Title: Miura operators as R-matrices from M-brane intersections
Speakers: Saebyeok Jeong
Collection/Series: Mathematical Physics
Subject: Mathematical physics
Date: November 04, 2024 - 1:00 PM
URL: https://pirsa.org/24110062
Abstract:
In this talk, | will discuss how M2-M5 intersections in a twisted M-theory background yield the R-matrices of the quantum toroidal

algebra of gl(1). These R-matrices are identified with the Miura operators for the g-deformed W- and Y-algebras. Additionally, |

will show how the M2-M5 intersection (or equivalently, the Miura operator) generates the qqg-characters of the 5d N=1 gauge
theory, offering new insight into the algebraic meaning of the latter.
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Miura transformation for W-algebra

The W-algebras of type gl(N) admit free-field realization, by Miura transformation.

Basic building block: Miura operator R; = €30, — €162J;(2) (€1 + &2 +e3=0)
1

Ji(2) :i-th gl(1) current  Ji(2)J;(w) ~ ﬁ&y

The Miura transformation is obtained by taking the product of Miura operators. The
coefficients of the differentials generate the W-algebra.

(Egaz == €1€2JN(2’)) AU (Egaz — 8152J1 (Z)) = (Egaz)N + U1(Z)(€38z)N_l e UN(Z)
RN Rl

Spin chain monodromy matrix?

(Product of R-matrices under coproduct operations)
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MaUIik-Okounkov R-matrix [Maulik, Okounkov 12]

« The Miura transformation does not depend on the ordering; a change of ordering results
in isomorphic W-algebra.

P

» This is because of the Maulik-Okounkov R-matrix Ryo € E[(l) ® gl(1), satisfying

RMO (5382 — 8152J2(Z)) (Egaz — €1€2J1(Z)) = (Eg@z T 6152J1(Z)) (5387, — 8182J2(Z)) RMO

RyvoRo Ry = Ry Re Rao

Yang-Baxter equation?
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. 5 . . [Gaiotto, Rap&ak 20]
» Thereis a good amount of understanding on the case just introduced (jsiiaque. s, 7hou 24+

but let me focus on a "g-deformation” of the problem (Haouzi, s124]
cf. [Harada, Matsuo, Noshita, Watanabe 21]

* In the twisted M-theory setup [Costelio 161, the change amounts to:

~~

Cx C Y, (g[(l)) cf. [Costello 17], [Gaiotto, Oh 19],
y o~ [Gaiotto, Abajian 20], [Gaiotto, Rapcak 20]
CxC Y (gl(1))

CX X CX UQLQQ,Q?,(Q[(I))
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TWiSted M'theory [Costello 16]

Consider the M-theory on the 11-dimensional worldvolume RZ, x RZ x R? x R, x C¥ x C} with

. Ea = —§ — Ex
« Flat metric (63 = —€1-¢2)
. Q b |< d Q2 =& L + Ee ,C ('5) b b d)z dZ I'/rl = 0’-{91 - (‘:).{;:.‘
-backgroun £1,62 — S1~W 25V, C*™ = (aV} + Vi) A 37 Vo =8, — 8.,

* When &1 =2, =0, R? x R? x R? x R is topological and C% x C} is holomorphic in the
cohomology of Q. —.,—¢

« Turning on €1,€2 # 0, the 11-dimensional supergravity localizes to the fixed point of the isometry,
yielding the 5d gl(1) Chern-Simons theory on R; x C% x C% as the effective theory. (XZ = ¢ ZX)

1 1 =, el
A |i§14 *52 dA -+ EA *52 A *52 A f*sg g= Z %C'ii_hc?'zjz “ G (82;, T azii f) A (OZ‘” o 'szlg)
=0

1 dX dZ
S=— [ =—Ar—
£1 Z

+ Triality of exchanging topological planes, seemingly broken in the 5d CS
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M-branes and line/surface defects

* M2-branes can be supported on Rga x R

* Mb5-branes can be supported on R

2 xR? xcoP9)
c—1

Cpa) — {X9Z7P =const} C Cy x C

Ee+1
oS
A
| 1
2 2 2 X X
Ri":l REQ RZ . R; C % C 7
M-branes 21314 |5[6|78]9]10
1\421,010 X | X X
1\{[20,1,0 X | X X line defect ﬁl,m,n
M2¢ 0,1 X | x| X
M5((3316?1) % | =
1\’158511’,0) surface defect Sél}gf) N
1\/15&316}0) % x| x X

Pirsa: 24110062
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Holomorphic surface defect SE;S)’N

Topological line defect L 1, ,

« The local operators on the line defect form a non-commutative associative algebra
by their OPEs. We denote this algebra by M2; ,

* The local operators on the surface defect form a chiral algebra by their OPEs.

