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Abstract: Predicting the outcome of scattering processes of elementary particles in colliders is the central achievement of relativistic quantu
theory applied to the fundamental (non-gravitational) interactions of nature. While the gravitational interactions are too minuscule to be obse
the microcosm, they dominate the interactions at large scales. As such the inspiral and merger of black holes and neutron stars in our uni\
now routinely observed by gravitational wave detectors. The need for high precision theory predictions of the emitted gravitational waveforr
opened a new window for the application of perturbative quantum field theory techniques to the domain of gravity. In this talk | will show
observables in the classical scattering of black holes and neutron stars can be efficiently computed in a perturbative expansion using a w
quantum field theory; thereby combining state-of-the-art Feynman integration technology with perturbative quantum gravity. Here, the black
or neutron stars are modelled as point particles in an effective field theory sense. Fascinatingly, the intrinsic spin of the black holes may be ¢
by a supersymmetric extension of the world-line theory, enabling the computation of the far field wave-form including spin and tidal effec
highest precision. | will review our most recent results at the fifth order in the post-Minkowskian expansion amounting to the computatio
hundreds of thousands of four loop Feynman integrals.

Zoom link

Pirsa: 24050061 Page 1/59



HIGH PRECISION GRAVITATIONAL WAVE PHYSICS
FROM A WORLDLINE QUANTUM FIELD THEQRY
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ERA OF GRAVITATIONAL WAVE PHYSICS: NEED FOR HIGH-PRECISION PREDICTIONS

157
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Need for accurate waveform predictions well
beyond state-of-the art
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ERA OF GRAVITATIONAL WAVE PHYSICS: NEED FOR HIGH-PRECISION PREDICTIONS

" Upcoming 3 generation of gravitational wave \

observatories with 102 sensitivity increase High-precision predictions necessary
basis to study fundamental questions in
physics:

Need for accurate waveform predictions well
beyond state-of-the art

> |s Einstein’s theory correct?

» Black hole formation & population?

» Neutron star properties?

» Physics beyond the standard model?

- v

Cosmic Explorer

- I
LIGO Virgo Kagra Einstein Telescope LISA
Of 02 03 04 — 05 | >
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GRAVITATIONAL TWO-BODY PROBLEM

g Black Hole . Black Hole/Neutron Star Binaries:
h+,><
® S
\ é ] t '
mass, spin e
o 4
Bound state inspiral merger

Neutron Star
During inspiral: weak gravitational fields ~ Juv = Tuv + VG hy,

Quantum field theory formalism for classical two-body problem:

mass, spin, radius, WORLDLINE QUANTUM FIELD THEORY

tidal deformability
_

&
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THE GENERAL RELATIVISTIC 2-BODY PROBLEM

. ()
S[ .
& /—\\; Inspiral of 2 black holes or neutron stars:
Wy é 9] Sg__ . GM )
OC:A Virial-theorem: -~ (c=1)

K ""\; )) r
\Uz/ ) ) /) post-Newtonian (PN) expansion in G & v

Weak field expansion: Juv = Npv + K hp,y 5=V 327rG\

Newton’s constant

Scattering of 2 black holes or neutron stars:

Weak field (G), but exact in v?

post-Minkowskian (PM) expansion
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POST-NEWTONIAN VS POST-MINKOWSKIAN EXPANSIONS

.....................................................................................................

Conservative non-spinning 2-body dynamics: Form of potential

PN state-of-the-art

¢

[Driesse,Jakobsen,Mogull,JBSauer, Usovitsch]

Pirsa: 24050061

Integration
V(G,V,r) OPN _ 1PN 2PN 3PN 4PN (5PN) complexity
[Newton] - [Einstein,Infeld, L?gf]dr .‘?%ﬁi’l;‘:’l&m Hlld%}gﬁzﬁf ;k, Schaefer [Bml Damour, Geralico] [Foffa;Porto, Rothstein, Sturani]
Hofranm, 19387 _D“’“L““L sBotre;F “}’fl [Blumleln Marquardt, Maier] :
1PM G/l‘ G V2/r G V‘4/l’ G Vslr G Vf’/r G V10/r e ~ tree-level
[Westpfahl, 1979] |
2PM - G21/r2 G2v2/rz2 G2v4/rz2 G2v8/rz2 G2veé/rz .. ~ 1-loop
[Damour, 2017] : ! :
3PM G31/r8 : G3v2/r3 G3v4/ri G3ve/rd | ~ 2-loop
[Bern,Cheung,Roiban,Shen, Solon,Zeng] [Kilin, Liu, Porto][Di Vecchia, Heissenberg, Russo, Veneziano) : .
[Bjerrum-Bohr, Vanhove, Damgaard] [ Brandhuber,Chen, Travaglini, Wen] [Jakobsen,Mogull,JB.Sauer]
4PM G41/rt  GAv2/rt GAvert .. ~ 3-loop
[Bern,Parra-Martinez, Roiban, Ruf,Shen,Solon, Zeng] [ Dlapa,Killin,Liu,Porto] [ Vanhove, Damgaard, Plante] [Jakobsen,Mogull, JBSauer] ; .............
(5PM) | «—|PM state-of-the-art CGE1/r5 GSvS .. = 4 loep
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RELATIVISTIC TWO BODY PROBLEM IN PM: TRADITIONAL APPROACH

