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Abstract:

I will present a universal numerical tool for identifying optimal adaptive metrological protocols in the presence of both
uncorrelated and correlated noise [arXiv:2403.04854]. Leveraging a novel tensor network decomposition of quantum combs, the
algorithm demonstrates efficiency even with a large number of channel uses (N=50). In the second part of the talk, | will explore
the generalization of existing metrological upper bounds [Nat. Com. 3, 1063 (2012), PRL 131(9), 090801 (2023)] for correlated
noise scenarios [arXiv:2410.01881].
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QUANTUM METROLOGY

Gravitational wave detector Cesium Fountain atomic clock
(LIGO)

AL/L ~ 1023 At/t ~ 1016

What are the precision limits?
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QUANTUM METROLOGY (BUT FOR SLIGHTLY LESS NATVE THEORISTS)

Quantum
channel

9%: AQ




QUANTUM METROLOGY = QUANTUM CHANNEL ESTIMATION

Ancillary system

Lo

Input state

Channel
(CPTP map)

M

Ay

(density matrix)
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Measurement
(POVM)

r — 0(x)
Classical (Locally)

outcome unbiased
estimator

min A%*) =?
po,M,0




EASTER TASK: QUANTUM STATE ESTIMATION
S | )(N

E @ >_'x%|_’9(.7)1,...

©-dependent Measurement Classical Estimator
state (POVM) outcome (unbiased)

Quantum Fi sher_‘__{__,,F(pe) - Tr(ngQ)

mlI} Azé _ . / Information | |
M. 0 p Py = 5(09[/ + Lpy)




CHANNEL ESTIMATION: CHANNEL Qt

Channel QFI

F(Ag) = max F(Ag ® Z(po))

PO

min A20 =

p0,M,0 JF(X\Q)

It 1s hard to maximize QFI
over 1nput directly
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F(pé’) — Tl"(ngQ)

QUANTUM FISHER INFORMATION: |
DIFFERENT FORMULAS po = 5 (poL + Lpo)

Variational formulation Minimization over purifications

po = Tre [[We) (Wl |1%0)

L : free variable
F(pp, L) = 2Tr(ppL) — Tr(ppL?)
F(pg) = max F(pg, L) -

=L
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CHANNEL QFL: DIFFERENT FORMULAS 7 (Ao) = max (A @ Z{po))

Iterative see-saw (ISS) Minimization over purifications (MOP)

F(Ag) = max F(Ag ® Z(po)) No(o) =Y Koo K,

7 Po jL ™ )
SDP SDP QFI of a purified channel: -

1) Initialize random pg and L Fouw =L al|Pe= Z ll&’;é,].(;l,,g
k

2) Optimize over L with fixed py (SDP)
Min. over purifications — min. over Kraus

3) Optimize over powith fixed L (SDP)

4) Repeat until convergence representations: F(AQ) =L ?Ilfi;ﬁ HaH

acieczerale Sxre o) 5
LSl e e e A. Fujiwara, H. Imai, J. Phys. A: Math. Theor. 41, 255304 (2008)
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CHANNEL QFL: DIFFERENT FORMULAS 7 (Ao) = max (A @ Z{po))

Iterative see-saw (ISS) Minimization over purifications (MOP)

F(Ag) = max F(Ag ® Z(po)) No(o) =Y Koo K,

7 Po jL ™ )
SDP SDP QFI of a purified channel: -

1) Initialize random pg and L ? Four = 4||af|, a= Z Il&’;t‘é,].(;l,,g
k

2) Optimize over L with fixed py (SDP)

o _ Min. over purifications — min. over Kraus
3) Optimize over powith fixed L (SDP)

4) Repeat until convergence representations: F(AQ) =L ?Ilfi;ﬁ HaH

acieczerale Sxre o) 5
LSl e L e L A. Fujiwara, H. Imai, J. Phys. A: Math. Theor. 41, 255304 (2008)
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MOP: SDP FORMULATION

We don’t have to consider all Kraus representations!

