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Abstract:

The physics of strongly correlated systems offers some of the most intriguing physics ¢
the emergence of dynamical composite degrees of freedom. Often, the resolution of thes
hard, but can be simplified by a formulation in terms of the appropriate dynamical degre
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RG-scale evolution of aj;\/(gg_) for a UV-Potential with Kinks
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RG (real-space/momentum space) ML task:

* Transition from microscopic to macroscopic * Understand how features emerge in the NN
behaviour —. How can they be captured efficiently?

* Emergence of stable configurations - Impact of components within the architecture?

* Fixed-points and phase structures * ML universality classes?

\ /

Evolution along some coarse graining scale, which leaves the theory unchanged
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Bauer, Kapust, Pawlowski, Temmen in Prep.
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Contents: Generalised field transformations

* What is the RG and why do we use it?
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- Net Baryon Density
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* Why consider generalised field transformations in the RG?

- Emergent composite (macroscopic) operators
— Understanding truncation artefacts (architectures)

— Reduction of computational complexity
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The anharmonic oscillator

Quantum mechanics: i.e. 1+0 dimensional QFT
Setup with tunnelling

Consider the energy gap between ground state and the first
excited state A F

(2(0)p(7)) = > [{Olgln)|?e=En =007

Behaviour at large imaginary times

(P(0)P(T)) x e7TAE

* From Schrodinger equation

—— Eigenvalues
061 ---- 2-Loop Instanton
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The anharmonic oscillator

Quantum mechanics: i.e. 1+0 dimensional QFT
Setup with tunnelling

Consider the energy gap between ground state and the first
excited state A F

(2(0)p(7)) = > [{Olgln)|?e=En =007
n
Behaviour at large imaginary times
T —TAE
(2(0)@(7)) ox e™ "

* From Schrodinger equation

* From perturbation theory for m?/ A< 1

—— Eigenvalues
061 ---- 2-Loop Instanton
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The anharmonic oscillator

Quantum mechanics: i.e. 1+0 dimensional QFT
Setup with tunnelling

Consider the energy gap between ground state and the first
excited state A F

(2(0)p(7)) = > [{Olgln)|?e=En =007

Behaviour at large imaginary times

(P(0)P(T)) x e7TAE

* From Schrodinger equation
* From perturbation theory for m?/ A< 1

* Expansion about Instanton solution (non-perturbative)

—— Eigenvalues
061 ---- 2-Loop Instanton

AE

0.2

0.1

0.0

0.0 0.2 0.4 0.6 0.8 1.0 1.‘2 1.4 1.6
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Within the path-integral formalism

2, = 5 [ Dp eI Ies > (209) = 575577

Z[J,]

Z|J,] = W[J,] =log(Z[J,]) ===  T[p]=sup [JW — WlJ]
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Within the path-integral formalism

1 T

Z1J,]

exp(—5[0] - 1 [ @R:@)

e ll?

WJ,] = log(Z[J,])

Difference between @
physics and a Gaussian %
/ J :
&
/ J
L v
?

i

(2(0)¢

62

['[p] = sup
J

(™) = 5708707)

Z[J,]

/ Jo— W]
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Within the path-integral formalism

1 T 0°
71T 1= — | DpeSe+S Jo¢ > 200\ — ZlJ.
7,1 = 3 [ Doe (PO = 77 2]
Z[J,) - W(J,] =log(Z[J,]) === T[p]= 51}p / Jo — WIJ]
L AN
57N 4 —p AR R _ [T®[pgom]|p=0
(@(0)p(1)) x e — AE = \/ .
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Temperature kT=0.0

<)

x(t)
Temperature kT=0.2 _ Temperature kT=0.2

@

. . x(t)
& Fluctuation PhYSICS ) Temperature kT=1.0 Jemperature kT=1.0

The Renormalisation Group

v(t)

Task: Computation of the path integral

* High-dimensional probability distribution

* Compute change with scale

v(t)

* Applicable in the context of stochastic differential equations

t =log(k/A)

vit)

