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Abstract:
This talk will introduce scalar-tensor theories of gravity that contain a single scalar degree of freedom in addition to the usual
tensor modes. These theories constitute the very broad family of Degenerate Higher-Order Scalar-Tensor (DHOST) theories,

which include and extend Horndeski theories. Cosmological aspects of these theories will then be discussed. Finally, | will also
present some results concerning black hole perturbations in the context of these models of modified gravity.
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Introduction

 Horndeski theories: most general family of scalar-
tensor theories with a single scalar degree of freedom
and at most second-order equations of motion.

« Going beyond Horndeski: most general family of
scalar-tensor theories with a single scalar degree of
freedom.

Higher-order equations of motion are possible if the Lagrangian is
degenerate.

* |n this talk:
1. DHOST (Degenerate Higher-Order Scalar-Tensor) theories
2. Cosmological aspects
3. Black hole perturbations
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Degenerate theories

* In general, higher-order theories with a Lagrangian of the
form L(q, q,q) contain an extra dof.

« Degenerate theories: EOM higher order, no extra dof
L:%a.cfb'2+b¢a%q+%cq2+%gbg_v(gb,q) ac — b* # 0 : 3 dof
ac — b2 =0 :2dof

SR T .
-Ldegzic (Q+F@> +§¢2_V(¢’Q) [$EQ+Z¢ and Qb]

« DHOST (Degenerate Higher-Order Scalar-Tensor)

o(t) —  P(z*) DL & Noui "15
Q(t) =i g,tM/
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DHOST theories

DL & Noui '15
Ben Achour, Crisostomi, Koyama, DL, Noui & Tasinato ‘16

« Action
Slg, ] = [ d*z/—g | Foy(X, ¢ (YR + P(X. ¢ : N 3 A N 7(2)
10 I=1
+F3)(X, ) Gud*” + Y Br(X,$)L;” X =V,.6V'e
=i Qs,u — V,_qu
with 5 quadratic elementary Lagrangians: Puv = Vo Vyud
(2) qb,uy qb,uuv L(2) (ng) L(2) (ng)(ﬁb'ugb”y(;b
LEEJ = ¢ Dupd® by, LY = (P*Bu”)’
and 10 cubic ones:
LY = @¢)®, LY =(0¢)¢ud™, ..., L3 =(0.6"¢)°
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DHOST theories

[DL & Noui '15 ; Ben Achour, Crisostomi, Koyama, DL, Noui & Tasinato '16]

« Action
oo f o N (4) - PO i 7 (2)
Slg, ¢] = ] d'z /=g |Fo)(X,4) YR+ P(X,4) + Q(X,0)0¢ + Y Ar(X,¢)L]
10 =1
+F3)(X, 0) G + ) Br(X,¢)LY
J=I

- Degeneracy conditions (3 for quadratic DHOST)
mmm) Full classification

 Particular subsets:
— Horndeski:

Floy =Gy, A1=-A2=2Gyx, A3=A4=A5=0
F(3) = G5, 3312—3222332(}'5,)(, Hi=0{I=4..., 1}

— « Beyond Horndeski » (or GLPV) Gleyzes, DL, Piazza & Vernizzi ‘14
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Scalar-tensor lanscape

» Traditional theories: L£(V o, ¢)

» Generalized theories: £(V,V, 6, V¢, ¢)
DHOST: most general family with a single scalar DOF

Traditional
ST theories
Extra DOF
[
Horndeski
(1974)
« Beyond Horndeski » (GLPV) DHOST

(2014) (2015)
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Disformal transformations

[Zumalacarregui & Garcia-Bellido “13; Ben Achour, DL & Noui '15]

Transformation )
Guv — Guw =C(X,0) 94 + D(X,0) 0,0 0.0

From S (¢, G,.], One gets the new action [Bekenstein ‘92]

S[é,9u] = S [¢, G = C g + D ¢,0,]

|
| DHOST

DHOST families ORI |
vk mrmamemamismas. C(X, ¢),D(X, ¢)

are closed s \ Beyond Homdeskl:

under these D(X) ’0 Cl¢), D(X,9)
transformations ["’" doski |
ransrorm -:.

Type | Type ll

When standard fields are (minimally) included, two disformally
related theories are physically inequivalent !

