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Soft Factorization in
QED from 2D Kac-
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Some Celestial Definitions

Large gauge transformations constitute physical symmetries. In the case of QED with some
charged matter

5.4 = 8,¢(2,7)
S, W = ic W

These symmetries are generated by a current supported in the celestial sphere CS?

)
L

These symmetries don’t preserve the vacuum however, that is, they change the boundary
condition Ago) = 0. Correspondingly, there is an associated goldstone boson.
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Some Celestial Definitions

They call this goldstone boson ¢ and it transforms as
5£¢ — E(ZJ Z_)

Associated to this operator there is an operator they refer to as the goldstone current

_ Lo (0) (0) (0) .
S, = Z(AZ lzi+ AL |I:+ A¢ |I+ Al |I ) =ia¢

+ G2
All of these have OPEs 1,(2) J,(w) ~0
J2(2)S;(w) ~ Tz—wi?
5,(2)S,(w) ~ rEpm—
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Large Gauge Transformations
for Massive Fields

We have large gauge transformations on Z 1 paramatrized by
£(z, 7).
We may extend these to large gauge transformations to the
bulk £(x) using a suitable propagator G(x, z, Z)

s =tlld 7Gxz zV ez, Z)

G is chosen such that O¢ = 0 to preserve Lorentz gauge in the
bulk.
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Wilson Lines

In the paper they seek to describe the coupling to the gauge field of timelike Wilson lines on
asymptotic trajectories x#(s) = p*s describing a massive charged particle. They argue that

massive particles in momentum eigenstates do not reach Z 1 and cannot be associated with
2

local operators at unique points on CSZ. Instead % , which obeys F = —1, labels a point on
the asymptotic hyperbola H? describing future timelike infinity.

In the paper they argue a the Wilson line of a particle with charge Q is described by the smeared
operator

W) = exp (iQ [ d?w G(p; w, W) p(w, W)
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Wilson Lines

They argue the W(p) operators themselves do not create physical states. Rather operators
creating charged particles O(p), decompose into a hard piece, which is invariant under large
gauge transformations, and a soft piece which transforms non trivially:

0(p) = W(p)O(p)
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Two Point Function of Wilson Lines

(WQ1 (p1) Wy, (p2)) = 80,+0,=0 exp(kQ;Q,J d?wyd?w, G1G, Inlwy — w,|?)
Which after substituting

G(p,w, W) = 5-8,07l0g(p - 4(w, W)

and after some manipulations becomes

(WQ1 (P1)WQ2 (Pz)} = 5Q1+Q2=0 exp(kQ; Q2 (Y12 coth(yz) — 1))
P1P2

With y,, = ——.ltisa standard result in QFT that the anomalous dimension of a pair of timelike

Wilson lines islgiffen by the previous expression if one identifies the level k with the cusp anomalous
dimension of the Wilson line

62

1_'cusp = E

k=
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Factorization of 4d Scattering

In QED, one introduces a somewhat arbitrary energy scale, A, that separates hard from soft
physics. QED scattering amplitudes then factorize, to leading order in 4, into a hard and a soft
part:

(oo Gmi - PnlS 11 501 )

= (. PplDy ) (o g | W () .. W(p1)|q4)
hard soft
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Factorization of 2d Correlation Functions

In celestial holography such scattering amplitudes are matched to correlation functions on the
celestial sphere. Soft photon insertions correspond to insertions of the J, current

(J(q1) ..J(qr)O0(py) ... O(pn))
= (0(py) - 0(Pn)) U(qL) - J (@)W (P1) .. W(pp))

hard soft
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