Pirsa: 24110078 Page 11/52



Temperature kT=0.0

The Renormalisation Group
Task: Computation of the path integral ,
x(t)
Temperature kT=0.2 Jemperature kT=0.2
* High-dimensional probability distribution
* Compute change with scale S @
* Applicable in the context of stochastic differential equations
. . x(t) .
& Fluctuation PhySlCS - Temperature kT=1.0 Jemperature kT=1.0
t =log(k/A)
O P[] + 0 (\If[(s‘)] P[(f)]) =0 :
' dop(x) " "
Wegner ‘74 T T
em er&tjure kT=5.0 ) Jemperature KT=5.0
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Temperature kT=0.0

<)

x(t)

The Renormalisation Group

v(t)

Task: Computation of the path integral

., Temperature kT=0.2 _ Temperature kT=0.2
* High-dimensional probability distribution
* Compute change with scale z @
* Applicable in the context of stochastic differential equations
«— Fluctuation physics N Tempera:::r]e KT=1.0 Temperature kT=1.0

t =log (k/A)

vit)

Wegner ‘74

: Standard HEP application:

| Plp]~e ", ¢ is the mean field and ¥[¢] regulates momenta

e ——————— o — e e e e e

v(t)
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Application to the anharmonic v
oscillator "

Chose approximation for the effective action (0™ order
derivative expansion)

AE
o

Eigenvalues
2-Loop Instanton

x SA fRG Bonanno et al.
LPA

Lrle] = / [%(0,:99)2 + VA-(s-J)]

Solve PDE for V) resulting from inserting the approximation in the evolution equation, with initial

condition 5
voomT o5 A
Valp) = 5 ¥ + 37

_ o e ol o it oyl omn s koS
Challenges with the RG: j Physics-informed RG flows: I
I

| . :
« Hard to estimate truncation artefacts _ y . * Improve expansion schemes with knowledge of I
« Computationally challenging systems of PDE | v the system/physics at hand i
| = Reduce computational cost I

|

WRERREE * Application to a wider set of problems I
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Temperature kT=0.0

)

x(t)
Temperature kT=0.2 Jemperature kT=0.2

The Renormalisation Group

v(t)

Task: Computation of the path integral

* High-dimensional probability distribution

* Compute change with scale g @
* Applicable in the context of stochastic differential equations
. N x|
& Fluctuaﬂon PhySlCS - Temperatutr]e kT=1.0 4Tem erature kT=1.0
t =log(k/A)
0.Plg) + —o— (¥[6] Ple]) =0
C (0] = QO Q) =
: dop(x) : j

Wegner ‘74 T T
Jemperature KT=5.0
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What are generalised flows in terms of P|¢] = g~ et [¢]

... lets consider the working horse for QFT: A scalar theory

1 o mgg 5 il ”
Classical action: S[ip] = / 5 (0,_1@) - T(p - g/\ij )
Generating functional: Z[J,)] = /[d@]m“ e~ SPlt ). Job

We can also view this as

.. whose moments correspond
a probability distribution...

to correlation functions

5" Z[J,)

Ap[@] = [df}cen €517 ~ (5.
n — (p
5J1

«

exp(—5[g@])

S

Fundamental field

Pirsa: 24110078
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How are physical quantities represented?

2|~ | dulp] el

Fundamental field: e.g. Quarks

Jp®

S

210~ [ dunlg) -

Composite field: e.g. Pions
- 2PPI approaches
- Density functional theory

Pirsa: 24110078

Field transformations for optimisation:

¢ — ¢[¢]
1) Fundamental fields may not be the physical
observable of interest
[hssen, Pawlowski: arxiv:2305.00816
2) Reduce the amount of cumulants
(- P)e =0
(- $)e #0
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How are physical quantities represented?

2|~ | dulp] el

Fundamental field: e.g. Quarks

Jp®

S

210~ [ dunlg) -

Composite field: e.g. Pions
- 2PPI approaches
- Density functional theory
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Field transformations for optimisation:

¢ — ¢[¢]
1) Fundamental fields may not be the physical
observable of interest
[hssen, Pawlowski: arxiv:2305.00816

2) Reduce the amount of cumulants

(- P)e =0

(- $)e #0
3) Decouple degrees of freedom

[hssen, Pawlowski: arxiv:2409.13679
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Example: Reduction of cumulants

P[(Jb] = e~ Seftlo] is a description in terms of some composite field
E.g. represent the current in terms of some background mean field
J=8%¢

