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Abstract: We develop a Machine-Learning Renormalization Group (MLRG) agorithm to explore and analyze many-body lattice models in
statistical physics. Using the representation learning capability of generative modeling, MLRG automatically learns the optimal renormalization
group (RG) transformations from self-generated spin configurations and formulates RG equations without human supervision. The algorithm does
not focus on simulating any particular lattice model but broadly explores all possible models compatible with the internal and lattice symmetries
given the on-site symmetry representation. It can uncover the RG monotone that governs the RG flow, assuming a strong form of the $c$-theorem.
This enables several downstream tasks, including unsupervised classification of phases, automatic location of phase transitions or critical points,
controlled estimation of critical exponents, and operator scaling dimensions. We demonstrate the MLRG method in two-dimensional lattice models
with Ising symmetry and show that the algorithm correctly identifies and characterizes the Ising criticality.
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Motivation
e Renormalization Group (RG) is

® An elegant conceptual framework to understand phase
and phase transition

e A powerful computational method to identify critical point
and estimate critical exponents

e |t iteratively coarsening the degrees of freedom in physical

systems, extracting relevant features at every scale, and
tracking the flow of effective theories.

e How to identify relevant features?
e What terms should be included in the effective theory?
e How to explore the space of possible effective theories?

e Machine Learning RG (MLRG): let artificial intelligence (Al)
to help us figure out these questions.
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2D Ising Model

Lattice: 2D square lattice

Degrees of freedom: Ising spin si = £1
(binary random variable) on each site

Energy model:

E(s) = —JZszsj

(i7)
e Model parameter: Ising coupling J = 1/T

Probability distribution (Boltzmann distribution):

_ 1 _EBe) _ Jsis;
p(s) = - H

(%J

e Partition function: Z = Ze—E(s
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2D Ising Model
e Physical property: magnetization

Order
(spontaneous Critical
symmetry breaking) (scale invariant, conformal)
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Real Space Renormalization Group

e Step 1: Block Partition
(Partition the square lattice into
2x2 corner-sharing blocks)

E(s) = 3 (~Jsis;)
(i7)

— Z Z (—JS@‘SJ')

I (ij)el e Probability distribution
_ Z Er(s) can be decomposed as
Y §

p(s) x e ()

= —Er(s)
e Local energy model: B 1;[6 I

X Hp;(s)

I
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)
® The local energy model defines a local distributioh

|

(ig)el

e Generative modeling (with hidden/latent variables)

e Unsupervised learning: learn to model probability
distribution

® Representation learning: learn to extract feature
representations from data

e Examples: Restricted Boltzmann Machine (RBM),
Variational Auto-Encoder (VAE) ...

e Goal: model the local distribution, extract relevant features
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)
® The local energy model defines a local distribution

I £ = _J PR —Ex(s)
NS 1(s) SiS; pr(s) xe
i g (1j)€l

® Restricted Boltzmann Machine

e Introduce hidden variables s; = £1 in each block

e Model the local distribution by a new energy model
defined on a bipartite graph between visible and

WEISS)—— Z W;j5;S;
m l i€l ,j€In
: ~ —EI(S,S")
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)
® The local energy model defines a local distribution

(1] Ei(s)=—J B —Ex(s)
I 1(s) 5iS; pr(s) oxe
i g (1j)€l

® Restricted Boltzmann Machine

WE‘ISS)— Z ww&6
m l t€ly,5€In

; ﬁI(S,SI) oc e—EI(S,s’)

e Objective: the model distribution marginalized to visible
variables should approximate the target distribution

=Y pi(s,s") = pi(s)
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)
® The local energy model defines a local distribution

[ I | E - —J e sl —Ep(s)
) 1(s) 5iS; pr(s) xe
i g (i5) €l

e Restricted Boltzmann Machine

WE[SS)— Z 'ngsz
J I,,j€I
PN | e

: pr(s,s’) x e~ B1(s:8") pr(s) = ZPI(S s') = pr(s)

e Find the optimal w;; to minimize the KL divergence

_ ) log PL(3)
L = Dxv[pr(s)|[p1(s ZPI( lgpI(S)
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)

e After training, each hidden variable represents a feature
(collective pattern) of visible variables

