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Abstract:

Magic state distillation is a crucial yet resource-intensive process in fault-tolerant quantum computation. The protocol’s
overhead, defined as the number of input magic states required per output magic state with an error rate below €, typically
grows as O(log™y (1/e)) as € = 0. Achieving smaller overheads, i.e., smaller exponents vy, is highly desirable; however, all
existing protocols require polylogarithmically growing overheads with some y > 0, and identifying the smallest achievable
exponent y for distilling magic states of qubits has remained challenging. To address this issue, we develop magic state
distillation protocols for qubits with efficient, polynomial-time decoding that achieve an O(1) overhead, meaning the optimal
exponent y = 0; this improves over the previous best of y = 0.678 due to Hastings and Haah. In our construction, we employ
algebraic geometry codes to explicitly present asymptotically good quantum codes for 2~ 10-dimensional qudits that support
transversally implementable logical gates in the third level of the Clifford hierarchy. These codes can be realized by representing
each 2710-dimensional qudit as a set of 10 qubits, using stabilizer operations on qubits. We prove that the use of asymptotically
good codes with non-vanishing rate and relative distance in magic state distillation leads to the constant overhead. The 10-qubit
magic states distilled with these codes can be converted to and from conventional magic states for the controlled-controlled-Z
(CCZ) and T gates on qubits with only a constant overhead loss, making it possible to achieve constant-overhead distillation of
such standard magic states for qubits. These results resolve the fundamental open problem in quantum information theory
concerning the construction of magic state distillation protocols with the optimal exponent.

The talk is based on the following paper.

https://arxiv.org/abs/2408.07764
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Future of Quantum Technologies

19th century
Steam engine
Thermodynamics

21st century
Quantum devices
Quantum information

https://www.nano-gt.com/

New technological advances Theory of physics to understand what
— quantum computers we can do with quantum mechanics

Quantum technologies A Quantum information theory

Goal: What can we achieve in the quantum era, and how?

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Fault-Tolerant Quantum Computation

Original circuit
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Challenge:
To overcome the effect of noise

Without quantum error correction,

error per gate has to be too small

1/500=0.2% required
H#goates already for 500 qubits

NISQ algorithms are not expected to attain any large
guantum advantage because of this

Noisy circuit with physical error rate p>0

g e
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Solution:
Fault-tolerant quantum computation (FTQC)

Use quantum error correction to
suppress logical error rate € arbitrarily

P < Pth = 0.1 ~ 19% Below threshold

o S 4 Suppress logical error rate

~ #gates as required

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Clifford Gates and Non-Clifford Gates

Clifford gate H, S,CNOT,...

Non-Clifford gate 7,CCZ, ...

e Transversal in many protocols » * We need error-suppressed magic states

« Easy to implement

Typical protocols for FTQC

Color code Surface code C) =P : Pauli

Transversal Fold-transversal
T7T " M , arXiv:1603.02286
U — ®j:1 Uj a oussa, arXiv

¢(2) : Clifford

1 0
T= (0 eiw/él)

* Implemented by gate teleportation
Clifford hierarchy

c® ={U.UPU' eCc*Y PeP}

c® ... : Non-Clifford

Magic state for T gate: |T') = —=(|0) + e™/4 1))

e C® Gate teleportation

transversal .S
Os Osf S A & L \]:/

Figure from arXiv:1704.01589 Figure from -arXiv:240.6..1 .7(-353

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/7/64
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Magic State Distillation

Magic state distillation: Resource-intensive process to prepare magic states for FTQC

Bravyi, Kitaev arXiv:quant-ph/0403025

Stabilizer operations
O 0O 0O 0000 d > O 0O 00 0 O
in O O 0O 0O 0 0 0O 0O O O0O000

Many noisy magic states Fewer noiseless magic states
within error €

Tout

» State injection: Physical magic state = Logical magic state = physical error rate

 Stabilizer operations: Preparation of |0), Clifford gates, Z measurement = noiseless

Goal: Convert nin noisy magic states into nout below error rate € by stabilizer operations

— QOverhead: nin/Mout

Question: What is the required overhead, and how to reduce it as much as possible?

