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Abstract:
The underlying holomorphic structure of a generalized Kahler manifold has been recently understood to be a square in the
double category of holomorphic symplectic groupoids (or (1,1)-shifted symplectic stacks). | will explain what this means and how

it allows us to describe the generalized Kahler metric in terms of a single real scalar function, resolving a conjecture made by

physicists Gates, Hull, and Rocek in 1984. This is based on joint work with Yucong Jiang and Daniel Alvarez available at
https://arxiv.org/abs/2407.00831.
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A new D = 2 supersymmetric representation, the twisted chiral multiplet, is derived. Describ-
ing spins zero and one-hall, the twisted multiplet is used to [ormulate supersymmetric nonlinear
o-models with N = 2,4 extended supersymmetry. In general, the geometries of these new theories
fall outside the classification given by Alvarez-Gaumé and Freedman. We give a complete
description ol the geometry of these new models; the scalar manifolds are nor Kahler but are
hermitian locally product spaces.

1. Introduction and Summary
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representation. (The existence of this representation had been noted previously by
W. Siegel.) We call this the “twisted chiral” multiplet. Whereas the usual chiral
multiplet is independent of all 8°s; the N = 2 twisted chiral multiplet is independent
of P,6 and P_§ (P, are projectors onto states of definite helicity). These
superfields are somewhat reminiscent of the “Grassmann analytic” superfields of [7].
We use this to construct new N = 2,4 supersymmetric nonlinear o-models and the
metrics on the associated manifolds. We also consider dimensional reduction of
D =4 models to D=3 and 2. We study duality transformations and find terms
analogous to the Wess-Zumino-Witten term [8]. (Such terms have also been found in
connection with duality transformations in [9].) These theories generalize the results
of [2,3]. In particular, they involve complex structures which are covariantly constant
with respect to a connection with torsion.

The Kahler geometry of the bosonic manifold of the usual N =2 models implies
the existence of a complex structure f/, squaring to minus the identity ( /*f,/ = —8/),
which can be used to generate a smooth U(l) action on tangent vectors. The
manifolds of our new theories, although not Kahler, possess rtwo commuting complex
structures, f,/, f_/, generating a U(1) X U(1) action. Their product, [T/ =/, *f_,/
squares to plus the identity (IT*[1,/=4/) and is known as an almost product
structure [14]. The projectors %(1 +I1) provide a natural decomposition of the
tangent space and the manifold is a locally product space (defined in appendix C)
(14], although in general irreducible. The almost product structure generates a
further SO(1,1) action on tangent vectors.

The standard N =4 models have hyper-Kahler geometries that possess a quater-
nionic structure, i.e., three complex structures satisfying an SU(2) algebra. These
generate a smooth SU(2) action on tangent vectors. Qur N =4 models have two
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S, ix=4ah

+ jk]- (99)

+ijk
Then (97) is equivalent to

IIth = I'Ij"h“,.. (100)
Finally, a third way to impose this condition is to require that the submanifolds
projected out by

W8/ 1)) | (101)

are Kahler.

We emphasize that the discussion of locally product geometries is relevant only to
the models formulated in sect. 5; if we do not assume that the complex structures
f..f. commute (76), we obtain a more general class of o-models with action (58)
and a hermitian scalar manifold that need not admit an almost product structure.
We hope to analyze these models more fully in the future.

Additional supersymmetries require more complex structures f, ‘*/. These satisfy
the conditions (68)—(70), while (67) and (71) are replaced by the more stringent
conditions

f (M)Jf(N)k f(N) fg:M)jk- —ZSMNS,-“, (102)
Uks MN = &Tlmlaf(M) fiN)k]m' (103)

and thus for N =4 supersymmetry the mamfold has two quaternionic structures and
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Abstract

A description of the fundamental degrees of freedom underlying a generalized Kahler
manifold, which separates its holomorphic moduli from the space of compatible metrics
in a similar way to the Kahler case, has been sought since its discovery in 1984. In this
paper, we describe a full solution to this problem for arbitrary generalized Kahler manifolds,
which involves the new concept of a holomorphic symplectic Morita 2-equivalence between
double symplectic groupoids, equipped with a Lagrangian bisection of its real symplectic
core. Essentially, any generalized Kiahler manifold has an associated holomorphic symplectic
manifold of quadruple dimension and equipped with an anti-holomorphic involution; the
metric is determined by a Lagrangian submanifold of its fixed point locus. This finally
resolves affirmatively a long-standing conjecture by physicists concerning the existence of a
generalized Kahler potential.

We demonstrate the theory by constructing explicitly the above Morita 2-equivalence
and Lagrangian bisection for the well-known generalized Kahler structures on compact even-
dimensional semisimple Lie groups, which have until now escaped such analysis. We construct
the required holomorphic symplectic manifolds by expressing them as moduli spaces of flat
connections on surfaces with decorated boundary, through a quasi-Hamiltonian reduction.
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