* Amputated diagrams in terms of QFT
* Associated choice of RG-kernel ¥[¢]

* Compute connected correlation functions

Or: amputate the full inverse propagator
=
= Gk §b

* Different choice of RG-kernel ¥[¢]

* Complete ‘removal’ of the 2™ cumulant: ((b(;)) =

1(¢)

1.0
0.8

£0.6

Vi

Exp[

0.4
0.2
0.0

Field ¢

Field ¢
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Example: Reduction of cumulants

—Setf : S Vi
P[(ﬁ] =@ o] is a description in terms of some composite field

E.g. represent the current in terms of some background mean field

T o(2) 4

Simpler representation of the same

* Amputated dia
. i physical object:

* Associated choic

* Compute connec|  Better representation of relevant DoFs

Or: amputate the full inverse propagator
=L
= GA.' Qb

* Different choice of RG-kernel ¥[¢]
* Complete ‘removal’ of the 2™ cumulant: ((bqﬁ) =

1(¢)

1.0
0.8

£0.6

Vi

Exp[

0.4
0.2
0.0

Field ¢

Field ¢
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General field transformations in the (f)RG

S[e]

|
Mel

Pirsa: 24110078

Classical Action

Quantum effective Action

3 9[eas-DH

* Infrared regularised theory - classical theory

Calp] = S[g]

* Solve RG-flow by integrating over RG-time/RG-
scale
Regulator

1
O:Lilp] = 5 Gilyl 3ka'(
RG-time f \ \
‘i (;‘) Mean-fielc Propagator
=l10g | — -
S\&)  e={(9)
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General field transformations in the (f)RG

S[e]

|
Mel

Classical Action

.
.
~
.

S[4]
Y

el

Quantum effective Action

* Infrared regularised theory - classical theory

Calp] = S[g]

* Solve RG-flow by integrating over RG-time/RG-
scale
Regulator

aTuly] = 3 Gulgl R
RG-time f \ y\

k Mean-fielc Propagator
=os(3) o= (9)

3 9[eas-DH

* Full quantum effective action | i [gp]
Wetterich’92

* Solve coupled PDEs for all generated couplings in
the effective action
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General field transformations in the (f)RG

Classical Action

S M —— * Explicit field transformations (also possible with
S[e] S[¢] - the RG)
P et T~
g Q@ Z[J,] ~ f[d(’&] e~ S[el+ [ Jo?
o 0P| ~SIe[31+, Jod
. = Z[Jp) ~ [ [do] det |—=|e Jw S0
% * Or a normalizing flow for the full quantum theory
-y
v (¢ r))r =0
P (@ P #0
R ettt ﬂ 4
o] ¢ where a free theory is mapped on an interacting
; ; one
- Quantum effective Action Albergo et al. arXiV:2101.08176
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F16) _ Generative Al for producing lattice configurations

¢ i (p_ * “Learn” field configuration for some action
r2) M L_ -~ L_ g - Invertible field transformation
- S o o - B

Limited lattice size

Normalising flows and the effective action

50
* Resolution of the effective action requires 0
U
a cheap sampling method T 50
&-100
-150
* Field transformation between theories with o
different UV-cutoffs
0.1 .
. — L=4 |
0.08 =l L=8 /]
* Approximation artifacts: field transformation + . 0.06 ——t L=12 I
Lattice discretisation ] o il ol i | Extrapolation
0.02}

Normalising

Pirsa: 24110078 Page 25/52



General field transformations in the (f)RG

Classical Action

S[4]

Quantum effective Action
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General field transformations in the (f)RG

Classical Action

S[4]

3 3eds-0y

Pirsa: 24110078
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General field transformations in the fRG

* Generalised functional Flows

)] gen. func : . ator
RG-time 1PI gen. funct. Propagator Regulator

() \ /o
(a, +/¢_%) rild] = 7 |Gl (e)f +@ Ry

Pawlowski ‘05
* RG-scale dependent composite

¢ = ($[@]) Oo] = (Deon)[¢)
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General field transformations in the fRG

