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The process

Gregory Horndeski 11 October 2023 at 12
Re: Essay for International J. of Theo. Phys on Horndeski Theory
To: Alessandra Silvestri

3

Dear Alessandra:

Typing has been going OK so far today, but not perfect. The problem is that | somehow get into italics after typing
cérain ranchio fGreek variables.  See the epic line 118, that eventually starts to turn into italics, and also lines
128 and 143, where | have an italics problem and trouble getting the words "functions of" instead of ""functionso f'."

Please help.

As for numbering equations | just put the numbers into the text. It seems to be easier for me than typing out the
symbols that represent the equations.

Your Confused Santa Fe Sidekick,

Gregory
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The process

GH

To: Alessandra Silvestri

Dear Alessandra:

Typing has been going OK so far today, but not perfect. The problem is that | somehow get into italics after typing

Gregory Horndeski
Re: Essay for International J. of Theo. Phys on Horndeski Theory

ceértain func|
128 and 14
Please helpy

As for num
symbols thg

Your Confu

Gregory

- Gregory Horndeski
Re: Essay for International J. of Theo. Phys on Horndeski Theory -
To: Alessandra Silvestri

Dear Alessandra:

Sounds like a plan. It looks like we should be able to get it done by the end of this year. I'll look through my section
again to see if | missed any index changes.

Yours truly,

Gregory

See More from Alessandra Silvestr
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The process

2 n Gregory Horndeski 11 Octobe
Re: Essay for International J. of Theo. Phys on Horndeski Theory
To: Alessandra Silvestri

Dear Alessandra:

Typing has been going OK so far today, but not perfect. The problem is that | somehow get into italics after typing
cerain func : S
128 and 14 i:‘]j Gregory Horndeski 22 December 2023 at 10:21 AM

Please helpy Re: Essay for International J. of Theo. Phys on Horndeski Theory -
To: Alessandra Silvestri

As for num

symbols tha

Dear Alessandra:
Your Confu

Sounds like a plan. It looks like we should be able to get it done by the end of this year. Il look through my section

Gregory again to see if | missed any index changes.
Yours truly,
" Gregory Horndeski
Gregory @ Re: Essay for International J. of Theo. Phys on Horndeski Theory -
See More from Alossal To: Alessandra Silvestri

Dear Alessandra:
Hurray! Our essay has been accepted.

Now we should start working on the one to celebrate the 100th anniversary of my paper's publication. Hopefully we
won't have to use LaTex for that one. e

Yours truly,

Gregory
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Let us go in order!
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General Relativity

Einstein 1915:The theory of General Relativity

A theory of gravity that ties time and space into a dynamical 4-dimensional entity:
SPACETIME !
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The standard model of Cosmology

LCDM: 6 parameters to describe it all!

based on General Relativity
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Black holes & Gravitational Waves

GWI150914 LVK collaboration

EHT Collaboration

nt
LIGO Hanford
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LIGO Livingston

[ o7 o4
Time (sec)

May 2022, First Image of BH at

e the centre of the Milky Way

Gravitational-wave time-frequeney map PN b e

LIGO,Virgo, Fermi,-GBM, INTEGRAL Astrophys.|. 848 (2017)
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Open questions

What is the nature of dark matter?

What is the physics of dark energy?

How about inflation?
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Open questions

What is the nature of dark matter?

What is the physics of dark energy?

How about inflation?

Are we really sure that GR correctly
describes gravity on cosmological scales?
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Cosmological Tensions

82.5 1
KP
80.01 1
77.5 1
75.0 1

70.0 1

Hg [km/s/Mpc]

67.5 1

65.0 1

62.5 1

SHoES

w3

GW170817

to

= = W7 WQIII 2

HST+
GAIA2

91;1§A0 P18

% Dist. Ladder e ACDM

HST+
GAIA

*

+

15 x BNS
x
P+54

X Std. Sirens

2000

Ezquiaga ct al.