We denote its mode algebra by M5551}1[/?N
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M-branes and line/surface defects

* M2-branes can be supported on Rga x R

* Mb5-branes can be supported on R

2 xR? xcoea)
c—1

Cpa) — {X9Z7P =const} C Cy x C

Ee+1
57 ff
A
| 1
2 2 2 X x
Ri":l REQ RZ . R; C % C 7
M-branes 21314 |15[6|78]9]10
1\421,010 X | X X
1\{[20,1,0 X | X X line defect ﬁg}m,n
M2¢ 0,1 X | X | X
M5((3316?1) % | %
1\’158511’,0) surface defect Sél}g) N
1\15&’16}0) % [ | x X

Pirsa: 24110062
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« The gauge-invariance of the coupling requires the algebra of local operators on the line/surface
defects to be a representation of some universal associative algebra (Koszul duality). [Costello 13]

(for the surface defects, we only consider the mode algebra, not the (quantum) vertex algebra)

« The suggestion is that, in our case, this universal associative algebra is the quantum toroidal
algebra of gl(1):
1— Quantum torus algebra: XZ = g2ZX

~
—~

UQ],QQ;QS (g[(]‘)) = a1 (ﬁfm ((CX X CX))” (Q1QQQ3 = 1)

Qo =€
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For the line defects, pm2, ., . ¢ Ug,go.aa (5[(1)) — M2 1 n

, = (1,0)
For the surface defects, ’OM5(1,1,}\?,N t Uy g2,05 (81(1)) — M5, ur v

In principle, the defining relations should be verified through the perturbative analysis of the 5d
CS theory. A .
cf. [Costello, Witten, Yamazaki 17],
[Costello 17], [Costello, Paguette 20], [Oh, Zhou 20],
[Paguette, Williams 24] ,
[Ishtiaque, SJ, Zhou 24]
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Line defects

IIA reduction | D2 on R? xR,
« [ parallel M2-brane supported on R? x R —_— o
P PP er 7 T w o 1D6on R xR, x C% x C

« At g1 = 0, the effective 3d N=4 theory on the D2-branes flows to the topological sigma
model with the target space given by the Higgs branch.

A, B € End(C")
1 I € Hom(C, Ch
J € Hom(C!, C)
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[Gorsky, Nekrasov, Rubtsov 99],
[Kapustin, Kuznetsov, Orlov 00],
[Jordan 14]

» The Higgs branch is the multiplicative quiver variety associated to the Jordan quiver:
MY = {AB - @2BA = I7}/GL(l)
(A,B,1,J) — (9Ag~ ", 9By~ 91, Jg"), g€ GL().

(This is the phase space of the trigonometric Ruijsenaars-Schneider model of type gl(l))

« Thus, the algebra 1\42?’10’:01 of local operators is the commutative algebra of holomorphic
functions on M
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« Byturningon ¢1 # 1, the 3d theory localizes to the fixed locus {0} X R;.The algebra of
local operators gets non-commutative deformation. [agi 14]

« This quantized algebra M2; g ¢ is called spherical DAHA of type gl(l) Sﬁé?

4, 9enerated
by the difference operators (Macdonald representation), Uordan 14, [wen 23]

BT > X7, rel NS X[, r€ls

m G2 X; — X —Dx.
P =a) | 55— | Xfa

m |
P =3 4 Xi= Xj ) Dxi
—1.,k : L1 Xi _ Xj 1 3 Dx, = X,0x,
gl Dx Dx
¢ (X)) = flaX)a !