S[g,uw }] + Sm['l’magpv] - S[g,tw: ¢ + Sm[‘ljmaéﬂv]
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Dark energy & GW170817

+ Constraint on the speed of GW: |Cow — C|/C S 10—

Cow = C implies A; = A =0 (and no cubic term)

« To avoid GW decay into dark energy Creminelli, Lewandowski,
Tambalo & Vernizzi ‘18

Az =0
F2
L2 gucny = F(X,8) R+ P(X, 9) + Q(X,6) 06 + 6= 6,,,6"°,

« However, constraints from GW170817 valid for f ~ 1 — 100 Hz

Not directly relevant for cosmological scales

[ Moreover, at the limit of the regime of validity De Rham & Melville '18]

Pirsa: 24070041 Page 9/32



Homogeneous cosmology of DHOST

Crisostomi, Koyama, DL, Noui & Steer “18; Boumaza, DL, Noui 20

e Quadratic DHOST theories:

5
L=F(X,$) R+ P(X,$) + Q(X,¢) 0+ > Ar(X,4) LY
I=1
 Background: ds®> = —N?(t)dt? + a?(t) §;;dz’dz?, ¢ = o(t)
>
— Homogeneous action

3 H d b
S = /dt'\a{ (F — XA)Havjfdet(;)

2 2 3
. a, 1d (¢

: APy + XA — 24, B _ﬁ
witlh: %= 4(F — X A;) S N2
— Trick: auxiliary scale factor such that
b a b d (¢ 1
a—a‘vﬁﬁ(ﬁ)+"‘ a=et X Wby, Jog=—3V
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lllustrative example

« Simple toy model Boumaza, DL, Noui ‘20

1 1
F:§: P:&X, Q:O', Alz—Azz—ﬁX, /\258)6)(2

Choice of \ determines A3 . Degeneracy imposes A4 and As .

 From matter era to dark energy era

2 .
3H* = pm + pDE 2H +3H? = P,, + Ppg
10 o 5
osf N = 3 PDE
0.0 ¥ WDpE =
PDE
-1.0} ::::ra--— i = P;n_ +PDE o _] B gﬁ
4 3 :2 1 0 1 e Pm + PDE 3 H.Z
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Effective description of Dark Energy

[ Reviews: Gleyzes, DL & Vernizzi '14; DL ‘18]

* The scalar field defines a preferred slicing

/—\/ ® = ¢3

/_\//— (!b:(fﬁl

« 3+1 decomposition based on this uniform field slicing
%
Extrinsic curvature: K, =

N??I,

¥ s
o (hij = DilNj — D;IN;)

Intrinsic curvature: R,

¢ (t)

= gﬂyvpévué = N2
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Effective description of Dark Energy

» Action of the form: 5, = /d% N\/EL(N Kz, Big; 1)

 Homogeneous equations

— FLRW metric: de? — — ;2 (t) di? + az(t) 5?;jdmid£17j
— Lagrangian . . ‘
L(a,a,N)=L [Kj — N—éz Rz =0,N = N(t)
a

* Perturbations: N =N - N, 6K:=K! - H§:, 6R. =R}
1 &%L
S pg—
dqa 2 0q40qB
The quadratic action describes the dynamics of linear perturbations.

0qAdgB + ..
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DHOST cosmological perturbations

 Quadratic action

M 2 N
I f d’z dt a® %{M{@j&m ~0K?+ (1+ ar) (Rda—\:/f + 523)

) " ' : st B
+H?agdN° +4HapSKSN + (1+ ag)RON + 4516K6N + B N” + 'a—g(az—(smz}

o |ap |apm | ar |ag | B

K-essence

Kinetic braiding, DGP

v
v v
Brans-Dicke, f(R) v v v
Horndeski v v v v
Beyond Horndeski v v v v |V
DHOST v v v v | v |V

1 d : ;
M = o InM?, Ba=-6B87, B3=—-261[2(1+aun)+pbi(1l+ar)
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Physical degrees of freedom

e Scalar (0N, N;=0;Y, h;= GQ(t)“f?Céz‘j)

-- < M? 5 8.()2
SquadK] - /dd.’}?dtadz |:‘AC<2_BC( E) ]
N a
1 6 d

with A=

; K +60f — =2 — (¢*H M?app
(1+ap— B /H)? |:Uh +barg B HZM?2 dt (a°H M?apfh)

2 d [aM?(14+ay+Bi(1+ar))
B¢ = _2(1—'—&1‘)—'_(111'1’2& [ H(l—:faB)l—.Bl : 1
1 M? M? (Bxi )2
fensor: ST =5 /dtd Ta [4 y2 ; (1 + ar) E }

« Stability (neither ghost nor gradient instability)

M?>0, A;>0, B;>0, c=(1+ar)>0
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Cosmological observations

Use a traditional gauge, e.g. Newtonian gauge

ds®* = —(1+ 2®)dt* + a*(t) (1 — 2¥) 6;; dx*da’

Description in an arbitrary slicing ?

t M
W Cb = const
v)——

Coordinate change ¢ — ¢ + «(t,7)
(3

Perturbations: &, ¥, 7.,4,,, U,
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Cosmological perturbations

