYX

(c) Learnable Pauli errors
(15t order approx.)

P Pz1: Rix. Pzx: Pxz: Pyy. Pxv. Pyz.
PiztPzz Pyt Pzv. PiztPzv,
Pxat Pxx: Pyt Pyx. Pxi T Pyx

’;I-IZJ Ay
o Axz, Azx, Ayy,
( lzy; Azz Axy, Ayz

(d) Unlearnable degrees of freedom

A Az (e-8.)

Num of unlearnable parameters = dim of cut space

47
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More examples
C () —— (@)
O @ B © ‘\\..@
|

/@'\\ .\

NN\
hO . )

P
—

&
®

Axx lxy ixz
®: Azx 17}’ 174'

Identity SWAP
{CNOT,,, CNOT,3, CNOT,.} CIRC,
Number of qubits n Gate set & Number of params|Unlearnable degrees
2 | 16 0
2 CNOT 16 2
2 SWAP 16 1
3 {CNOT;2,CNOTs3,CNOT3} 192 6
3 CIRC; G4 |
Fact: Number of unlearnable DOFs is at most 2™ — 1. 8

/A mIWOO
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Rigorous statement

* Let’s put the Pauli noise model into a linear space:

\M\G _ S\M\G
a

1. Letx be a list of all log Pauli fidelities xcf —logA
* Parameter space X: The real linear space where x lives in

2. Experiment Fp: X » R2" such that F:lj] = Tr(ﬁjé(ﬁo)) for operation sequence C”

3. Learnable linear function f € X*: f(x) can be determined by a set of experiments Fj (x)
* Learnable space L: subspace of all learnable functions

4. Gauge vectors D € X: For any experiments F and x € X, F(x) = F(x + D).
* Gauge space T: subspace of all gauge vectors

* Fact: L L T,i.e., f(®) = f -0 = 0forall learnable f and gauge d.

- A , ) . : : 52
e/ Q@EN®O Extend the definitions of experiments to non-physical states for mathematical convenience
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Linear space for graph

’ : Pattern: pt(XIZYI) » 10110
» Define linear spaces on pattern transform graph:

1. Edge space E: real linear space spanned by all edges {e;} em .“ )

2. Cycle space Z: spanned by all cycle vectors e“’
x o S ] M |
e.g-. 901 + eIX + ell 811 eg’z’| eg‘”
3. Cut space U: spanned by all cut vectors

e e
s 5 G G i ” G G Il ) P
° eg:.ey +ejtey +ey —ey —ej;— ey, — ey, eXX’ YY XY'

eZX’ ezy eyx |Ezz
G
€

cFact E=Z@UandZ LU ‘
® = {G = CZ}

: . 53
0/QTNOO See e.g. [Gleiss, Leydold, Stadler., Discuss. Math. Graph Theory 23, 241 (2003).]
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Learnability of Pauli noise

* Theorem:

Zl
\ el f)
l (D=
E =z ey O
(edge) (cycle) (cut)
I I I i, o
g

X L et T

(parameter) (learnable) (gauge)

'}, | A
J_ — eg ’eg 'eg ’
Note: D~ stands for orthogonal complement : G .6 : g
YX? " 77

Note 2: Identify X and X’ using the standard basis {e;}

SC, Liu, et al. “The learnability of Pauli noise”. Nat. Commun. (2023).
O/Q@EmQ®O SC, Z Zhang, L Jiang, S Flammia. arXiv: 2410.03906 (2024)

54
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Key proof ideas (more rigorously)

* Any rooted cycle implies an experiment
 (Clifford gates sequence + Pauli measurements

e10
s Te(PED)) = Brpa A AL A . @ .)
= — 910

= €Xp ( (peia,y -t xpt(aM)))

* Rooted cycles span cycle space el eg el

* Any cut vector is a gauge vector _H_ eM Yz ey
» Cut:{R,10}/{01, 11} & ’

 Gauge: Depolarizing on qubit 2 elx ey

|0) eXX eYY
AS ACZ M eZX’ ezy €y x>

o) ) erH He QCJ O

55

0/QTHeO [1] Chen, Liu, et al. “The learnability of Pauli noise”. Nat. Commun. (2023).
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Learning algorithm

* Learnable space = Cycle space; Rooted cycles yield concrete experiments

* Find a rooted cycle basis and learn all of them.

S [4 M
+ {ef +el'} U {epq +eatepganl

lO) QS lo} _:I:I
AS AM AS AS AM
|0) (s |0) — A

Depth-0 Depth-1

G oG b

YY' "Xy’

—
—
G oG
€zx:€zy ) €yx €77

* Learn G € ® one-by-one. No concatenation needed.

. . - 56
O/QEEOO SC, Z Zhang, L Jiang, S Flammia. arXiv: 2410.03906 (2024)
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Learning to relative precision pusse

* One often hopes to learn noise parameters to
relative precision

ZI
9"1;0
* With a small number of measurements @ —_— j
_
e%

» Key: Amplify certain noise parameters using

H S 6119 g M .%'E-::;:_ X
concatenation A, (5. 4,2 "‘ﬁaﬁ)ttﬁpt(am | e o[ |\
= exp(—(Xspam + xcycles) eo: | | €os ’Q‘Z’ jgl”

* Theorem (informally):
6 G
¥ . ~ €
Any cycle consisting only of gate noise params can —_— 5 g &
b lified and | dvi i ‘g—g exx» €y xy’
y amplitied and learned via concatenation C e \) e5 e
5

SC, Z Zhang, L Jiang, S Flammia. arXiv: 2410.03906 (2024)
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