<.
Point-particle approximation for BHs (or NSs) |b] > Gms e @%’

2
1
PR, . -p, . 7 . 4 —
§ = ;/dn\/gwmz— ()% () + 15 / d*z/—gR+ Sy

Point particle approximation Bulk gravity & gauge fixing

1) Equations of motion: 1 o » ep
Ry — o9ur = gTﬁw Ty + T e =0

o Geodesic eqs.
Einstein’s egs.

2) Solve iteratively in G

Juv =N + VG Y _ G"h{) (z) () = b+l T+ Y G H(r)

n=0 emitted radiation straight line: ,,in“ state np=1 deflections
3) Construct observables r
) lim A, = fpu(t_rr:g:(to) -!—O(i)
Far field waveform: r—oo MY r r2
4] : . T=00
,Impulse“ (change in momentum): P — —m, / drit(r) :
T=—00
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WORLDLINE QUANTUM FIELD THEORY
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WORLDLINE QUANTUM FIELD THEORY  suogunse. secimhottee o2 conr oss

Model Black Holes/Neutron Stars as point particles

SBH/NS = -3 drgu, & (T) 2" (1) + [spin & tidal effects] |

1
They interact through Einstein’s gravity: S = Spu/Ns + Tz d*z+/—g R(g)
Scattering scenario:  z% (1) = b + vi'T + 2#(7) Guv = Nuv + VG hyy

Path integral quantisation perturbative in Newton’s constant G but exact in velocity

i8ah] i Tree-level one-point functions (huv) and (z")
(O)warr = / Dlh,z]Oe™ =" » solve classical equations of motion

[=> Advanced quantum field theory technology for classical gravitational wave physics ]

10
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WORLDLINE QUANTUM FIELD THEORY: PROPAGATORS

m _ - 1
SwQFT = =t dT g #*(T) & (1) + o

Scattering scenario:  z% (1) = b + vi'T + 2#(7)

Worldline propagators: 2 Ot 5V

Perturbative (quantum) gravity (in the bulk):

v—g R(9) ; [—lhw(P_l)“”;P"EIhpg +VG[O*h¥) + VG [6°h"] + VG [6°h%] +. )

2

Guv = Muv 4 \/éh,uu

1

BPuvipo = Mu(pMoyw — o MuvTpo

= Graviton propagator: wwwwre =

Pirsa: 24050061

N.B. need to take
retarded propagator
(in-in formalism)

11
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PUTTING SPIN ON THE WORLD-LINE e i

Hidden supersymmetry of spinning-black holes!

Add anti-commuting fields ¥“: Captures (Spin)N interactions

Spin-orbit & spin-spin interactions via N = 2 superparticle action

SBH/NS = —m / dr [%guui’ﬂ z¥ + MEDH/) + %Rabcd@zarﬁbbd—"crﬁbd C CERanbui'Miyqﬁawb Q;E ’ ?rb]

spin degrees of freedom neutron star term
Scattering scenario: b ~la_,b]
Spin tensor of BHs/NSs Sf’ = —2im; 1,
ZAT) =B ey T2 (T il
¥ (1) = U7 + 4% (7)
AR b P = T
Quantize Z2;,%; ,Y; et w w)) = e+ 30)

12
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.................................................................... 2
g ()
zpz(wz) an(wn)
.......... % r zp(w) f ~P1 (Wl) . Z'ol(wl)
h’#w(k) h,uu(k) h’;uu(k) h,uv(k)

Wi

: n m polynomial in w;, k;

U =mV/G e ikig (’U - Z k; + sz) X of degree 2n +m
j=1 i=1 depending on v*, S*
K + Cp, Cpa, Cpo for neutron stars