« Standard linear equations (in GR)

U=

{h >

o
V20 = 47Ga?ppdm I

(relativistic Poisson)

Om

. b
) -

Sm ¥ ﬁ : ﬁm =0
(continuity)
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Cosmological perturbations

* Modified equations (linear level)

U=(14+Tg)®
U < > O Quasi-static
) approximation
S 2 ( ) (valid on scales
VAV = 4rG(1 + Tg)a" pmdm I T ‘ I kcs > aH )
L vy
Oy le o U

(3
Tc._: — Tg(ag), Tq; = Tq}(a@)

which can be confronted to observations (galaxy clustering, weak lensing...)
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Black hole perturbations




Black hole perturbations

« GW astronomy provides a new window to test GR, in
particular in the strong field regime.

Inspiral Merger Ring-
down

200

 Ringdown phase of a BH merger is interesting for
models of modified gravity, as it can be described by the

formalism of BH perturbations.

 Deviations in the context of DHOST theories ?

Page 20/32
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BH background solution

« Static spherically symmetric BH with a nontrivial scalar field

. dr?
— Metric:  ds? = —A(r)dt* + qu ] + C(r)(d6* + sin? 0 dyp?)
r
— Scalar field: @(t, ?") =qt+ Y(r) [Babichev & Charmousis ‘13]

[g # 0 possible in shift-symmetric theories ]

« Examples:
— « stealth » Schwarzschild: 4 =L =1 — H
r

2
- «BCL» [Babichev, Charmousis & Lehébel 17] A_p—1_* _ £ -

ro C2r2
— « 4d Gauss-Bonnet » [Clavan&Lin™9, 4 _p_ 1 _ 2u/r ‘
Lu & Pang ‘20] 1+ /1 + dap/r3

— Several other solutions: cf Christos’ talk
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Black hole perturbations

* In the frequency domain: f(t T) i f('r) o~ iwt

« Axial (or odd) modes: ho(r),hi(r) [ Regge-Wheeler gauge ]
N

0 0 51&1 3 hi™0, —sinbh{™o,
0 0 . hf”"’(‘) — sin@h§™o
- sin@'“1 ¥ L 0
o FZ: sym sym 0 0 Yem (9, 0)
™\ sym sym 0 0

« Polar (oreven) modes: Hy, H,, Hy, K (and 0¢)

A(r)H{™(r) Hi™{r) 0 0
_ Hm(r)  ATNOH) 0 0
h’ﬁiv o PZ 0 0 Kﬁ:rn.(?,) T2 0 Yf?n(@: ‘1‘9)
5 0 0 0 K*™(r) r? sin®f
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Axial modes in GR

« The linearised metric eqs yield only 2 independent egs

9 M), Y:( ho )

dr hi/w

| T | T ) R T i
. o 0.6 + — Voad 1
or, in a Schroedinger form, [Regge & Wheeler ‘57] o L
dzi} . ~ 04E Sr— T ——
i ‘2 o — _ 1
—5 T (W V()Y =0 s
fl * j
. . g2
[ r, tortoise coordinate ] -
— . 1
0.0 -| PR | el PR L _j

« Asymptotically (r. — —oco, +0c0) T 0 s 10 1

oWt Y(T) ~ay e—iw(t—fr*) +a_ e—iw(t-f—r*)
outgoing ingoing

: h
+ Quasi-normalmodes: a.,” =0 and aX =0
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Axial modes in DHOST

« The equations have a similar structure: [ DL, Noui & Roussille '21,’22 ]
o e, W Z/T—Ii@wlll W +22A<D/r
dr —l A+ iwW §o e¢+1) X
N -7

where ¥, @, I' and A depend on the Lagrangian’s functions and
on the background.

F =|AR|- (¢ + AX)A; — %ABfw’X’ng - %1’31,&’(,4)()"32 - i(,25’1/)")"-*)("136,

2B
1 1 (AX)
U= [+ 5 (B0?) Fax + 550

1 -
2 ./—1, B2+ E(B2w4) Bﬁ] 3

f _3 1 ! v/ 1 I(CX)’ 1 ! /
5 =1~ XA — SBY'X'Fsx — S BY/ =5~ B; — - BY/ X X'Bs,
=02+ <2q2A1 +RAF+ ABY X' Fsx + ¢° (“'dLX)JB2 + ¢*By' X' Bg
2ABF Ay’ ’
F;‘ B! A!
P,y BB ol o P ,
7 " 9B - 5 A in GR
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Axial modes in DHOST

« The equations have a similar structure: [ DL, Noui & Roussille 21,22 ]
o _BEY, Wi Z/T-I—-ﬁwa W +22A<D/r
dr —i A + w0 yo detn)

2

where ¥, @, I' and A depend on the Lagrangian’s functions and
on the background.