O’+D Q_kO

Decompose

o) \_‘o
w = 078 w = 078
5‘2

e T T ot o
oLoOLIOUTIOL

S
o
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)

e After training, each hidden variable represents a feature
(collective pattern) of visible variables

Decompose
g " 0 o0 )
{”:~0'78 w:0.7§

Y

E

® Classn‘led by representations of the Cy,, point group

dim transforms as  Tg,
1
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Real Space Renormalization Group

e Step 3: Marginalize visible variables (Extract effective model
for variables)

71 v Rel gl ™ 4
VA VA TENVANA

o — SR S — AN\,

T SEREY SN
O—O0—0—0 % o o /NN

p(s) p(s,s') —> )—Zpss

Mar |naI|ze
1 Generate T 9 l
Extract

E(s) E(S s') E(SI) effective

Block — ZEI(S — ZEI(S . model

partition 7
Feature learning
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)

e After training, each hidden variable represents a feature
(collective pattern) of visible variables

Decompose e

e 4
w=1.5 W = 078'w

>

Y

Aq E

% Classn‘led by representations of the Cy, point group

dim transforms as  Tg,
1
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Real Space Renormalization Group

e Step 2: Feature Learning (Emergence of hidden variables)

e After training, each hidden variable represents a feature
(collective pattern) of visible variables

Decompose e

& e .
w=1.5 W = 078'w

>

Y

Aq E

€ Classn‘led by representations of the Cy, point group

dim transforms as  Tg,
1
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Real Space Renormalization Group

e Step 3: Marginalize visible variables (Extract effective model
for variables)

=1 1 R e o S
e TV V-A TNV AN S

SENA VA VALY

WA VA TNV AL
Y v o N /N

p(s,s) —> p(s") =D p(s,s)

Marginalize
Generate T J l
Extract

E(s) J E(s") effective
Block = Y™ Ey(s) — =Y Ei(s,s)

artition
P I Feature learning !
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Real Space Renormalization Group
® Summary

Fa " "
e -~ b

£
\

FaY
o

O—0O0—O
):_stisj

) Effective approx.

RG equation: J' = 1ln cosh(2w(J))
2 \ Part of the equation is
machine learned, not
derived by human

e Lattice constant enlarged by v/2
e Coupling flows as J — J'
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RG Fixed Points

e RG Flow: model parameter runs with RG iterations
1.0

e RG fixed points:
o =] (Disorder)
J ~ 0.486 (Critical)
J = 00 (Ordered)

1 2D lIsing exact solution

- 1
| Je=5In(1+ V2) &~ 0.4407
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Ising Criticality
e Scaling Law and Critical Exponents

¢ |Linearize the RG equation around the critical point
J,J—=J.

J' =R(J) (J' = Jo) =0,R(J)(J — Jo) + -+
= %m cosh(2w(J)) 1.5

1.0

e After n steps of iteration -
(J - Jc) == (6JR(JC))n(JO . Jc)

6 = {'-0/(\/5)” (Correlation length)

0

-0.5
e Cancel n from the equation ~ _10
Scaling law § o (J — J¢) ™

-15
Exponent v = 1 ;H;?J ~11 -1.0 0.5 0 O.Z 1.0
n0yR(Je) (Exact v=1) (J = Je) (x107)
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RG Fixed Points

® RG Flow: model parameter runs with RG iterations
1.0

¢ RG fixed points:
J=1{ (Disorder)
J ~ 0.486 (Critical)
J = 00 (Ordered)

1 2D Ising exact solution

- 1
| Jo=5mn(1+ V2) &~ 0.4407
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Ising Criticality
e Scaling Law and Critical Exponents

¢ |Linearize the RG equation around the critical point
J,J—=J.