Energy conservation on worldline

14
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TIDAL INTERACTIONS

First layer of tidal & finite size effects:

Stida,l = m/d’T [CEQ‘.E’M’,EW/ =+ Cp2 Bm,ij]

Electric and magnetic curvature:
E,, = Ruaupi™iP B, =R, st*3F

Wilson coefficients (or ,Love numbers®): ¢z & cz2 (vanish for black holes)

Pirsa: 24050061

1(7)
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Hﬁf’fﬁ}{:\/_kzﬁ:\/_ﬁ:éiﬁkz

Four—momentum conservation in bulk 8%( Zp)
Highly involved structures! Emerge from Einstein-Hilbert action.

E.g. three-point vertices: @ v,

71"2-‘;*8 =iVG sym|

Py = APs(ki - kaTluativgtlpy) — 3 Po(kivkiguatlpy) + 3 P3(k1 - kol MapTpy)
+ Ps(k1 - kaluatvpnipy) + 2P3(k1vkiyfuatipp) — P3(kigkoumavilpy)

+ P3(k1pkoyuynag) + Po(kipkiyMuvilap) — 2Ps(kivk2yNgumap)

+ 2P3(k1y kounpptiya) — 2P3(k1 - katlyalppTiuy)]

13

Pirsa: 24050061 Page 16/59



WQFT OBSERVABLES
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OBSERVABLES OF WQFT: ONE POINT FUNCTIONS

1) Impulse (change of momentum)

Ap; = m'b@f)

T=—00

T e [ar(at ) = m [ dr ) = —mat o)

Fourier trans.

Needs sum of all graphs with outgoing z-line:

T T ATIA ATTA A A sed

<Ap”>="u T +§f_;i:+ HTHATVTIV YTIY AT AT
1 ] 1 LA LA b T N T T
G G2 bl 2O XTIV Y
(2
TITE +ALL
k 2N g e
. LEEEED -
G* 17
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OBSERVABLES OF WQFT: ONE POINT FUNCTIONS

2) Emitted Waveform (Gravitational Bremsstrahlung)

G
by = | =L [

3) Spin-kick: Change in spin-tensor from (Awf )
S = _oigltytl = ASH = _2(APFYY 1 gAY ¢ A AYY))
1 W Y 1 ¢ 1 % 1 1 1 1
(0

- X 1 7.
(Ayy) = Spin-vector: Sf = 56 vpoP1 7 ST

18
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HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW [Dress Jakabsen, Mogul JESauer Usevtch]

Berends-Giele recursion m fﬂy (u, Zi‘)
: Ap;
Generate graphs & |, , . £ .. /_8 R ASH
Insert Feynman rules ¢ ® ¢
(5PM: 6g vertex)
lv 1€
Reduction to /’ o T Method of regions
e T YTRY Fix boundary conditions i iati
{scalar integral family J H H D(l ) . ey (otentidl A maiation
in static limit (PN) ~—1 gravitons)
l (43 Kira I

. Single scale
Integration by parts: Ricusad sysunctrics Solve masters by Diff. integrals
due to retarded prop.
Master Integrals

Eq. technique =
T =y —f e =1

=YYz

l - -l €— —e

Find same set of Master integrals for spin and tidal effects

19
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Generate graphs &
[Jakobsen,Mogull,JB.Sauer]
Insert Feynman rules

(Zi(w)) = @ w?ni _ %., ) %—2—’+ (b (k)) = W _ oy, - +..

All graphs are trees: Use Berends-Giele recursion to efficiently generate all contributions.

s — g) 2 @g -4 +... 43

2

1 o 1 @ 1 ©
15y ERRO S : .
2 3 ® 4] O, Causality flow implemented
(®) (») ®»)

Insertion of Feynman rules with FORM - fast on tensor algebra & convenient for anti-commuting
variables.

20
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HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW [Dresse Jakobsen Mgl SaserUsovitsch]

Berends-Giele recursion m fuy ('U,, i )
Generate graphs & ,é% Api
. — + 3 + u
AS;

Insert Feynman rules

(5PM: 6g vertex)
| 1€

Reduction to . T . N Method of regions
H d~l; Fix boundary conditions (potential & radiation

scalar integral family I1; D(L:) . e :
in static limit (PN) v —1 gravitons)
l )
L€ kira ' T Single scale
Integration by parts: Redudal symmetiies Solve masters by Diff. integrals
due to retarded prop. )
Master Integrals Eq. technique

I - -1 e— —¢ x=rvy—4/72—1

v

Find same set of Master integrals for spin and tidal effects
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scalar integral family ..........................................................................................................................