« Correspondence

DHOST axial modes in Juv | =% | GR axial modes in Juv

with the effective metric

1 : :
d3* = g, dz"dz’ = |F| IB (—®(dt — dr)? + T®dr® + Csz)
N
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Polar modes

* The linearised metric equations yield
— 2 independent equations in GR (1 dof)
— 4 independenttequations in DHOST theories (2 dof)

* In GR: 2-dimensional system Y’ = MY | which can be written in a
Schroedinger form. [Zerilli 70]

« In DHOST, the system Y’/ = M Y is now 4-dimensional, with
Y =1(K 6¢ H, Hy)

« |t is convenient to do an asymptotic analysis of the first-order
system.
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Asymptotics of a diffential system

DL, Noui & Roussille 21

Instead of a Schroedinger-like approach, one can use directly the
initial first-order equations of motion and their asymptotic limit:

s

dYy
= =M(2)Y, M) =Mz"+M,_z2"'+... (2= )
-

The generic solution is of the form
Y (z) =T A F(2) Yy, (z = 00)

There exists a well-defined algorithm to determine the diagonal
matrices Y (z) and A.  [Balser ‘99]

Idea: diagonalise, order by order, the matrix M, with Y (2) = P(z) Y(2)

dY o . ¢ - dP
— =M(2)Y M(z)=P 'MP—-P'—
= (2) (2) =

.
7
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Numerical axial modes for BCL
Roussille, DL & Noui 23

2

ds? = —A(r)dt® + —— +72(d6? + sin®6 d¢?)
A(r) r . .
_:_ Schwarzschild (GR) :
BCL

F—

0= (1) (1+75)

Axial QNM modes for r,. =1
"H’* —— —t

.
h

B
e

The parameter 7- varies between 0
e r'r"_'—"’l:_ __a_’ "_\--.__ :L
e = e ] :‘“-1.._‘,1_‘_‘—‘-'

(Schwarzschild) and 0.5.

Migration of the modes in the complex |

plane
.(fl, oo, o i o MGG —
-1. 0.5 0.0 0.5
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Conclusion

« DHOST theories: most general framework for scalar-
tensor theories propagating a single scalar dof.

* In cosmology, DHOST theories provide a very rich
phenomenology, which can parametrise deviations
from General Relativity and be tested in future
cosmological observations.

* Deviations from GR can also be explored in compact
objects, in particular black holes. QNMs modes are a
natural target to detect or constrain deviations from GR
in the strong gravity regime.
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Physical degrees of freedom

« Scalar (6N, N; =00, hy= a’ (t)ff?céij)

: - M2 : 9,0)?
Squad[¢] = /d%dtﬁz {AC (2 — B, ( ag) ]
. 6 d

with A=

- |:er 4 60:2}3 -

- a*H M2 3,31)]
(1+ap— p/H)?

a3H2M?2 dt (

‘ | 2 d [aM?>(1+an+pi(1+ar))
Ee=—dlvad s aw { H(l+ag) -5 1
1 M2, M? (Ox¥is)’
. . a3 | 9 M7 k' Yi7
Tensor: S = Q/dtd Ta [ 1 Vi 1 (1+ar) 2

« Stability (neither ghost nor gradient instability)

M?2>0, A;>0, B:>0, &=(1+ar)>0
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lllustrative example

« Simple toy model Boumaza, DL, Noui ‘20

1 1
F:? P=aX, Q=0 A =-A,=-8X, ,\:235){2

Choice of \ determines A3 . Degeneracy imposes A4 and As .

 From matter era to dark energy era

9 "
3H* = p, + ppE 2H + 3H? = P,, + Ppg
”’ Q, " Qo
05 -\ ] P
0.0 - ¥ WDE = o
PDE
-1.0} _?:—-‘—"-"— w - Pm' T PDE N gﬁ
4 3 > 1 0 1 = Pm T+ PDE 3 H?
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lllustrative example

« Simple toy model Boumaza, DL, Noui ‘20

1 1
F:§, P=aX, Q=0 A;=-A,=-5X, ,\:235)(2

Choice of \ determines A3 . Degeneracy imposes A4 and As .

 From matter era to dark energy era

2 .
3H* = pm + pDE 2H + 3H? = P,, + Ppg
1.0 o -

os} _‘\ ¢ .
e L wpg = TP
PDE

—10f _j_":_.—_—--— ” :P;'n-+PDE__ _gﬁ

a 3 2 -1 0 1 SN Pm + PDE 3 H?

Pirsa: 24070041 Page 32/32