» | =1 :Quantum torus algebra, generated by X', ¢;
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Quantum toroidal algebra of gl(1)

« Ateach [ € Zx>g, there is a surjective algebra homomorphism  (schiffmann, vasserot 11]

o~

PM2; 0 - Ugi 42,45 (gl(1)) — M2; 0,0

* In this sense, the quantum toroidal algebra of gl(1) is the “large-N" limit of the M2-brane
algebra (i.e., spherical DAHA).

* Moreover, it is explicitly triality-invariant. Therefore, a natural guess is that it is the sought-
after universal associative algebra.
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C,Ct:

Quantum toroidal algebra of gl(1) Uu.0:.0: (si(1))
(q1g2q3 = 1)

Generating currents:

E(X):ZE;{;X_I“’ F(X) :ZFI“X_PJ: Ki(X):(CJ_)ZFl exp (iZ%H:&TX:FT) .
keZ keZ
central

r=1

Relations: K*(X)K*(X') = K*(XK*(X) 3

_ g(X",CIX)
- 9(X',CX)

KT (XK~ (X)

D o
)
»3| >
LT \
=

[

B
il

[E(X),F(X")] =3 {5 ((‘%) KT (X)—é

0 =Sym [Es,, [Eigr1, Eiy—1]]

I 2 o |

11,12,13

0 = Sym,

11,i2,13 [

Triality of exchanging (q1, g2, ¢3)
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Defect fusion and coproduct

« Two line defects can be fused together to become single line defect:

L1100 L1 0,0 L1100
fusion
——
L1
M2;00 ® M2y g0 <o M2;117 0.0

PM2; 0,0 Y pMQU"DﬁT O T pMQ.erf,’,o,o

~
—~

2 N 2 A
Uiigssas O R U v (GUEL) ) E— U o (gl (L))
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* Inthe most generic case, we have non-parallel M2-branes:

[ M2-branes supported on Rgl x Ry
m  M2-branes supported on Rgz x Ry producing the line defect L;yn n

n  M2-branes supported on Rgg x Ry

* We can reconstruct the algebra M2, ,,, ,, by fusing three line defects:

~

PNy ey — (pMQL,o,o ® PM20,1m .0 & pM?o,o,n)AQ : UQ1,QZ:Q3 (g[(l)) i 1\/125”-’?%71

generalized Macdonald representation
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12 : i ﬁ quﬂ. — Xj ﬁ QIXz _ X; ﬁ Q]X? X? L —st.
' —Q A X, — X! N i
i=1j=1 ' I =1 T g=1
J#i
i H qu X H GSX: X; H qu'; B X,’f;( )k _DXZ’.
q.
1 Bk j=1 Xi X:?r 1 X;: X;’ 2
J#i
Z H g3 X{ =~ X; H 43 X7 — X] H X! =X)L P
e S S g g o'
J#z s
! ~T gy ' Xi— X 17 & Xy — X, 7 G 1X; — X7 Dx, vk '
Fk'_>1_ *12 Xoe—a X X X’H 1X X”l i
hoimj=1 g o0y 1 1143
J#i
f: H Q1 ﬁ q3_1X£ — X’ ﬁ —le XH DX’ (X!)k
1Z TS @ qu’ X s Xl’fX; 1qu31X’ X” :

J#i
X! -X; @+ & XX &

;1X,” X,r,r Dy

ds g (Xg’)k:

n
(]1 : .
7 q_ —1 Z H q XH - }(7f E QQ_lq;_),XH X,r X_”

=1 3= 1q1 XH
?#z
m 1 T
x* +
Her = :FrZ e S KD, re i,
92 = 4 o
C1, CLn—>1.
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Surface defects

ITA reduction
» Single M5-brane supported on ng xR2  x Cx ——— 1D4on R? xR xR,

1 Ee—1 Ect1 Ee—1

« D4-D4 open string: 5d N=1 U(1) gauge theory compactified on a circle

* The Hilbert space is the equivariant K-theory of the moduli space of U(1) instantons, on
which the algebra 1\/15((31*0) acts on.