[ Reduction to JSTRUCTURE OF WOFT INTEGRALS: IMPULSE & SPIN KICK

Order N-PM : Single scale (N-1)-loop integrals:
num /]

Lopa / e=985(q - v1)8(q - v2) / UL Sty - 02)6(0 ) .. 8l - 03)
q ll,lg...ln_l D]- "'Dj

Propagators D/(l;, g, v«) are linear or quadratic v« € {v1,v2}  (*’s determined by self-force order)

(l? + i0)2 — l_? <——For conservative sector use Feynman

Di(liac.Iav*) — {

Depend on single dimensionful scale g —> left with single parameter integral y = v, - v,

k
Passarino-Veltman tensor reduction yields scalar integrals (spin-less case)

L ~q

fi‘%fi-vlﬁf—l—&;ovzﬁg—i— q2

22
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WQFT LOOP INTEGRALS: IMPULSE & SPIN KICK

(Memory Effect)

5(5"02)
_ D
_/d Efz(q—f)%-vl

(5(€ . ’02)

N

%

4
L 1
AW —
(ko + i€)2 — k?
L 1
S k-v;+ e
kM
.T>. — 5(}{: . 'UJ)
y,
&

External Kinematics:
V1 V1 =V2 V2 =
vi-g=vz-q=0

i

M » Vg =Y =
1~ U g | ,—1_62
P

= [dPl—— . .
((€o +i€)? — £°) ((qo — Lo + i€) — (g — £)?) (£ - v1 + ie)

(Regulator: Dimensional Regularization)

irsa: 24050061

Page 24/59



mm mim mimi mimd ik
1PM g
tree-level 0SF
2PM ]
1-loop

3PM

2-loop

4PM

3-loop

oPM

4-loop
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SCATTERING [lF SPINNING BLACK-H[]LES UP

2 loops
4 loops

UNKNOWN

Pirsa: 24050061

Work on spinless 3 loops:

0 5PM ACCURACY

..........................................................................

Physical PM counting for Kerr black holes!

= Gmx ; xi| <1

Vines [1709:06016]
Chen, Chung, Huang, Kim [2111.13639]
Damgaard, Hoogeveen, Luna, Vines [2208.11028]

Jakobsen, Mogull [2201.07778] Cons
Jakobsen, Mogull [2210:06451] Diss

Jakobsen, Mogull, JP, Sauer, Xu [2306:01714]:  ([(€ons)

Jakobsen, Mogull,JP, Sauer [2308.11514]: Diss

Driesse, Jakobsen, Mogull, JP, Sauer, Usovitsch [2403.07781]: -
Preparations for-: Klemm, Nega, Sauer, JP: [2401.07899]

Bern, Parra-Martinez, Robin, Ruf, Shen [2112:10750]
Dlapa, Kélin, Neef, Porto [2210:05541]

Damgaard, Hansen, Planté, Vanhove [2307.04746]

* Cons=Conservative, Diss=Dissipative 25
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PLANARIZATION AT FIRST SELF-FORCE ORDER ——

All loop 1SF integral family: Reachable via planarization:
l1-v1 ba-vq l1-v1 l1a- ’Ul 312 vy Uov1
i = - -
I _/ 6(£1-v1) [ ;25 6(£; - v2) % % % § § % %
{na} —
! TR HA DZ;A

(El 1}1+30+ (4‘32 m +10+) (51 ‘U1+30+ (212 (1 +%0+ (gg (51 +30+ (512 U1 +1.0+)

A € {iv,ij,iq,i0}

Ez"'Ul ZZ2,3,...,L

= (4 — £;)°
= (4; — q)°
Diy =4}
\_ J

At L-loop order have L linear and L(L+3)/2 quadratic propagators & L delta-functions.
26
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1PM AND 2PM: IMPULSE

1PM: Trivial - pure Fourier transform

2PM: 1-loop: 8 graphs, 3 propagators

Dlzl"t)liiG,
D2:l2:
Dy=(l+q)*. :

27
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3PM: 2 LOOPS

6 test body diagrams (geodesic motion in Schwarzschild background):

(a) (b) (c) (d) (e) (f)
14 comparable mass diagrams (i0 prescription relevant for red propagators):

3 3
~ G°my mj

Integral family: 7 propagators + 2 delta functions

/ 5(21 : ‘Uﬁ)ﬁ(ZQ ) Uiz) gl - g; ST g2 _ EZ a0
T u 4 =4, 5 = g ,
flz Hj:l Dj Dg = (I +q)*, D; = (lo+q)*.