It’s enough to start from arbitrary and take transformation:

K¢—>K@'

J

h : hermitian matrix

Can be

min ||«|| = min ||a|le—" formulated as

{K;} [ﬁ SDP!
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EXAMPLE: PHASE ESTIMATION WITH DEPOLARIZATION

| —— dimA =2 (MOP/ISS) |
8 dimA =1 (ISS)

N
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QUANTUM M[TRO[OGYI QUANTUM CHANNELS ESTIMATION

F(Ag) = FASY) > NF(Ag)
(usually >)

N .
]—“}E] )(Ag) ~ [N :standard scaling
_ >mkowicz-Dobrzanski, J. Kolodynski, M. Guta, Nat. Comm. 2012
(N) 2 ) ; S. Zhou, L. Jiang, PRX Quantum 2021
fE (AH) ~ N . Helsenberg SCﬂllng SK, W. Gorecki, F. Albarelli, R. Demkowicz-Dobrzanski, PRL 2023
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ADAPTIVE AIED PARALLEL SCREMES

Adaptive schemes may give advantage for finite N.
In some cases, they are also easier to implement.
Asymptotic advantage for correlated noise:???
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ADAPTIVE SCHEME AS A QUANTUM (OMB

En—1

A For correlated
01Ky noise: ASY) £ ASN

AQ ' kd AQ N—1

Hn

Ha

Choi operator of a strategy comb satisfies:
Pelin(H1®.. HNQHARK; ® ... ® Kn_1)
P>0, Try,ousP =PV V@ix 1

N-1)

(k) _ p(k—1) (1) _
1<IY<NTY%‘“P P ® licy_,, Try, P 1
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OPTIMIZATION OF QL OVER COMBS

En—1

A9 _ I‘ AQ H’\-’

AD

N N
pp =8 kP F nax P(p5Y) N>t

P
Link product, linear in both Can be formulated as SDP and no-go theorems
arguments using MOP!
Practical limitations: N<§
A. Altherr, Y. Yang, PRL 127, 060501 (2021)

Q. Liu, Z. Hu, H.Yuan, Y. Yang, PRL 130, 070803 (2023)
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13 OPTIMIZATION FOR COMSS

F(pg, L) = 2Tr(pgL) — Tr(pyL?)
[_

}_AD(AéN)) = max F(AgN) x P, L)

SDP: linear function, linear and SDP: quadratic function, L
positivity constraints for P hermitian

ISS method works again! but.. e We control output ancilla
size, but not ancilla size
during the protocol

Complexity still exponential
with N
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BREAK COMB INTO TEETH

Py

da, = dg
dy, = di, = dy

Storing P requires d; *d% variables

Storing P, % Py x...x Py requires djd% + (N —1)d;,d}, variables

Exponential gain for limited ancilla size!

Page 19/39
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135 OPTIMIZATION WITH TENSOR NETWORKS

We write the figure of merit as a tensor network.
Nodes: Choi operators, links: link products

Ay

K

Aol

EN_1

Environment

B, Probe

Ancilla
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135 OPTIMIZATION WITH TENSOR NETWORKS

irsa: 24100128

Optimization over L

Contrpctrall the indices
in o8, Y (order matters!)
then solve standard SDP

for L

1

Optimization over P,

Contract all the indices
in the figure of merit
apart from P, indices. Then
solve S,

max : .
Pi ’kr 1 }\,,‘
Ai—1 P ;
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EXAMPLE: DEPHASING PERPENDICULAR T0 ROTATION
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dimA=2o0r4
upper bound

Upper bounds:
S. Kurdziatek, W. Gorecki, F.
Albarelli, R.
Demkowidz-Dobrzanski, PRL 2023
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- DEPOLARIZATION

dimA =2
dimA =4
Upper bound

~ — . -
Upper bounds:
S. Kurdziatek, W. Gorecki, F.

Albarelli, R.
Demkowicz-Dobrzanski, PRL 2023
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6

irsa: 24100128

LN dA:1
xX dg =2

1aa dy=4

— bound

(no corr.)

3

A

X

A

X

A

X

EXAMPLE: PARALLEL DEPRASING WITH CORRELATIONS

—€e+6 , e€+86
< |1 S

Dephasing: /
random rotations |

Correlated
dephasing:
Markov process — ¢
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NO-GO THEOREMS FOR UNCORRELATED NOISE

F ) < ]7{(;])3 + 4111111 [HQH + ]:S]))HBHI

.F]éN) = 4111}}11 Nl|la|| + N(N — 1)||ﬁ||2

(i i X clogn
CI{:ZKZK’kaB:ZK’IKk ]:\D 41111117\H(y|-|-’\(\_1)de( _cl)
k k

T

R. Demkc z-Dobrzanski, J. Kotodynski, M. Guta, Nat. Cc 2012
S. x’h[ u, 1. I ing II<\()u ntum 2021
SK., W. Gorecki, F. Albarelli, R. Demkov -Dobrzanski, PRL 2023
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WHAT MAKES ADAPTIVE BOUND NOT TIGHT?