—~~
—~

- i . i - [Schiffmann, Vasserot 09]
It is known that this space admits an action of Uy, 4,.4;(91(1)) ol il
through the free g-boson algebra.
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e tree-s)

H T B LAY
« Single M5-brane supported on R§c+_l 4 Rg X (C;é : a free g-boson [a!”,al?] = _(5_,.“:0’{_((1;/2 _ g,

= ot log geq1logae_1 ] —
' —» (1,0) X) s —e% = logee ¢ (X
P (L0 5 U onyan (GLCL)Y M5, E(X) o(X)
(c)log ey logge—1 | — —1
F(X) e ® — dogre — ——Je_¢ (X)
K1

K*(X) = @7 (X)

(C,Ct) = (g}%,1)

- /2 S )
, — (e) yrr Ky fe ¢)y—r ik — bt tr +r
Ne(X) = exp ( Z 75 —r/z)za .4 ) exp (_Z?(q?ﬁ _q—'f‘/?)za"(‘)X ) oz (X) = exp E 72 _T/QX
r= c r=1 iC [

r=1 r Gc — gc
o r/2 00
o i e (C) T fr. 1 (e) v—r
EC(XJ—eXp(§ T a; X )exp(i T e L S
el (- AR T ()
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* Multiple parallel surface defects can be fused together into single surface defect.

R,
Cy
*
o fusion
1 . %
S((},O,l) 0
1,0
SO._O,]_
8(110)
" » 0,0,N
° 0
(1.0)
S6.0.1

~

N— " 1,0
Pums{to = (pMs(l*O) @ pM5(1’0)) AN Uy, 4,05 (01(1)) — M5((),0,11f

0,0,1 0,0,1

g-deformed W-algebra

cf. [Frenkel, Reshetikhin 95]
[Shiraishi, Kubo, Awata, Odake 95]

Pirsa: 24110062 Page 22/54



* Multiple non-parallel surface defects can be fused together into single surface defect.

R,
Cx
*
fusion
(1,0) .
CLAMAN . 0
S(1,0) /
CL+M+N-—1
8(1:0)
y L.M,N
° 0
L ]
S(1,0)

c1

_ L+M+N—1 . 0 (1,0)
p1\,15(1e‘3) — ()OI\,I5(1=U) Q& pM5(1,0)> A : UQI;QE:QS (g[(l)) 7 NIE)L,M,N
L,M,N SLLM4N o1

g-deformed Y-algebra

q_deformat]on of [Gaiotto, Rap&dk 18]
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M2-M5 intersections and R-matrices

R, Lo.0.1
R € M2 0,18 M5
Cx
® Rl
X :
0 :
E A]\/IQQ(]J,NIB'&I:U) o (pl\dQO,U.I & pM5((:1a0)) A
e i AP = 5o A
‘ o(g1 ® g2) = g2 @ 1
Lo.01

Classically, — R(<) (pMQO,OJl (9)@1+18pya0 (9)) = (PM20,0,1 (9) @14+ 18 pyza0 (9)) R

i REA AR R
Quantum mechanically, M20 0 1 M50 (9) e IMESID) (g)
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M2-M5 intersections and R-matrices

R, Lo,0.1

R € M2 0,18 M5

AM3o,0.1 M5+ = (pM?o.O-I 3 101\{55_}*0)) A
AR =g oA
(91 ®g2) =92 ® ¢

S((:LO)

Classically,  R(©) (PM%,o,l (9)®1+1® Prp5(1-®) (9)) = (PM%,o,l (9)@1+1® PumsL:©) (9)) B

i REA AR R
Quantum mechanically, M20 0 1 M50 (9) e IMESID) (g)
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From universal R-matrix to Miura operators
The quantum toroidal algebra of gl(1) has the universal R-matrix: R € U, ,qz,%(ﬁ[u)) CRopnp. (5:[(1))

RA(g) = AP(g)R,  for any g € Uy, gu.4,(81(1)),
(A & ld)R = R13Ra3
(id ® A)R = R13R12. R12R13R23 = RazRi13R12

Using the Drinfeld double construction, it can be expressed as a product  [Garbali, Negut 21]
R =RK,

oo
o plog C@d+dRlog C+log O~ ®d™+d™ ®log exp [ E —TH_T ® H,
T

r=1

ﬁ:1®1+ﬂlek®F—k+---
kcZ

The generic expressions for the higher terms are not available as of now, due to the lack of
understanding of the Poincaré-Birkhoff-Witt (PBW) basis of Uy, 4,.4; (8[(1))
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—~ —~
—~