2005 2010
year

., Front.Astron.Space Sci. (2018)

2015

2020

B KiDS-1000 cosmic shear
B BOSS galaxy clustering
I Cosmic shear + GGL

0.85 1

0.80

v 0.75 7

0.70

0.65

o
o Q7 N Q7

Qﬂ\

C. Heymans et al, “KiDS-1000 Cosmology: Multi-probe weak gravitational
lensingand spectroscopic galaxy clustering constraints,” 7, 2020
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[f not GR, then what?

Weinberg-Deser theorem: \i orentz invarnant l].u‘u:'aj uilr a massless r;EM:l--l

| | 2 |
!*.n'iu".v must be ( at low energies.

| | 1

= ) |
Lovelock’stheorem: I }u‘u:wli, ;M_!:%:%]!')é(‘ second-order, } __|.'1¢‘1‘--1 agrange :‘;'in.if 10Ns
|

F X i
(1971) u!‘»{.n:].,H:‘ln‘iﬁ )rs;‘!.!.'c‘llll‘.c‘[r'(lm an action contaming .‘5(1‘{‘11 the
I e ) )

| 1 \ - ¥ |
4 I, ) metric and its derivatives are the T mnstemn feld (‘Clu.'at".mi'.ﬁ

So, to modify GR we can either give mass to the graviton, introduce new DOF or break
Lorentz invariance: extra (scalar) dynamical DOF !

Clifton et al., Phys.Rept. 513 (2012)
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Gravitational landscape
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[f not GR, then what?

In identifying the most general metric theory of gravity with 2nd order EOMs in D
dimensions, Lovelock worked with the so-called Lovelock scalars (e.g. Ricci scalar, Gauss-
Bonnet). A nice property of these scalars is that any Lagrangian written in terms of
Lovelock scalars, including non linear functions of them, will not contain extra tensorial DOF.,

In 4D

L="P: g(do+ «1R + «2G) | massless spin-2 DOF

I, = B g(«1f(R) + «2f(G)) | massless spin-2 DOF + 2 scalar DOF: fg , fr

rlll'ﬁfl(f I’;Jr‘(ﬂf(' /

More generally, a theory of gravity which maintains second order EOMs for the tensor and has a single
additional propagating scalar DOF in 4D is:

L = p—gf(R; G) with frRrfcc fikc =0

A. de Felice, S.Tsujikawa, Living Rev.Rel. 13 (2010) 3
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Galileons

In Minkowski space there is something analogous to Lovelock argument that allows us
to identify the most general Lagrangian for a scalar DOF with at most 2nd order
EOMs in D dimensions.

Studying the decoupling limit of the higher-dimensional DGP model, it was realized that

the scalar field corresponding to the bending mode of the brane obeyed a galilean shift
symmetry, inherited from the higher-dimensional Lorentz invariance : ¢ ! ¢ + b+ c"x,

The corresponding Lagrangian contained derivative coupling terms of cubic order in the
scalar field ¢ @¢- @¢ Models of massive gravity in 4D contributes similar terms but
of quarticand quintic order.

Interestingly, requiring a theory for a scalar field to be galilean invariant and to have
EOMs at most of 2nd order, identifies a finite number of terms!!

In particular,we have D+ galileon terms for a Lagrangianin D dimensions, following
the general structure:

@p @(@cp)™ ..y

All this, in Minkowski space...

A. Nicolis, R. Rattazzi and ETrincherini, Phys. Rev. D79,064036 (2009).
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Covariant Galileons

If we extend the analysis to curved spacetime, the Lagrangians need to be promoted to a
covariant form, and some non-minimal coupling between gravity and the scalar field needs
to be introduced, breaking the galilean symmetry. The result is the Covariant Galileons

action:
Sca= [ d*zv/—9 M‘?’R b o £ . R i 00¢)? — ¢
cG = T = 5(’1 esa ﬁ ¢+ f ¢ v fvfﬁ [( @5) — ¢ q‘);w]
3(' 1o " { LV L v
- EZXZG,W/Q{)’J JM [(Dé) 3D¢5 Qb# (b;zu + 2(?5“ é,uaqbg] } ]

There are 5 blocks inside of the Lagrangian, each contributing separately equations of
motion of second order. The two non-minimal coupling terms and the secific linear
combinations of opetaror within each block are fixed to guarantee this.