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764
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Problem: Overheads

Existing protocol Error suppression by [[15,1,3]] triorthogonal code
A Brawyi, Kitaev arXiv:quant-ph/0403025
—— noisy T®1° —— ost-selection —= C(Clifford
, OO0 OO0 OO0 OO [+) — >N®15(|T}> P s | TY =5 |T)
in OO0 O 0O OO 0Oo N Transversal T
g Error rate p O(p?)
O — Repeat this L times so that the error rate should be below €
)
¢ Formula on overhead for [[n. k. d]] triothogonal codes
oo o) . .
= & Error-suppression bound: € = O(de) n#prIC&l qu.blts
f k #logical qubits
Nin n\ L 1 '
Overhead: = (—) = O(log'}’ (—)) d cistance
Nout = v Nout k 2
E t log > (
- = Bravyi, Haah, arXiv:1209.2426
xponent: ¥ log d vy

Open question: What is the optimal exponent y?

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Results: Constant-Overhead Magic State Distillation

Year Authors Overhead Exponent Note

2004 Bravyi, Kitaev V= 2.46 Discovery of Magic State Distillation
2012 Meier, Eastin, Knill y = 2.32

2012 Bravyi, Haah y=1.58 Conjectured that y<1 would be impossible
2012 Jones y = 1

2017 HaStingS, Haah V= 0.678 Falsified the above conjecture
2024 |Wills, Hsieh, Yamasaki Y = 0 (optimal) This work

Krishna, Tillich, arXiv:1811.08461 achieved arbitrarily small y > O for prime-dimensional qudits, while this is not applicable to magic state distillation for qubits

Improvement of [[n,k,d]] codes

— Polylog overhead with small y

1 log =
Of log” | - Sa= %k g
€ logd

N

After posting our work, other works on code construction appeared, but without our protocol, existing protocols with such codes only achieve polylog overheads with small y > 0

Our work: Asymptotically good code + New protocol

— We prove our protocol achieves constant overhead

O(1) i.e., optimal overhead exponenty = 0

Golowich, Guruswami, arXiv:2408.09254; Nguyen, arXiv:2408.10140; Scruby, Pesah, Webster, arXiv:2408.13130; Lin, arXiv:2410.14631; Golowich, Lin, arXiv:2410.14662

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764
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ldea: Asymptotically Good Triorthgonal Code + New Protocol

Our protocol

< - >
Overhead Increase code sizes
O(1)
O O0O00oo0oog g
OO0 00000
[[n,k,d]] code gsssssssssssssassssssssssssssssassss

k, d = @(n) : Asymptotically good

+ Decodabile in polynomial time EEEEEE
E BB R RN

Wills, Hsieh, Yamasaki, arXiv:2408.07764

Our results

« Asymptotically good triorthogonal code »

« + New single-round protocol

Existing protocol
4  Overhead

EEE [OEE) [EEE) [ 1
gy @ @y @y, O(log"”(—))
o €
5 log %
o 7= >
= log d
)
&
OO
OO -
O
<
| v

Achieving constant overhead

O(1) = v =0 : optimal

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764
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Triorthogonal Codes

Triorthogonal matrix: mxn matrix G € Fy**" with rows (g*),—; satisfying algebraic relations
S g% =0 (a < b) : For commutativity of X and Z stabilizer generators

St 1 9%g2g¢ =0 (a < b < c): For transversal T gates

Arithmetics over finite field Fz = {0,1}

n columns

Gl k rows: odd weight
6~

GO (m-k) rows: even weight

Triorthogonal codes: CSS(X, Go; Z, G) with stabilizer generators X (x € Go); Z* (2 € G*)

Go,G1,G C 5 : Linear subspaces spanned by rows of Gy, G1,G
G- ={ueF}:u-v=0, veG}:Dual code

= [[n, k, d]] codes with distance d = dz > min,¢g1\g. |[v| determined by dual codes

General framework for constructing quantum codes with transversal T

Bravyi, Haah, arXiv:1209.2426 for qubits; Krishna,Tillich, arXiv:1811.08461 for prime-dimensional qudits

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764
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Technique: Algebraic Geometry Codes in 25 Dimensions

Previous: Codes with polynomials This work: Algebraic geometry code

* Reed-Muller code » Using rational functions instead of polynomials
Hastings,Haah, arXiv:1709.03543 for qubits 0

* Reed-Solomon code * Leading to non-vanishing rate & linear distance
Krishna,Tillich, arXiv:1811.08461 for prime-dimensional qudits Goppa, Geometry and Codes (1988)

Algebraic geometry code over g-dimensional finite fields

We have an infinite family of fields of rational functions parameterized by n; (number of rational places) and gi (genus) with
n -

li — =,/q—1:

1?; igp = V4 Better constant factors for large q gi = O(n;)
Given a field of rational functions parameterized by ni and gi, for any parameter a; satisfying 2¢; — 1 < a; <n; a; = @(m
* We have a linear code C C F;* with dimension ki=a;+1—g;=0(n;)
» The dual code has distance diea N2 =2 =1C)

» The dual code is efficiently decodable up to radius t; = (a; — 3g; + 1)/2 = ©(n;)

See also Stichtenoth, Algebraic function fields and codes (2009); Preliminaries of our paper

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764
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Technique: Algebraic Geometry Codes in 25 Dimensions

Challenge: Algebraic geometry codes require large dimension q, but we want qubit codes

— Solution: Work on 25-dimensional qudits (g=25), isomorphic to sets of s qubits

Fo ={0,1} P Foio = {n = Z?:o a;a ;a; € ]Fg} (s = 10)
Set of polynomials
with arithmetics mod 2 with arithmetics mod irreducible polynomial o'® +a® +1 =0

Trace map: tr(y) == Z?:o 721' : Foi0o — o

g such that tr(oioj) =6;; =n= Z?zo bia; € Fauo

Sum of polynomials in the basis

Self-dual basis: {«a; € Faio }i—g

.....

210-dim qudit 2’ = Span{ ‘77 — Z?:o biai>}0 set of 10 qubits (C*)®'° = Span{®?:0 ’b@>}
XP|n)=In+B) Z7n)=(-1)"0" |n) X =@ X" Z°=Qi_,2"

Clifford hierarchy: In the same way ~ CY) =P : Pauli; C® ={U:UPU' € C*~V) P e P}

For each fixed self-dual basis, we have one-to-one correspondence

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Formulation of Triorthogonality for 25-dimensional Qudits

Triorthogonal Matrix: mxn matrix G € F5.*™ with rows (¢g%)7., satisfying algebraic relations

0 otherwise
It is OK to allow coefficients#1 {

- 7o if 1 <a=b <k : For commutativity of X and Z stabilizer generators
Zi:l Uzgfg%b -

1 if1<a=0b=c<Ek :Fortransversal non-Clifford gates

n columns

L aY4(0)2(gC) =
2_i=1(97)%(97)7(95) 0 otherwise G\«
G: ( 1) rows

Arithmetics over finite field Fa-

Go
New family of single-qudit non-Clifford gates| U .= D eFy. €XPim ()] [7) (7]
U(l) | U(Q) | U(4) : Pau" U(?’)’ U(5), U(G) : C||ff0|’d Instead of in/4, use nonlinearity of y" for non-Cliffordness

(m-k) rows

U : non-Clifford gate in the 3rd level of Clifford hierarchy for any s=5

Triorthogonal codes for 25-dimensional qudits: In the same way CSS(X ,Go; 2, gl)

« Transversal non-Clifford gate (U(7)®" = (U(7))®k

* Distance d = dz > min cgi\ge lv| determined by dual codes

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Construction of Asymptotically Good Triorthogonal Codes

Main theorem: Consider 25-dimensional qudits for any fixed sz10 with sz0 mod 3.

Using an infinite family of fields of rational functions parameterized by n’i (number of rational places) and gi (genus) with
n; —4+g; > 7(3g; + 2)
we can construct triorthogonal matrices that give rise to[[n;, k;, d;]] triorthogonal codes with

* Linear number of logical qubits ki = ©(n;)
* Linear distance d; = ©(n;) Asymptotically good

« Linear radius for efficient decoding of Z errors t; = ©(n;) :Relevant for magic state distillation

+ We explicitly construct these codes while not optimizing constant factors k‘

Examples of code parameters: s = 10,n; = 29 x 32°, k; = 1.3 x 32, d; = 1.3 x 32°,¢; = 0.13 x 32° (i € {3,4,...})
* The inequality condition: For ensuring triorthogonality
» Algebraic geometry codes + Puncturing =& Asymptotically good code parameters

* Linear ti for efficient decoding is must for constant-overhead magic state distillation

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Implementation of 25-dimensional Qudits with Qubits

Problem: How to distill conventional magic states, e.g., CCZ and T, with constant overheads

— Key finding: Qubit codes with transversal CCZ and T gates are unnecessary

Requirement for O(1) overhead: Exact conversion Mere use of Solovay-Kitaev theorem

©

— Resource theory of magic — Polylog overhead thus insufficient

1 stabilizer 7 : n
M) = U ‘+(2 °>> PEEN00Z) =CCZ R UMW =% explimtr(y™)] |7) (7]