Coproduct A : Uy, 45,45 (81(1)) = Ugy 2,45 (8(1)) @ Ugy 5,5 (81(1))
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Defect fusion and coproduct

« Two line defects can be fused together to become single line defect:

L1100 L1 0,0 L1100
fusion
——
L1
M2;00 ® M2y g0 <o M2;117 0.0

PM2; 0,0 Y pMQU"DﬁT O T pMQ.erf,’,o,o

~
—~

2 N 2 A
Uiigssas O R U v (GUEL) ) E— U o (gl (L))
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From universal R-matrix to Miura operators
The quantum toroidal algebra of gl(1) has the universal R-matrix: R € U, ,qz,%(ﬁ[u)) CRopnp. (5:[(1))

RA(g) = AP(g)R,  for any g € Uy, gu.4,(81(1)),
(A & ld)R = R13Ra3
(id ® A)R = R13R12. R12R13R23 = RazRi13R12

Using the Drinfeld double construction, it can be expressed as a product  [Garbali, Negut 21]
R =RK,

oo
o plog C@d+dRlog C+log O~ ®d™+d™ ®log exp [ E —TH_T ® H,
T

r=1

ﬁ:1®1+ﬂlek®F—k+---
kcZ

The generic expressions for the higher terms are not available as of now, due to the lack of
understanding of the Poincaré-Birkhoff-Witt (PBW) basis of Uy, 4,.4; (8[(1))
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« However, we do not need the generic expression of the universal R-matrix for our purpose.
We only need the ones mapped to the representations associated to M2- and M5-branes.

+  Namely, we consider R(¢) = (PM20,0.1 @ Pyz00 )R E M20,0,1® M5(1:0)

» The constraints can be solved recursively, yielding

RO — R0 g

© — (o} o 1) TT ot (g : e Xi T ar”
c) __ 2 —J — 2 i
K - (qC & 1) H Pe (QC Xl) - (qc & 1) exp Z - qT & r/2 B —r/2
j=0 r=1 3 4c c
o0
R(C) — Z H’TL([)letl,(),l ® pM5((:1=0)) Z Ek‘1 T Ekm & F—k1 T F—k:m
m=0 ki, km€Z
o0 o a(e) 108 de_1 108 et e 1— qpqg,_j i j —mDx
m _—ma : & . n .
= 3 e (1 12000 T g gy o
m=0 §=0 43 F=0
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« Importantly, in the transverse case ¢ = 3,

RG) — RG) G

a4 o d
K® = (g2 ®1) H oo (g X)) = (q;f ® 1) exp
j=0

3) 1 1
_g(3) log gy log g —Dx,

R® =1-¢"% Trem g5 ¢3(X1)gs

Pirsa: 24110062
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_— (CL M N) (C MALN — ) (C)
RM20,0,1,M5S‘}\?’N - RL-|—Jr]\_/f++N RNI_’E LIk S Rl 1
= D
=Y (1) T(X1)gy "
m=0

o 5T : 1, :
» Expandingitin the generators of M2y .1 gives the generators of N[5(IJ“}&)N, by construction.

« To justify this is a Miura transformation, we need to show: do they generate ALL?
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M2-M5 intersections and Intertwiners

Ry
®. . € Hom(V,,C)® M5£,1’0)
Cx
?@c,C,
>< a
0 a
S(,]_,O) i
C ?é ) €:Uq a2.05 (§[(1)) —C
Le counit

(I)C:C’AM:;C,M5£}’°) (9) = Pms 30 (9)®e.e
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{e} = {1,2} \ {¢}

This constraint can be solved: [Feigin, Hashizume, Hoshino, Shiraishi, Yanagida 09]

2q,0 = B (o0 1008) (1 8 exp | -5 1 o X] @ af)
=1 (q? —qc%) (qf —qgé)
~ ~5 -5
Ko qs3 “qc -~
X eXp ? B T - — 1 ® (LS,.C)
T
: L _loggqg (logX1®a(°)) > Ky qg)% ch (¢)
3(3:(1®qc )6 log q 0 exp Z_ > XI,@CL*T
| " (ef - ?) (df -