* Generalised functional Flows

) 3 F - F . - "
RG-time 1PI gen. funct. Propagator Regulator

o N\
((‘), +/cb%> T'i¢] = % G[¢] (af +@ Ry

Pawlowski ‘05
* RG-scale dependent composite

b = (B¢ 3] = (@)l
* At the level of the effective action, physics is stored in the pair

(F¢,, CD[QD])

" he field transformation allows the definition of an additional constraint — Physics-informed
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- - - 1.0
Application to the anharmonic
x SA fRG Bonanno et al.
- 0.8
oscillator In Prep. Bonanno, FI, Pawlowski
1 06
KL [p] = 3 Grlp] O Ry, 9.
Eigenvalues
a5 — A
. 3 =
) O 1 5ih — FFaVi=0
O+ | o— | Tklo] = = |Glo] | 0r + 2— | Rk === FF 33Vilp=p
(t ,()(,') A{] 9 [} t ()C) 5 0.0 el
- 0.0 0.5 1.0 1.5 2.0 2.5 3.0
A
Increase physics-content of the approximation by optimising the RG- o
kernel/field transformation @ :
=-0.5
* Devise optimisation criterion/loss function to get the exact values
for AF y o
=15 Eigenvalues
g 2-Loop Instanton

— Train on known data (solution to Schrodinger eq.) R Nl i

LPA
— FFa3Vk=0
==== FF 33Vi|p=p,

=2.0

=0.8 =0.6 =0.4 =0.2 0.0 0.2 0.4 0.6
logoA
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Application to the anharmonic = 3o
x SA fRG Bonanno et al.
OSCi"ator In Prep. Bonanno, FI, Pawlowski
: 1 : 0.6
KL [p] = 3 Grlp] O Ry, 9.
Eigenvalues
a5 — LPA
. ) ‘ I . 5 — FFV,=0
( / ol = = 7 ) —_ 1. === FF 3}Vilp=p
(()t. + /! (f)(‘;g’f)) I k {C)] 5 G[(Q} ({)g -+ 2(5C) RA 5 L
. 0.0 0.5 1.0 IAS 2.0 2.5 3.0

Increase physics-content of the approximation by optimising the RG-
kernel/field transformation ¢

0.0

* Devise optimisation criterion/loss function to get the exact values
for AF o

Eigenvalues
2-Loop Instanton

x SA fRG Bonanno et al.
LPA

—— FF agv* =0

=== FF af,\/d,,:ﬂ

— Train on known data (solution to Schrodinger eq.)

=0.8 =0.6 =0.4 =0.2 0.0 0.2 0.4 0.6
logoA
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Application to the anharmonic
oscillator

==== 2-Loop Instanton
*  SAfRG Bonanno et al.
In‘Prep, Bonanno, I, Pawlowski

—— Eigenvalyes
= P

— FFallh=p

= FE vl

Increase Physics-content of the dpproximation by Optimising the R
kemel/field ransformation ¢ .

Devise Optimisation Criterion/loss function 1o get the exact valyes
for A 7

= Train on knowy data (solution 1o Schrodinger eq.)
* Inithe py

~— Elgenvalyes
=== 2-loop Instanten
; X SAIRG Bonanng et g,
: " e = LPA
TESENt setup we have physicar Intuition: groypg state — FFalvi =g
2
e L L P

exXpans

Page 33/52
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An expansion about the ground state

FI, Pawlowski 23 : arXiv:2305.00816

O(N) model: apf‘: (p1,---,oN) Vs ot = (¢1,.-.,0N) 02 @
2

Tulel = [ (3200 O +Vido,)]

['xlo] = /T [%qu.k (8u0)* + Vk(ﬁ)]
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An expansion about the ground state

O(N)

model: Lpf‘ =

FS”—’Q:I)%: [p] ('[)) =

((‘01,...

oN) vs. ¢t =

Zy(po,p)

R Y

Field dependent wave
function renormalisation
and its derivatives

FE{?,)@, [¢](p) = [1)2 + m?fu (p)}

__mmzl

|

1
—Z
2

b,k (8ﬂ¢)2 + Vk(p)}

(})2 s mii (pq))

PR

FI, Pawlowski 23 : arXiv:2305.00816

2
) e e
q
il P -t q
P —p P NP
==
i S
q
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An expansion about the ground state

t

O(N) model: ¢* = (1, ...