Pirsa: 24050061

: -

[Jakobsen,Mogull]

0SF

- 1SF

1 active graviton
propagator

D3 = (k° + 03i0)* — k?

28
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[‘PM MUMENTUM IMPULSE 201 non-spinning diagrams, 529 linear in spin diagrams

[Jakobsen,Mogull,JBSauer]

N - N TR CUC R
¢ %ZE_? Yyd 4 e.. mimd IS
BEEE %%_? mim2  TSF

+__é 2 00 T

Integral family: 3 linear and 9 quadratic propagators

[/ e~ 08 (q - v1)d(q - va) ] 6(4y - vi, )6 (L2 - v, )0 (Ls - i, )j
. 31,32,33Dl"'D12

29
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[Driesse,Jakobsen,Mogull,JP,Sauer,Usovitsch]

( Reduction to } oPM MOMENTUM IMPULSE

scalar integral family

Focus on conservative sector: Ap, = — Ap, OSF: 63 diagrams 1SF: 363 diagrams
st N
& 5
o = (T L1 Lt Al o mmk 05
. $..--F. 2.3 .2, Y A By SO ?
ur 5 4
calculation: mimqy |
3.3
mims 2SF
4.2 1
mimy  1SF
5,1 =
Mz OSF
Integral family: 4 linear and 14 quadratic propagators + 4 delta functions

30
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HIGH PR B :ISIUN qur CUMPUTATIUNS WURKFLUW [Driesse,Jakobsen, Mogull,JBSauer, Usovitsch]

Berends-Giele recursion A
Generate graphs (tree-level!) Apt f m/( ) 93)
/ Pi 0
@_ = T+ + l; "l
| 6 o AS;
Form script
Insert Feynman rules .
(5PM: 6g vertex) 1€
Method of regions
RedUCton tD fH o1, z;‘; . M _le bognflar?r conditions (potential & radiation
in static limit (PN) ~—1 gravitons)
scalar integral family
l 43 Kira ' I Single scale
Integration by parts: Bedused sysumeteics Solve masters by Diff. integrals
due to retarded prop. .
Master Integrals Eq. technique
I - -1 e€— —¢ x=rvy—4/7%—1

v

Find same set of Master integrals for spin and tidal effects

31
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[ptescation byiparts: J 9PM-1SF: INTEGRATION-BY-PARTS (IBP) IDENTITIES

Master Integrals

[Driesse,Jakobsen,Mogull,JBSauer, Usovitsch]

Reduce integral family to basis of Master Integrals:

Reduced 10 conservative scalar integrals to basis of 470 Master Integrals

Used KIRA 3.0 (pre-release) in Finite-Field mode (300k core hours on HPC clusters)
Reconstructed rational functions from finite-field samples with FireFly

Key improvement: generate fewer equations (Laporta algorithm) by t|ghtly controlllng powers of

propagators

1 1 1 1
@y @ vP

- .. - s e ? * 2 , s P a4 ao=

Maximum of 8 allowed powers on worldline
propagators (7 dots)

Maximum of 9 scalar products overall

Johann Usovitsch

32
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HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW [Drese Jakobsen, Mgl SaserUsovitsch]

Berends-Giele recursion w fHV ('U,, ff,')
. Ap;
Generate graphs & . e ASH
® i
Insert Feynman rules

(5PM: 6g vertex)
| 1€

Reduction to g B i B ‘ — Method of regions
H d-l; Fix boundary conditions (potential & radiation
S i

calar integral family I1: D() . T ;
in static limit (PN) v —1 gravitons)
Le Kira . I Single scale
Integration by parts: Redysail cymimetties Solve masters by Diff. integrals
due to retarded prop. "
Master Integrals Eq. technique
I -1 e€— —¢ x=7v—4/72—1

\—’/'/

Find same set of Master integrals for spin and tidal effects

33
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Eq. technique

Selvemesrsty DI | DIFFERENTIAL EQS @ 5PM-15F

After IBP reduction: Basis of Master Integrals I (x, €) for 5PM-1SF planar family

d — —
—T=M@el | a=1-vP-1 =3+

Total of 236 even & 234 odd Master Integrals (Mls)