Page 34/54
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Ry
Lo0,1
cx ‘
=
(1)3,(:
X _
0 ?(I)S,c
S((]-:O) ]
c#3
[-:0,0,1
-1 X
¢ : 9z X3 93) log
(C) = — a1 () __%(15@(1((] )) dX ( L .9) Jloz LIF
R (qdl qd)r/(. qC 27T?,X1 (X ) (& a3
X, 143
o0
’L (108 dc —1®LL(C)) dX
— S 2 ]ogQ3 0
(q.ﬂy qs)yc qc f 72?_”)(

Pirsa: 24110062

Non-transverse R-matrices from intertwiners

LO,O,I

log —)‘;(1

3 ~Tozaz
(I)?;,c(Xl)(I)&C(Qg X) Z, e

log —)z(]

d

log% . * % . _W .
ke q’iﬁ,c(Xl)q)B,(:(qC X) : Z‘l qé

|
&
—

—

JICED
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Screening charges from finite M2-branes

* There are only two cases for any two adjacent M5-branes:

R,
I‘ (I)c:izl,c (pc:Fl,c:I:l
0" ? 0" T
i 'C'c:tl i ‘CC:FI
; - 1,0 |
s l s l
X P X (I)*
0 ctl,c 0 cF1l,c
SéLO) S(EI,O)
~F1
Sl =00 (Pet1,c ® Phiq ) Setar =00 (Pez1et1 @ Doy )
e M5(4%) @ M50, e M52 @ M5{HTL ..
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Sc:tl

cF

el
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B log e

—dt@1+1@d i\ aE (af7 ®1-18al)) - eacE:
g R1+1® Z(uqcﬂ) logqc 70 Tog det1
iEZ
§ 2 —r/2
X 1 —dmh —rj2, (9 —r/2,4(0) r
X exp Z T/2 —r/2 qc:Fl (a—?’ ®1I-1& 4. )(uqcﬂ:l)
" qc c
[ %2 —r/2
X ex —Zqu]Fl Tet1 T/Q(T/2 @1 -1®a) (ugty )"
P r/2 _r/2 qc,:F]_ q Qet1
o N _loggegn G,(C)@l 4+ lomac 1®a(cﬂ:l) _ _loggc
= ¢ ®1qx® Z(uchzl Togae (%0 DT Rga fT (18% )" Togaop
1€Z
[ oo 1 qr/2 o q—*r‘/Q / © qr/2 q—r/Q / (c£1)
+1 ct1 —r/2 c - Ye r/2 ct1 1 T
X eXp ; i/Z —r/2 g1 ( a_np ® 1) /2 —r/2 QC:Fl(]' ® a_, ) (UQCZFl)
| r=1 gc c de+1 — 4e+1
[ oo q’r/2 —?‘/2 / qr/2 q—*r/?
ctl Qet1  —r/2 - c ~— Ye 2 +1 ; _
ahet Z ( /2 _ —rj2 deFl (0} ®1) ~ Tz —r/2 .*(1®af ))) (4qeg1) T]
— c Gex1 — et
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* The gauge-invariance conditions for the intersections imply that all the generators of 1\*15&1"1311\7
commute with the screening charges: '

Sé?fwl’ A1\115(1 ) M5(1 0) (g)] - 07 fOI‘ any g = UQ1,Q2:QS (5[(1))

(24 +l

Cn2
Ax{:)(cj'm,l\,lsgjff (9)5e%

Cit+l

(pl\l (1,00 (9(2)) () pI\'[5((-.,1fl} (Q(U)) ((I)f’»waﬂv:H @ (I)j:m m)

‘:1

LJMQ e i | JOM2 8) p\/Ir(l 0) ® er(l o)

2),(1) @ 9(2),(2) @ (](1)) tmz,cz'j|

CMa Cit1

=0 CMq Cit1 (ﬂ M2 & pM5£1-’101) ® pl\/lﬁf,_l. 0)) id® O-)(O- ® ld)(Q(l) ® 9(2),(1) @ 9(2) (2))(@:342‘011
(Pm ® Pwu o ® Prst o>) (id ® o)(o ®@id)(ga),(1) @ 901).(2) D 9(2)) Prrss, PJ

=7 | Perz,einn | PM2 @ Pyps0) @ Pyysa. 0)) (91).2) @ 92) © 9(1).(1)) Peppz e }

=g ((bcl\.12,f:z‘+1 @ P ng ct) (pl\{")({ifl) (9(2)) & pl\,mili-.ﬂ) (g(l))):|

— QeMe2
- ‘Sci,cHlAN 5‘(_,1"0),),{58;:31) ((j)
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Finally, it can be shown that there is no more operator that commutes with all the generators
obtained from the product of R-matrices.