C. Deffayet, G. Esposito-Farese and AVikman, Phys. Rev. D79,084003 (2009).
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Generalized Galileons

Since we have lost Galilean invariance, there are more terms that we can include. A
survey of such terms, take us to the ‘most general’ scalar-tensor theory having second-
order field equations is described by the following Galileon Lagrangian:

X5
L = Li,
i=2
where
Lz = K(<, X),
L3 = - G3(<,X)=x<,
Ls = Ga(<, X) R + Gy x [(\._.()2_ (rura <J(1.|Jr<>_<] 4,
1

Ls = Gs(<,X) Gua (F*r® )= - Gy x [(= <)~ 3(~<)(ryr o) (% <)

+2(rPrq<) (r'ry3 <)(r’3ru<)]

X g6 ;@c@m

C. Deffayet, X. Gao, D.A. Steer,and G. Zahariade, Phys. Rev.D 84,064039 (2011)

Galileon models gained significant interest in Cosmology because they allow for self
accelerating solutions that could describe both the inflationary epoch and the late time
accelerated expansion.
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Generalized Galileons

In 2011, C. Charmousis et al. (Phys. Rev. Lett. 108,051101) , revisited Horndeski gravity,to

look for subclasses that would display a self-tuning mechanism on the FLRW background
as an approach to the cosmological constant. At that point, T.Kobayashi et al. noticed the
equivalence with the Generalized Galileons that they were studying.

2 = K(%, X),
Ls = - Ga(<,X)=<,
|Bve= G‘§(<,X) R+ Gax l[.. 4)?-_ (r“rm <)(ruro?_| <)lj

iGb,){ [(I <]‘;‘ i[ <)( r,r Q:c]{r“l'qg <]

+2(r¥r.<) (r'r;3<)(r’ru<)]

Ls = Gs(<,X) Gm[r”ro‘: <)-

X
G = kg + 4Xf dX'(Kgp — 2K34¢),

X
G;; = 6F¢ -_ QXHA — 8Xh‘.;;¢ + Qf dX,(Hb- = 2.‘{:;‘5,)

Gq, =2F — —4Xh".;;
G5 == —4&1

s

L =100 [K10aRs," + ;Hl_\‘of:c);uf + K30a @' R3."7 + ‘Zh;;_yo,,(,)"c‘if,(_)f]

+ 822 [(F 4 2W)R, 4" + 2Fx ¢! ¢ + 2ks0ad’ %)

Jav

— 6 (Fy + 2W,4 — Xkg) 06 + Ko.
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What makes Horndeski so specialin Cosmology ?

Before discussing that, let me take a brief detour to discuss what we will happen
from the observational point of view in the upcomingyears.
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Testing Gravity on Cosmological Scales

RUBIN
ATORY

VA
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Euclid

15,000 deg?2 — shape and photometry for 10° galaxies — spectroscopy for |07 galaxies

Galaxy clustering Weak gravitational lensing
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LSS Phenomenology

ds? = - [1+ 2 (t,%)]dt?+ a?(t)[1+ 2<I(t %)] d¥

We can capture the background and large scale structure dynamics with few
phenomenological functions:

H?2 oM . R
Expansion: - = @r_*_ — 4 ]X>I)Fa— 3 da(l+wpg(a))
2 a4 a3 o
0
a2
2
Clustering: k = - p[a, k) 2M2 ~{
P

2
Lensing: k2 (<I+ )= - A[a’ ](] a -b
IMZ

Pogosian etal., Phys.Rev. D81 (2010)
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Popular Parametrizations

clustering and lensing

expansion
p(@) = po+ pa(l- aj
w(a) = wo + wa(l- a) A A g o
(@)= "o+ "a(l- a)
2
=== U Ra0 _ Planck TT,TE,EE+lowE+lensing (2015)
i Planck TT,TE,EE+lowE+lensing
DESI BAO + PantheonPlus 0.8 .