(2)
F‘pi‘dgi

R Y

Field dependent wave
function renormalisation
and its derivatives

FE{?,)@, [¢](p) = [1)2 + m?fu (p)}

1

CfN) madell ¢ 2
-

oN) vs. ¢t =

__Ti[d] :/T [_Zrb.k (0.9)% + Vk(ﬁ)}

[el(p) =|Ze(pg, P) (pz +mg, (Ptp))

PR

FI, Pawlowski 23 : arXiv:2305.00816

2
o e
q
gilllig. pP+q
P —p P NP
e e
7 N
q
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An expansion about the ground state

FI, Pawlowski ‘23 : arXiv:2305.00816

O(N)model: ' = (¢1,....,0on) vs. @' = (f1,...,0N) 2 ¢?
Py =

L2, [el(0) =[Zeloe | + 72, (0,))
b

Field dependent wave
function renormalisation
and its derivatives

FE{?,)QJ, (6] (p) = [pz 4 m?); ({))} E— Expand about gl-mmd state using the flowing fields:
3 (b, k) = Zyp(dyp) =1
1
| el = [ [5Zer@u0P + V)] e 0. Zo(6,7)

0

Pirsa: 24110078
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An expansion about the ground state

FI, Pawlowski ‘23 : arXiv:2305.00816

O(N) model: apf‘:(cpl,...,apN) Vs. ¢5t=(¢11---af/—"N) 902 p_qb_z
Po = 9 2
'3 10l(p) =lZu(pw, p ('12 +m2 (po )
Pipi [e](p) ‘P(p; 21§, wi (Pe) Take away message:
Field dependent wave * Expansion about classical dispersion:
m“;;}‘g?[:ﬁ‘;;_'i':’;lif:;m" - Optimised expansion (quicker convergence)

* Technical simplification with improved truncation

FE{?,)@, [Cﬂ (p) = [pz 4 mi ({))} g Expand about ground state using the flowing fields:
4 k(. k) = Zyi(dp) =1
1
| el = [ [5300P + )] 0 Zo(6,7)
| H A

0

Pirsa: 24110078
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Parametrisation:

. Application: Z¢, (p’ p) ~ Z¢ (p) (1% order deriv. exp.) . 1
b =—>no(p) &
* Task: Solve two equations g (p)
. ) And accordingly:
1) | 0:Zy|= 0 :determines ns(p) 807, (p)
tLp(p
Vil ... : - nelp) = ———+
2) |90, Vil=... :PDE, integrate k — k — Ak Z,(p)
Take away message:
0.010
* With (1) we implement a dynamical field, 0.03 0.005PH)
which is the correctly renormalised one 002 '
— Improved approximation (momentum p 00
dependences) 0.01
* Gain intuition about the system
- Maximise efficiency 000
BBk 23 - arXiv:2305.00816
Page 39/52
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Further: examples & applications

* Implementation of “emergent composites” with Gies, Wetterich ‘01 FeRnIone q, q

Scalar composites ¢p = (0', T )t

o = |Ap| + |Blrg
v ¥

Hadronisation functions Scalar terms, O(4)

* Choose the hadronisation function

“Absorption of functions”
Baldazzi, Zinati, Falls 21°, Baldazzi, Falls 21°,
FI, Pawlowski 23’

Absorb flows of correlation functions into the field

(@, k) — 8, =0
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Further: examples & applications

* Implementation of “emergent composites” with Gies, Wetterich ‘01 Fennions q, q

Scalar composites () = (0', T )t

o = |Ap| + |Blrg
v ¥

Hadronisation functions Scalar terms, O(4)

* Choose the hadronisation function

“Absorption of functions” “Geometric transformations”

Baldazzi, Zinati, Falls 21°, Baldazzi, Falls 21°, Flow from a Cartesian to a polar basis

FI, Pawlowski 23’ Lamprecht ‘07, Isaule, Birse, Walet ‘18, Isaule, Birse, Walet‘19,
Daviet, Dupuis ‘21

Absorb flows of correlation functions into the field

or(p, k) — 8™ =0

o' = (p,0)
o= /3 (1,0, ... 0)
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- . = €  FI, Pawlowski 24’
Target Actions: How general is it really? [ ™yowd 2y