J = R(J) (I = Jo) =0sR(I)T = Jo) + -+
= 5 Incosh(2w(J)) L3
1.0
e After n steps of iteration 05
(J = Je) = (QsR(Je))" (Jo — Je)

6 = 60/(\/5)n (Correlation length)

0

-0.5
e Cancel n from the equation = _10
Scaling law § & (J — J¢)™

-1.5
n J ( C) (Exact 3 = 1) (J_ Jc) (X 10 )
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Teacher-Student Learning Paradigm
e |t is more convenient to define our model on the Lieb lattice

I
00 _0_0_0_20_=©

O

()

a

2 20 (Student)

Then RG iteration can be viewed as a fine-grained teacher
RBM teaching a coarse-grained student RBM
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Equivariant RBM
o Take €s(s;,85) = —JabS?S? on representative bond:

e A; (1-dim): 1 parameter
J = [Jo]

e A; @ E (3-dim): 5 parameters

. I [ Iy B
F=| &H|FH 0
010 Jy

e 2A; @ E (4-dim): 10 parameters

T =
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Teacher-Student Learning Paradigm
e Machine Learning RG (vO)

fine-grained coarse-grained
RBM RBM

PQ e QP
£ed

teacher RG flow gtident
parameters parameters

o
<
e
C
3
_

Student

® Assign the initial parameter to the teacher RBM
e Teacher RBM generates data to train student RBM

® Replace the teacher with the trained student (copy student
parameters to teacher) — parameters will flow under RG.
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Teacher-Student Learning Paradigm
e Machine Learning RG (vO)

fine-grained coarse-grained
RBM RBM

o9 e AP
baed I\

teacher RG How giudent
parameters parameters

-
o)
i~
>
g
=

Student

e Advantage: establish the optimal RG flow by unsupervised
learning, automatically identify stable phases

e Challenge: almost always miss the critical point due to the
stochastic nature of training RBM
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Introducing Moderator

® |ntroduce a third machine — the moderator — to learn the
learning process between teacher and student

fine-grained coarse-grained
RBM RBM

c[>——<f[> data C\ P
bud o

teacher RG flow oty dent
parameters parameters

S
Q
=
Q
g
3

Student

RG monotone
network

Moderator
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Introducing Moderator

e The moderator monitors the teach-student learning, learning
to predict student parameters from teacher parameters

¢ |t models the parameter flow as a differential equation

J(fzo)zjtch J(f’:l):Jstd

dJ
= = ~V;Cy(J)  (RG equation)

® More specifically, the RG equation describes a gradient
flow, induced by the RG monotone function Cy(J) € R —

modeled by a neural network with network parameters 6
® The model can be trained by neural-ODE techniques
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Introducing Moderator

e |ntroduce a third machine — the moderator — to learn the
learning process between teacher and student

fine-grained coarse-grained
RBM RBM

c[>——§> data C\ /O
bed o

teacher RG flow gtydent
parameters parameters

Sy
Q
=
Q
g
3

Student

RG monotone
network

Moderator
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Training the Moderator

e Models are trained jointly e Y
e Start with Jich RBM RBM

?"? data O\ /O
bad o o

e Mount Jich, Jstq tO the teacher RG flow gtydent
RBM energy models L OIS

e Call moderator to predict
Jsta by solving RG eq.

Teacher
Student

5 =—-ViCe(J)

Pren(®) o &) RG monotone
twork
pstd(m) o e Elsia (z) networ

e Minimize the KL divergence
L = Dxr(pten () ||pstalz))

Moderator
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Training the Moderator

e All the trainable parameters are in the moderator — after
training, the main result is an optimal RG monotone C(J)

e Pick A; @ E representation, the result looks like this

C (J): -0.1 00 0.1 0.2 0.3 04 0.5
= ; . . . . 1
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Sampling in the Parameter Space

e The model should be trained for every possible Jic, — how
to explore such a large parameter space more efficiently?
® Some parameter regimes are more important — for

example, near RG fixed points (especially critical points)

VJC(J) ~ ()

e Using importance sampling to guide the model to learn
harder near RG fixed points

p(J) o e BIVICDI?