Magic state on a set of 10 qubits

« CCZ—-U®: For each self-dual basis, any diagonal non-Clifford gate in 3rd level of Clifford
hierarchy is decomposed into a finite sequence of Z, CZ,CCZ |CCZ )‘g}70 — | M) k‘

Houshmand, Zamani, Sedighi, Arabzadeh, arXiv:1405.6741

« UM—-CCZ: Convert hypergraph states by Z measurements to delete edges |M) — |CCZ)
* |t is also possible to further convert from/to T ITV®* = |CCZ) ICCZ) @ |T) — |T)®?
Jones, arXiv:1212.5069; Selinger, arXiv:1210.0974; Gidney, Fowler, arXiv:1812.01238; Beverland, Campbell, Howard, Kliuchnikov arXiv:1904.01124

Apart from our approach, Golowich, Guruswami, arXiv:2408.09254; Nguyen, arXiv:2408.10140 showed another approach to use algebraic geometry codes for arguing

existence of asymptotically good codes with transversal CCZ gates, but it is currently unknown which of these two approaches leads to better constant factors

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Single-Round Protocol by Efficient Quantum Error Correction

New single-shot protocol

stats Q7S BEEE, gz ROn convert Tyem sl [y @i convert, | iayonzy Sk

Error rate D D Cp = ¢ k
Local stochastic error model IID Z errors Exact conversion at rate C Z-error correction Exact conversion
Coherent correlated errors Union bound Without post-selection

Our proof of threshold theorem and constant overhead

 We analyze local stochastic error model, more general than IID errors in existing work
* Linear decoding radius t

— Nonzero threshold pi>0 for error suppression in single round € < (%)Hl
 Non-vanishing rate + Efficient decoding without post-selection

— Constant overhead £ = ©(1)

Development of new protocol and analysis is essential for achieving constant overhead

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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Connection to Generalized Quantum Stein’s Lemma

Constant-overhead magic state distillation (this week): Bottom-up approach

 Stabilizer operations @: Preparation of |0), Clifford gates, Z measurement k‘

« We prove nonzero asymptotic conversion rate ro(p — |CCZ)) >0

¢

Implications of generalized quantum Stein’s lemma (last week): Top-down approach

* Asymptotically resource-non-generating operations O

« Exact characterization of asymptotic conversion rate r5(p — |CCZ)) = REOR(IT‘;(S)ZD

Masahito Hayashi, Hayata Yamasaki, arXiv.2408.02722

Open: What is the optimal rate of magic state distillation under stabilizer operations?

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764

Pirsa: 24110068 Page 17/20



Implications for Future Protocol Design

New scale-up strateqy for magic state distillation

For large-scale FTQC, we need to suppress error rate arbitrarily e—0

* A single round is all you need Our protocol

h
A 4

Increase code sizes
* Do not post-select but correct errors on

large scales

+ Start from small triorthogonal codes
[[10,1,2]], [[15,1,3]]....
Brawyi, Kitasv arXiv:quant-ph/0403025; Vasmer, Kubica, arXiv:2112.01446

* Design a sequence of codes with

linearly growing distances to scale up

R

Existing protocol

r

OO0 OO OO OO0
EEEF EEEY \EEEF (EEE

oo
oo

o

Increase rounds

-

An exciting time has come to optimize magic state distillation with a new design principle

Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07764
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My Research

Social Advance of IT society

implementation [) As[FETgiFlya R {=lelglgle][e]0)

Useful quantum algorithm k
Quantum machine learning
with high speed/applicability

Theoretical Implementation of QC
foundation Low-overhead/scalable
= my works M fault-tolerant QC (FTQC)

Efficient Q operations

Quantitative analysis of use

of quantum resources

Experimental  [ilelEllelRei;
foundation quantum technology dathit

https://www.hayatayamasaki.com/
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* We develop asymptotically good triorthogonal codes and a new protocol to achieve
constant-overhead magic state distillation K‘

 We prove the threshold theorem and constant overhead of our protocol

» Techniques from algebraic geometry codes illuminate what we can do optimally, up to

constant factors that are to be optimized further from this point forward

References:
Adam Wills, Min-Hsiu Hsieh, Hayata Yamasaki, arXiv:2408.07/764

Reach me out for further discussion
Hayata Yamasaki hayata.yamasaki@gmail.com Thank you for your attention.
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