1 50 100 150 200 236
1\!\% | | | : 1 1
su-t 3 150 50 -":. |50

T Heat plots of matrix
00 ) .. 100 M(x, €) 1100
o
L | .
.-'1:_-
150 @ = ..'I =] 1150 {150

T T e

o “'h:'?:l—-_ " -5:“9'"_

200—-_|. ]l e LR AN | 1200
il < HE- BB 2w 1200
= :E ] Bl =

235_mn|_“ ulli":‘_ | 236 1232
1 50 100 150 200 236
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[Driesse,Jakobsen,Mogull,JBSauer,Usovitsch]
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[Driesse,Jakobsen,Mogull,JBSauer, Usovitsch]

[Solve risters by Dk J DIFFERENTIAL EQS @ 5PM-1SF

Eq. technique

Canonical form of Diff. eq. through rotation to new basis:
[Gehrmann Remiddi][Henn]

I(z,e) = T(e, x) I’(:E,E)h ifr($’ €) = € A(x) I_?(a:, €)

4 . .
ﬁf(:r;,e) = M(z,¢) 1{x,€)

v dx
- " boundary integrals
Straightforward solution for masters: I (z,€) = Pexple / dA(x)] Iy(zo U By = 1 E-g—
G

Tools to find canonical form:
Good choice of Master Integrals: Simple pole structure of A(x)

Most useful algorithms for finding 7(x, €): CANONICA, INITIAL, FiniteFlow

Resulting function basis up to 5PM (dissipative): Multiple polylogarithms,
Complete Elliptic Integrals, Calabi-Yau periods (K3 & new CY 3-fold)

Benjamin Sauer
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HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW [Drese Jakobsen, Mgl SaserUsovitsc]

Berends-Giele recursion w fuy ('U,, i )
Apt
Generate graphs & |, = . ,46) oL /_% . ASH
Insert Feynman rules ¢ ® :
(5PM: 6g vertex)
l 1€
Reduction to /' H P L N e o Method of regions
ix boundary conditions - s
scalar integral family H D(l ) _ paeaty e s
in static limit (PN) v —1 gravitons)
l (43 Kira T

. Single scale
Integration by parts: Reiiend eymmeties Solve masters by Diff. integrals
due to retarded prop.
Master Integrals

Eq. technique

l—» -1 e€— —¢ x=rvy—4/72—-1

v

Find same set of Master integrals for spin and tidal effects

36
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Fix boundary conditions Compute boundary integrals I_g)(m’ ¢) by Method of Regions (sencke,smimov]
in static limit (PN) in static limit v — 0

Regions determined by scalings graviton = (£9,£,) ~ (v,1), = (02,8;) ~ (v,v).

momenta: potential (P) radiation (R)

Active: Propagator can go on-shell, ie¢ prescription matters:
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HIGH PRECISION WQFT COMPUTATIONS: WORKFLOW [Drese Jakobsen Mol SauerUsovitsch]

Berends-Giele recursion w fuy ('U,, T )
Generate graphs & g ré% " ASH
Insert Feynman rules ¢ .
(5PM: 6g vertex)
l 1€
Reduction to /‘H F ML Il I SO i Method of regions
ix boundary conditions - s
scalar integral family H D(1:) . sReaty patcatial B piliation
in static limit (PN) ~—1 gravitons)
l (43 Kira I

. Single scale
Integration by parts: Rastuensl ey cieles Solve masters by Diff. integrals
due to retarded prop.
Master Integrals

Eq. technique

l— -l e —¢ r=v—1v72—1

\_///,,—v

Find same set of Master integrals for spin and tidal effects

. 38
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RESULTS: SCATTERING ANGLE@ 1PM, 2PM & 3PM PRECISION:

........................................................................................................................ Apyf
Scattering angle in center of mass frame: p’f = (E1,p) ph = (E2, —p)
p-(p+Ap)

cosf = [P| |p T Ap| Including recoil: Ap = Ap; + E1P,aq/E
E _ GM2(2H*—1) (GM)23TI'(5"}’2—1) =1 - Vg I'=E/M=/1+2v(y—-1)
iy b -1 bl /  4(v*-1) _ mimg

V= 12
1PM 2PM

(GM)S ( 647° —120* + 60y° — 5., | 894" +25) o (49" — 129" —3) arccoshy
B 3(y2—1)3 S(y* =1) (=1 -1

[Bern,Cheung,Roiban,Shen, Solon,Zeng][Kilin, Liu, Porto][Di Vecchia, Heissenberg, Russo,Veneziano]