* Let’s shift our perspective: Target Actions SANI0) 2 AR
i _ 1
j S| TV [g] — T [GT[(;;] V[g] R,\] = T [G,-[(p] &R | — 8.T'r[4]
* The RG-flow is stored in the pair (FT (b[@])

— Physics-informed flows
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- . == #  FI, Pawlowski 24,
Target Actions: How general is it really? [ ™yowd 2y

* Let’s shift our perspective: Target Actions SANI0) 2 AR
i _ 1
j S| TV [g] — T [GT[(;)] V[g] R,\] = T [G,-[(p] &R | — 8.T'r[4]
* The RG-flow is stored in the pair (FT (b[(b])

— Physics-informed flows
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Example: Classical Target Actions
...Inost extreme example

* The potential does NOT flow

TT[(f)] = S[(b] + Cp.

=> Entirety of physics in the field transformation

¢ Benchmark in d=0

B o . Ag g
Va(e) = —£¢* + —F¢
: 2 8
=] Wetterich FIOW, I (+) Comparison to exact solution
M1« F (- ) No estimate of ‘truncation artefacts’

F1, Pawlowski 24’ | arXiv:2409.13679
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1) Local existence of

A, A.(F +2 :
T

2) Global existence of Pr[io]

A)
ik .
Hd=ps [& 5,
A ¥

v

== Potentials dg not coincide iy d=0Q!
P

L el] £ Tyfg) | ey Py
=it P ] |_:sPl

Page 45/52
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———————————1 3.0

Reconstructlon l e

———————————l

(c)

A 2.6f

A2

<¢

Comprehensive test in d=0:

2.4}
mm C|. Target Action

2_2- = Exact Solution

— — — — — — — ——

=> Physics needs to coincide

1) Direct construction via the field transformation Yo

— ottt Ertotet—

2) Reconstruction of correlation functions 10r
c C ; 3 = 9-
log Z( ) [(]} — —FED ) [Q’)[«ju[\l. C} cf:i
S
n . n l Z(() V 8-
= <H /@2(,._.)>((') — (—2)" d" log Z;" (0] = = Cl. Target Action
i=1 d(pe)" 7l wum  Exact Solution

005 010 015 020
He
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Directions for Optimisation

——————————————— | - T ===
: Convergence of expansion | : Computational complexity |
_______________ - — e o o e o o w)

Example: 1* order derivative expansion

oo and
0zsilnto — b = Tridl= [ {5009+ Vi)

Ground-state expansion:

A 1 .
¢ = *§TJ¢(/J) ¢
Composite 2
o F( :p2 +TTL21 (p)
Physical field b phys
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Directions for Optimisation

——————————————— | - T s ===
: Convergence of expansion | : Computational complexity |
_______________ - — o o e o e o e e o oo

Example: 1* order derivative expansion

| AP
i Zs[Bl(p) =0 — i[g] P FTW:./{g(dp@) +VT(¢)}

T

Ground-state expansion: Feed-down flow: Pirat e
: 1 - N » (
¢ =—5m6(p) ¢ ¢ =|¢(0.0)° f(p)
Composite Composite
(2) 2 2 (2) _ 2 2
s Fqbgb =P + T”phys (p) - Fq,bqb =p°+ mrpa (p)
Physical field Computational tool
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Forward SDE (data — noise) * Interpretation in terms of field

theoretical quantities: emergent
dx = f(x,t)dt + g(t)dw composites

3 B * Relation of the RG to optimal
, transport
Cotler, Rezchikov, arXiv:2202.11737

' i :
score functlon .
* Knowledge of an exact evolution
dx = )‘§ log p: ( xi dt + gt equation: Estimate for information loss/
approximation error

Reverse SDE (noise —+ data)

(1) Analyse single aspects, e.g.
activation function

5 _ (2) Understand/Improve approximative
A P[¢] + 50(z) (‘1’[ )] [ﬁj]) aS‘ [ ) nature of (shallow) networks
o == g = 500 s NN
Plé] = e Setria] (3) Disentangle dynamics: Feed-down

/ flow

Wilson action

W Mg i 1= F
k_ e U0E |
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