Hy
i+1 i : i A
Fis < 7 + amn flall + Fip 1] ] L

Due to its iterative nature, the
bound 1s also valid for this scheme:

1) QFI non-increasing purification can be made each step. \
QFI non-increasing

2) Some non-tight algebraic inequalities were used. purification (non-physical)
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TIGHTER ADAPTIVE BOUND

H, _
(p) )
I3 - A2

1+1
[Ty

ho = [257) (T3] ® Ay

fggl) < mé}xF(i\g * ()

We can solve this using MOP
formulation of comb QFI
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TIGHTER ADAPTIVE BOUND

:”Hl
p
A

1+1
[Ty

ho = “I’g)> <\I’¢(92)| ® Ag oy = [
fggl) < mé}xF(i\g * ()

formulation of comb QFI

* We can solve this using MOP ‘\Ijé”) - { 0 ]

Filn/?
1) QFI non-increasing purification can be made each step.

All other cases are
isomorphic!

: ot e lochrics i 1
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LVEN TIGHTER ADAPTIVE BOUND

’ N} E)z +m) >
‘1,5)5)> q j\f) — |\Ij((;)> <\I}g)‘ ® A?m

— FEm < max F(hgxC)
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EXAMPLE (PHASE ESTIMATION + AMPLITUDE DAMPING NOISE)

old bound
new, m = 1
- new, m =2
new, m = 3
exact QFI
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GENERALLZATION TO CORRELATED NOISE

Ro

A

C(m,-r:z.; . C(N—fm,-,fr-n)
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GENERALLZATION TO CORRELATED NOISE

RPH

o (m)

;?F M

C(m m) > C(N—-m._m)

& [T

/

(m
s }",\f! ) max F((‘ khste) ﬁ\{: ™, i\g"") = [l U} Ay

cu 00

' Ha(14m) i 10 o (m) \/R 01 «(m)
(Vs A”.m — [ } ')lf} |: :| ) _.»1(} .

00" 2 10
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GENERALLZATION TO CORRELATED NOISE

C(m._'m.) > C(N—-m._m)

Rf”
)  QFI non-increasing

1 0] _«<0m purification can be made each

f(£+.prf.) = e L C(,r‘m)*y\([.m) . A(f.m) _ @A
AD ~ = IO8X ( o ) Mg 00 U m steps.

s (m) F(” .
A LL,Tr 10 = i £ = 2
A™ = [ ] A4, + 122 ® : [nformation leaks from

00 2 .
environment every m steps.

irsa: 24100128 Page 33/39



EXAMPLE: DEPHASING WITH CORRELATIONS

[ L ===
Vo - Vo Vo Vo

i AéN_)—{ !

Vo = Upero @ [+)(+] + Uess ® | ) (-
(1+C)

(1-C)
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EXAMPLE: DEPHASING WITH CORRELATIONS

HVG Vo Vo 1T [ ve

-_J\éAa—{ !

Vo = Upero @ [+)(+] + Uess ® | ) (-
T(-|-) = 5(1+C)

G B ok B~ S0

How to cut the chain into pieces?
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lower bounds
dy = 2%%
dg =4aa

upper bounds
m = 1:::

= =i

10 20 30 40 50
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lower bounds
dy = 2%%
g4 — [_4 AA

upper bounds
m = ¢

= e
m = 3==

m = 4—=
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PLE: PERPENDICULAR DEPHASING WITH CORRELATIONS

lupper bounds o° 91
| m = 1:: ,*“
C| = 0.8.+""

*
ot
A
*
ot
s % lower bounds

o’“
dAZQ ®

10 20 30 40 50 60 70 80
N

Bounds equally tight for all m!
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[HANK YOU FOR YOUR ATTENTION
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Universal bounds in quantum metrology in presence of correlated noise
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