3 PM Conservative [Bjerrum-Bohr, Vanhove, Damgaard] [ Brandhuber,Chen, Travaglini, Wen] [Jakobsen, Mogull,JB Sauer]
3
GM\’|4v(29? — 1)? 8 1 (3v?-1)
+ ( -4+ =+ 7arccoshfy) ISF piece
o) [ee-e T3t et

3PM radiation-reaction

59
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RESULL: SCATTERING ANGLE@ 4PM PRECISION: CONSERVATIVE + DISSIPATIVE

0 GM\* /1057 (33y* — 1872 + 1)
2= ‘l‘ b ( 5 5 4PM conservative [Bern,Roiban,Shen,Parra-Martinez,Ruf,Zeng..]
| | 64 ('}’ - 1) [Dlapa, Kilin, Liu, Neef,Porto]

[3h3K2(%ﬁ)+3hE(m)K(%&) ths  Shorlogt (1) halog (75%) | 3huslo (75" log (75?)
32(v2 1)’ 32(y2 - 1)° Ga-7 " A0 mei-nf T 1867

B has log (77“) _ hoglog(y) | 3hes arccosh? () " haq arccosh(y) 3h16 log (%1) arccosh(7y) B 3hosg log (%1) arccosh(7y)

32(2-1)° 4(y2-1° 64(y2-1)" = 32(12-1)"? 32 (72 —1)°/? 32(y2 —1)*?
. [v—1
N Fign B 21h2E2 (h) 31,/’]/ — 1h7Lis ( +1) 5 hogLis ("H‘l) i 3 /,-},2 — 1hy " 3hso I (f-), = 1) ]
38477 (2 —1)°  64(y—1)2(y+1)  2(y—-1)2(y+1)3 8(1 —~2) 8(y—1)2(y+1)3 161692 ) “\y+1
GM 4 4PM radiation-reaction hs = 1200v“ + 2095 + 834
Ibl ( L [ ] ) [Dlapa, Kilin, Liu, Neef,Porto] hy = 1200’}’3 =+ 2660’)’2 + 2929y + 1183
[Damgaard,Plante, Vanhove] hs = —257° + 307" + 607° — 1299° + 76y — 12
[Jakobsen,Mogull,JBSauer] 6 5 4 3 9
he = 2107% — 5529° + 339+% — 912+° + 3148+2 — 3336~ + 1151

Function space: Logs, Dilogs & Elliptic hr = =7 (29 - 3) (157" — 157+ 4)
Integrals of 1st & 2nd kind: E(x) & K(x)

40
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[Driesse,Jakobsen,Mogull,JP,Sauer,

OUR RESULT: SCATTERING ANGLE@ 5PM-1SF PRECISION: CONSERVATIVE s

ol
0 _ N (GM) 5 (2 (17929'° — 57607® + 672075 — 33607* + 630y* —21) |, Z ex(7) fuler)
- 1o 5(y%—1)° k=1
+V295,2 OSF 1SF

5PM-1SF function space: Multiple polylogarithms up to weight 3!

y
G(al,...,an;y)z/ tiltalG(ag,...,an;t) y=1l—z=1—v++/92-1€{0,1,2,1 L4}
0

¢ (y) polynomials:
_ 1880064 + 1880064y + 4265408677 + 20978054+ — 305752626+'° — 236079666~ + 597683406~ + 51639828612 — 403178675y

0 7560077 ~ D (r +1)
—362536115v'° + 7785691297 + T0236432° + 16701489~ + 16955505+°% — 5362357 — 536235v* + 393120+% + 393120% + 10395+ + 10395
7560(y* — 1)*y" (v + 1)
6512647 — 7809042"® — 23185512¢"° 4+ 169295016'* — 3154605427'% 4 2773691707'° — 1342642147° + 65100357° — 9880157" + 240905+° — 18585

[ —
) 25205 (72 — 1)°72
_ 61444'® — 587336+ + 4034092+'? — 41730270 — 5560073~% — 142640~° + 35710¢* — 82504 + 1575
cate) = 360(72 — 1)347
7 (32768y° — 90112+° 4 1564672y" — 1872978y — 7817455)
el == 336(72 — 1)2
49152077 — 2482176~"" + 106550647'® — 32742084~'° + 17085516+'* + 612056627 — 59068870~'" — 54336871° + 13521207° — 3308907* + 72450+°
es) =~ 840(y2 — 1)5+7
' 11025
o BAO(Y2—1)5y7

Page 42/59
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RESULT: SCATTERING ANGLE@ 3PM-1SF PRECISION: CONSERVATIVE

................................................................................................