DESI BAO + Union3
DESI BAO + DESY5

e 0.4 -
. 2
£ 00-
°0.4
90'8 = T 1 I | 1
°0.15 0.00 0.15 0.30 0.45
Wo Ro © 1
DESI 2024 Planck 2018
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EFT of Cosmological Perturbations

dix” =g DO+ REPR + =) (R)at5g"+

mgH?Z mZHo

)2
¢ ()00 (@t50%) - o)+ 0 (atEg" 5K, ,mm tSKE + Swlgu.,

We consider the cosmological backgroundas a state spontaneously breaking time-
translations, and perturbations as the corresponding Nambu-Goldstone modes.

The action is built out of all geometrical quantities that are invariant under the time-
dependent 3D spatial diffeomorphisms.

It is written in Jordan frame, and the functions in front of the operators guarantee that
the resulting EOMs will be of second order.

ap, @
UNITARY GAUGE —————  Mu SP-a=;
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Stability Analysis

Expandingthe given action up to second order in the perturbations, and removing
spurious DOFs, we can inspect the dynamics of perturbations; in this case one scalar field,
i.e. ¢, and the tensor:

Z “*h i L% 2
(2) _ 3 3 vy a2 . AT Vg 7 2
S hr = (21)? d’kdta” L = k°G~" + 5 hij - hij

E.g.,avoidance of ghost and gradient instabilities translate into the following set of conditions:

Lge > 0

5 G very general conditions that
¢ 36 [ >0 ':'|> constitute a stability check to be

) run at the very beginning!
Ar >0

CT2>O

Frusciante, Papadomanolakis, AS JCAP 1607 (2016).
De Felice et al,, JCAP 1703 (2017);).Gleyzes et al., Int).Mod.Phys. D23 (2015); R.Kase, S.Tsujikawa, Int)Mod.Phys. D23 (2015)
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Sampling the Theory Space

S=  d%’ g o[+ BEIR + ) (®)a'tsg¥s
ml: 'Jl ) 2 f'ni;H-:] 2 00 v nT; ( )‘:
+a(@)——@59%) - 2R+ ——@EGISK; - 3= 5K+ Swigum, il
{
!.
N ;
f(a) = —pzo “n(@- 30)" 0= 0,1
B M dn, PBr={-1, 1]
1+ o /3 a- ap m n, /°2m !
n=0 /3ml ) +N=09
Saving only viable models: 6-10°
H.'f. 5100 F
T:: 110"}
10*- 10° models =—» E
- 2-10°
(EfrectiveField Thec < w0 R
?‘\‘\L_ ol i 0 1 ' '
CAMB 10 : 107 10r

Raveri, Bull, AS, Pogosian, PRD 2017
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LSS Phenomenology of viable Horndeski

clustering lensing expansion
2.0

)

vpg (2

Espejoetal, PRD 2019
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Baseline
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Reconstructed Gravity
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Stability and Phantom Crossing

W= Wp+ Wa(l- a)

2
--=-- DESI BAO » WHICH DE IS IT?
j BN DESI BAO + CMB S
11 777 77 BN DESI BAO + PantheonPlus |

DESI BAO + Union3
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0+----%- o s i e g aa I CPL+ppf
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N ~

L~ ]
3
_1-
_O‘S d
_2<
-3 } " - s 0+
~1.0 -0.5 0.0 o
wy
-1.5 4

DESI 2024 VI: Cosmological Constraints from the

Measurements of Baryon Acoustic Oscillations
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Stability and Phantom Crossing

W= Wp+ Wa(l- a)
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EFT of Cosmological Perturbations- v2

z ) = oo, . ; .
S(2) = 3 4 3 M i 2 ? p 3 2hN 2
iz dyldia 5 bKijbK"” - 1+ 3" bK?+ (1+ «1)b2  hR/a’ + axkH’bN “ + 4agHbKbN

+ a1 RbN + 4/31bKbRNe /3bN° + fj @bN)?

* with some degeneracy conditions on the < | and (3; parameters DHOST

Langlois et al,, JCAP(2016)
Crisostomi et al., JCAP(2019)
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EFT of Cosmological Perturbations- v2

Z v * : &

z -

M2 , p ,
S(2) = dx3dta’ 5 bKijbK'i- 1+ T4, bK?+ (1+ a1)b;  hR/a® + axH?’bN? + 4.5 HbKbN

woIne

+ 1 RbN + 4/31bKbR+ /3bN + fj (@bN)?