Thus,

1. The Miura transformation constructed by the R-matrices generates the whole g-deformed Y-
algebra M5ﬁﬂN

2. The g-deformed Y-algebra is completely characterized as commutants of the screening
charges in the tensor product of free g-bosons.
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Ordering-independence by Yang-Baxter equation

« Consider the R-matrices between g-boson representations:
1,0 1,0
RMS‘(},O),I\%(},O) = (pMsgl,o) X pMs(,l,O))’R - 1\45‘(: ) 4% N15é, ), c, = {1, 2,3}

We may call them q_deformed Maulik-Okounkov R-matrices. cf. [Fukuda, Harada, Matsuo, Zhu 17], [Garbali, de Gier 20],
[Negut 20], [Garbali, Negut 21]

» The universal Yang-Baxter directly implies the change of ordering of Miura operators yields
equivalent Miura transformation up to the conjugation of this R-matrix:

(ci+1) plei) (ci) pleit1) .

Rlvlsgj'”) M50 R S
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Multiple M2s and single M5

Loo.1
Lap1® = ) O,U’EO’O '
"]
l BB + R(Ci R®) fusion )
| o - 0
| S6.0.0
‘ 0.
EO,O,I EO 0 1£0’0 !

« Therelation (A ® id)R = R13R23 implies:

_ ) p3) 3
RMQO,O,n:M5(():,l6?1) N Rl R2 UIR( )
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M-brane Network

« Consider more general configurations of parallel and/or intersecting M2- and M5-branes,
e.g.,

/

« In 5d CS theory, they descend to configurations of line and surface defects which overlap
and intersect with one another.
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* For this, we need M5-branes supported on generic holomorphic curve C(p:a)

* The reparametrization of C5 x C} by X' = X*Z" 7' = X“Z? preserves the background.

SL(2,Z) = {(f 2) la,b,c,d € Z, ad — be = 1}

* Indeed, there is an SL(2,7Z) automorphism group of Uy, 4..q5 (5[(1)) [Miki 07]
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By repetitively applying T to C*9), we get all the curves of the form C1m)

o~

pM5gl’n) . UQ1392,Q3 (a(l)) - 1\“15((;1111) == End(]:(gl’n)(v)).

n
(e)loggetqlogge_1q 1 _ qc ql/Z
( : T]L(X)?

E X — — %o log g¢
(X) e C - e
c) log g, log g, _ 1 =
F(X) o e ==t L= & (f{z) £o(X),
K1 QC/

KE(X) =~ ¢7™20%(X),

Page 44/54
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* We can also get C(01) — C, by applying S

~~
s [Feigin, Tsymbaliuk 09],

pMS((:O’l) . Uql,qQ,Q3 (g[(l)) T M5£031) — End(fé(]?l) (CL)) [Schiffmann, Vasserot 09]

1 - c — (& — C
E(X)a, N = —2 3" 5(xa/X) Res X Y (X,a) " a, A + )@,
K1 X=xp

Uedy A
c 1 — qc_1 — S & = c
F(X)la, W = ———1e—¢7"? 3~ 5(xa/X) Res XY\ (Xq; ", a)la, A — ),
1 Ded_x B
Y3 (Xqz'a)

KHXMAWLWEM( ) e, V9, Cla, WV = [a, M@,
+

Y(X, a)

Qc+1)(\|) (1 _ ch{x I)

1EJS(")(X,U): (1—%) H (1_ i

cen (1-3¢) (1-299)

o i—1 j—1
XD(i,j) - a’q(:Jrlg(:fl
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» How do the M5-branes intersect? It is more convenient to work in the |IB dual frame.