5PM-1SF function space: Multiple polylogarithms up to weight 3!

[Driesse,Jakobsen,Mogull,JBSauer,Usovitsch]

)
G(ala---aan;y):/ G(a2:---:a'n;t) y=l—-z=1-v+ V’}’g—].E{O,].,z,l:l:Z.}
0

fi(y) Basis functions:
31

hm) = 651 =v Y _cx(y) fe(7)
f2(v) G(l y) k=1
f3() 2( (0;y) — G(L;y) + G(2; ) + log(2))
faln) = 5PM-1SF Angle

fs(7) G(l y)?
fo(7) =2G(L;9)(G(0;9) — G(L;y) + G(2;y) + log(2))
(%) —G(l,y) +(=G{Ly) + Gl —=ivg) + G(L+ 59))G(Liy) =61, 1 =&y~ 6, L+5y)

faly) = - —Gu V' + G(0GU) + 60, 13) - G0, %) No elliptic or CYs!
Jio(y) =m G(l )
fii(7) == G(Ly) (-G(1;y)°* — 2G(0;y)G(L;y) + G(2:y)G(L;y) — log(4)G(L; ) — G(0,1;9) +4G(1, 1 — i;y) + 4G(1, 1 +i3y) — G(1,2;y))

fiz(7) = = G(L;9)® +2G(2;9)G(L;9)* + (G(L;y)G(2; ) — G(0, L;y) — G(1, 2 ¥))G(L;y) + 4 (—%G(l; y)’+G(1,1,1—iy) + G(1, 1,1+ y))

: 42
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LOOKING AHEAD: FUTURE 5PM CALCULATIONS

Our next step will be to calculate the complete momentum impulse, including
dissipative (radiation) effects.

Will yield full 1SF angle, radiated energy flux.

Means upgrading to retarded graviton propagators, and including the (PPR) & (RRR)
regions (odd-in-v)

Klemm, Nega, Sauer, JP 24

(CY3)

Will we see a Calabi-Yau 3-Fold? They appear in the DEs...

Then, 2SF! More difficult integrals, including genuine nonplanars:
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RADIATION REACTED IMPULSE (CHANGE OF MOMENTUM) @ 4PM & LINEAR IN SPIN

............................................................................................................................. Uakobsen,Mog—u]]JRSauer]
B Ql
al’ = S /m;

Bt 2 2
4 _ MMy (o) my (o) mi (o) 7 7
Apg L = W Z Plg # [(WCEG ("}’) + @Cla (’)’)) pgb)” _ f)’u, a; - L 3#, a;-b i"u’ ’
pomr 1] 14
(0) (o) g a;-L , a;i-v
+ 3 Fa) (mad ) + mud ) | i = {op S o, S
Basis of 19 functions of weight-0,1,2 functions: Rational functions: ¢(2(y), d°)(y)
l " Ta,l
log|] Vi 2
Fi.1a(0) = {1 2= logh) log [ 5[ log%lal, g 16(y) = {Lial—a?] — 4Lial—] + logi]logle] —
o2 7+] log(z] log [y] log[z] log [%] Liy[—a] — Lip [—3] — log[4] logla]
B R e Y~ s B BT
= . _ ly dissipati
log [')%] log [77] Li, {iz} | purely dissipative
1] [ 1= k2| = g2 | = T= =
Li, [’Y ] 4Liz [ ’Y+] 1, i Fir.10(7) = {K [’)’J e [’}’J A [’}’J . [’}’J |
4 ,.Yz — 1 Pk =% .
et z=y—+v/7v2-1 purely conservative 44
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SCATTERING SPINNING BLACK HOLES: STATE-OF-THE-ART

.....................................................................................................................................................

Higher orders in spin are suppressed by physical PM counting:
ai =Gmix;,  |xil <1

S0 S! S 5 S S5

(Spin-0) (Spin-1/2) (Spin-1) (Spin-3/2) (Spin-2) (Spin-5/2)

1PM ~ | :

(tree level G e G4 G5 G6

2PM -
G3

3PM Jakobsen, Jakobsen,
(2 loops) Mogull 22 Mogull 22

4PM akobsen, M ,JP
(3 loops) G4 : Os:xf:r, ng;g 4 G6 G7 G38

5PM Driesse, Jakobsen,

Mogull, JB, Sauer,
(4 loops) Usovitsch 24

Nearing completion of full 6° perturbative order! 45

G6 G7 G$ G? G10
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