* with some degeneracy conditions on the < | and (3; parameters DHOST

Langlois et al,, JCAP(2016)
Crisostomi et al., JCAP(2019)

Dark-Energy Instabilities induced by Gravitational Waves,
Creminelli et al. arXiv:1910.14035 [gr-qc]

Resonant Decay of Gravitational Waves into Dark Energy,
Creminelli et al. JCAP(2018), JCAP(2019)
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EFT of Cosmological Perturbations- v2

z 9 77 v , * H 3%

M2~ " 2 p
SW=didta’ 5= bKijbKU- 1+ Jur bK?+ (14 w1)bz ~ hR/a’ + axH’bN? + 445HDKbN
1 2 /3'4 2
+414 RDN + 4/31bKbNe /3bR" + =2@bN)

* with some degeneracy conditions on the < | and (3; parameters DHOST

Langlois et al,, JCAP(2016)
Crisostomi et al., JCAP(2019)

4M Running of Planck’s constant, generated by non-minimal coupling

a7 Deviation of speed of GWs from unity; non-zero whenever thereisa
non-linear derivative coupling of the scalar field to the metric. Same
non-linearity is responsible for non-zero anisotropic stress.

4K Quantifies the independent dynamics of the scalar-field

4B Signals a coupling between the metric and the scalar-field
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Gravitational Waves Frontier
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GW Phenomenology in Horndeski

From the same unified action, we can now study also the propagation of tensors:

F]ij + (3 + AM)Hhij + (1+ dT)kzhij =

& - A
Amplitude Speed of propagation
1 a 3+ apm
h / ey =
d a 2 . , 2
Using GW 170817, in
() particular the
GW alZ) ewm observed time-delay
— ’ 1t
d' " (2) 3(2) d™ (@) bw GRBand GW,a " |
very stringent limit | System
was placed on the = I N«
speecvi of gravity e
. M. (0) .. effectively amounting 1
dSW () = ' dEM( 7 to ; /
> —1
s Creminelli & Vernizzi, PRL 2017
Amendolaet al,JCAP 08 (2018) 030; Ezquiaga, Zumahcarregui, PRL 2017
Belgacemet al, Phys.Rev.D 98 (2018) Baker et al., PRL 2017 Pogosian & Silvestri PRD 2016
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GW Phenomenology in Horndeski

On the perturbed Universe, while crossing LSS we pick up additional, theory-dependent
corrections from inhomogeneities along the line of sight:

. v * v Ed

o =- - ( + )+ lz dx( + )+ -l +vg 1- —

dsv % x H “ H x
v . *7
i . — s 0, 0O
1 CHo axf & v

d'-(}ww— - (¢+ )+ lz di(¢+ )+ (I\/L +V\/1- L+

dew - X x H s H x
v : &z N
| = 5 (0 (
1 <H . dg(¢°+ 9

A.Garoffolo, AS et al, PRD 2021
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GW Number Count in Lum. Dist. Space

For scalar-tensor theories:

e

H
X -1\x-% 1 -
/dx’[(ﬁg )Xfcx’x +2£X}VS,¢)+¢! +[ }/ dx'(® + ¥)+
0

g‘}fxd ’(<b+lif)+[8—l—l}¢:+18<b+
5 ' x|” TH

Anna Balaudo,

A(D,7) = 65" + [1+%(§—CH) —¢(B+1) ]U - {

- [;—;(Q—l)}iw [1—%(i+é) +((B+1)]\IJ+

o (60 fom  am (H_ o \]d
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Synergy will be the key!

esa
euclid +° X

vesn o Einstein

SKAO

Telescope

(Over)simplified parametrizations are prone to missing out important
information in the data and to misleading us into wrong conclusions.

Precise and accurate cosmological inference requires an efficient, encompassing
and physically informed modeling. Horndeski gravity,in the form of EFT of
Cosmological Perturbations, provides just that!

We have very exciting years in front of us !
Staytunedfor EuclidDR1in 2026 !!
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Unwrapping Horndeski
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