In a dual lIB frame, + M2-branes become D3-branes

« M5-branes on CP% become (p.q)-fivebranes

(1,0) = NS5
(0,1) = D5

cf. [Awata, Feigin, Shiraishi 11] and many others

RZ  RZ R; R, R, S*

IIB branes 11213 67819
D31.0.0 X X X

D30.1.0 ol s X X

D30,0,1 X X

NS50,0.1 X | x| x p.¢ X
NS50,110 X X X
NS51.0.0 X | X X X
(P, Q)o,o,l X | x| x [(pa) | ¢
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» How do the M5-branes intersect? It is more convenient to work in the |IB dual frame.

M5(Y
0,1)
M55
0,0,1 1\[56(,]6}].)
1,n)
1\15(() 0,1
(I,n+1)
R, M50,0,1
(a) (b)
lIf(“)(v,v’) : Ego’l)(v’) ® .7:(1 ) (v) — .7-—(1 ntl) ( v') @*(“}(U,fu’) :Fél'nﬂ)( ') — J:(O 1)( N® .7'-(1 n) (v)
Prped (g )‘I’(n) =¢®A ©,1) rre(10) (9) A 01 st (@™ = T W p i (9)
Mbgia s M5¢ 077 M54 0 M54 M54 07y M5q76,1
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* The network of M5-branes engineers a 5d N=1 gauge theory as the effective theory.
For example, pure U(2) gauge theory:

R,
NS5
R,
R,
() (b)
T:=0c (lli(o)(—vgal, ag) ® U (—yy, ag)) o (ll’(’l)(vg, a1) ® U0 (ya,, a-l)) o
: Fst Y (—via1a2) ® FU TV (02) = FU TV (—01) @ FHY (vaanaz). of. [Alday, Gaiotto, Tachikawa 09]
[Awata, Feigin, Shiraishi 11]
1
Z(a;q) == (8| @ (2T (|@) ® |2)) =2 g
( ’ q) (< | “ < |)T(| > @ ‘ >) ( ){A§2} Hw,ﬁ’:l,Q N)\u/\ls (a’cx/aﬁ;Q]:QQ)
Vev of intersecting surface defects Partition function of 5d N=1 gauge theory

in 5d CS theory
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* Then, M2-branes can be added to the network, providing certain observables in the gauge theory.
E.g., a single M2-brane:

(19_1) D5 (1= 1)
Ry
D3
R, 2 NS5
R,
(2) (b)

N (J(IIJ(O) ® lIJ*(_l))cr) R (0(@’(_1) ® \IJ*(O))J)

h1120:(-)1 1 '1\(155)1(3?2)

€ M2p,0,1 ® Hom (}-:gl’l) (—via1a2) ® Fs 1 (v2), F§U 7V (—u1) @ FSV (v, @1(12))

(X(w))y == (lugs 1r ® (@] ® (2]) X ([u]; ® |2) ® |2))
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~ 9

. 1 q q; " ~1/2 1
X)), = 2 () 3 gt B (B (x5 + e
1 Py oo oy Galmim @) - w \mas 008 ) taso

« This exactly recovers the qg-character of the 5d N=1 pure U(2) gauge theory [Nekrasov 15]

« Namely, the vev of the network of line/surface defects in 5d CS theory is shown to match with
the vev of the gqg-character.
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Outlook

« Half-index of 3d quiver abelian gauge theory with some 1d defects = Miura transformation

D3

NS5
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- Direct perturbative analysis of 5d CS theory on R; x C% x C7

All
Possible
Diagrams
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€ xE
Twisted M-theory on RZ, x (RZ, x R2,)/Zk x Ry x C¥ x C}, 5d gl(K) CS theory

The M5-brane network engineers a 4d N=2 (or 5d N=1) theory with a codimension-two
monodromy defect. Its vev was shown to give common eigenfunctions of the quantum
integrable model of Hitchin type (or its multiplicative uplift). The transverse M2-branes was
shown to give rise to Lax matrices. The non-transverse M2-branes provides Hecke operators

(or Q-operators). cf. [Alday, Tachikawa 10], [Kanno, Tachikawa 11]
[S), Nekrasov 18]

[S), Lee, Nekrasov 23], [S), Lee, Nekrasov 24]
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Thank youl!
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