B is a hyper-parameter

® Since J is continuous, a natural choice is the Hamiltonian
Monte Carlo (HMC) approach
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Algorithm Overview
® Machine Learning RG (v1) e |nput:

fine-grained coarse-grained ® Symmetry

RBM RBM

) Gl { BT ?;ro_u%% wa
g_::;_g O/ \O e Choice of on-

HMC site rep.:

sampler Ai,Ai BE,---
= propose teacher RG floWw giydent
Ny parameters parameters ® Output:

=5 ¢ RG monotone
RG monotone
network C(J)and RG

equation
LJ=-vV,CJ)

Student

Moderator
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Applications of MLRG
e Task 1: Automatic identification of critical points

0.2}(a)
0.1}
0.0
-0.1 A
0.2}
0.1
0.0}
-0.1}

0.3}
0.2¢

O

0.84}
0.82}

L 0.80}
= 0.78}
0.76}
0.74}

O

A, AGE 2A6E
S 0 4 | Jox = argmax C(J(Jo, £))

Jo

—-0.1¢
00 02 04 06 0.8 1.0 1.2
Jo
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Applications of MLRG

e Task 2: Unsupervised classification of SSB phases
¢ Quantization: translate energy models to tensor networks

I Io

) ) 3 B T3

Tensor
Energy model representation

e Estimate ground state degeneracy
2
7 = QETDI / QET : ﬂ

Pirsa: 24050091 Page 34/41




Pirsa: 24050091

Application of MLRG

e Task 3: Extract critical exponents
e | ocal RG fixed points (using Newton’s method to solve

ViC =0
g ) J = J—(V30)lv,C

-0.1 0.0 0.1 0.2 0.3 04 0.5
M i ' ' ' |
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Application of MLRG

e Task 3: Extract critical exponents
e Construct transfer matrix from fixed-point tensor

M =

),

<J

e Obtain operator scaling dimensions from eigenvalues of

the transfer matrix Ty /™ Z e 2mn(Ak—c/12)
k

0.16
0.14}

0.10¢
0.08} é
0.06

0.12?"""%‘ """" é‘
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Summary

¢ MLRG method can automatically discover RG monotones,
identify critical points, and estimate critical exponents, all
starting from the symmetry and dimension of the physical
system.

Features: E r E
=

e Efficiency in Small Cluster Sampling

e Exploration of the Full Parameter Space
® Discovery and Analysis of Critical Points

e Controlled Convergence of the Algorithm github.com/

e |nterpretability I\EA\I/_eF;iz}ttYou/
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Application of MLRG

e Task 3: Extract critical exponents
e | ocal RG fixed points (using Newton’s method to solve

V;C =0
/ ) J— J—(V30)~lv,C

-0.1 0.0 0.1 0.2 0.3 04 0.5
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Summary

¢ MLRG method can automatically discover RG monotones,
identify critical points, and estimate critical exponents, all
starting from the symmetry and dimension of the physical
system.

Features: E r E

e Efficiency in Small Cluster Sampling

e Exploration of the Full Parameter Space
® Discovery and Analysis of Critical Points

e Controlled Convergence of the Algorithm github.com/

e |nterpretability EverettYou/
MLRG

Thanks!
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Teacher-Student Learning Paradigm
e |t is more convenient to define our model on the Lieb lattice

o

(@)

g

(Teacher) iz} 20); (Student)

M
@~ ®

Then RG iteration can be viewed as a fine-grained teacher

RBM teaching a coarse-grained student RBM
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Training the Moderator

* Models are trained jointly fine-grained coarse-grained
e Start with Jich RBM RBM

P &P
bod

e Mount Jich, Jstq tO the teacher RG floW gty dent
RBM energy models parameters parameters

e Call moderator to predict
Jsta by solving RG eq.

Teacher
Student

&J ==V Ce(J)

Pren(®) o € ) RG monotone
twork
pstd(ﬂf) x e Elsia (z) networ

e Minimize the KL divergence
L = Dxr(pten () ||psta(z))

Moderator
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