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Abstract: Determining the long-range phase of matter of a strongly coupled system from its microscopic description has long been one of the central
topics in physics. Simple microscopic systems often become strongly coupled at long range where we usually rely on clever approximations.
Bootstrap is an alternative approach that uses positivity and equations of motion to make predictions in quantum many-body systems without
making approximations. In this talk, | will show my recent work on using bootstrap to compute the ground state energy, local observables and gaps
of a quantum many-body system in the thermodynamic limit with rigorous error bars.
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Motivation

o Systems with large degrees of freedom can
have interesting emergent behaviors, which are
often strongly coupled and hard to compute.
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Motivation

Simulation

Known S=8+6S
QFT, Lattice, ...

Monte-Carlo,
Variational method ...

, Gapped? Not gapped?
& Symmetry?
Spectrum?

Can have errors
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VS.

Bootstrap

Which UV theory?
, Equation of motion?
Range of some parameters?

. 5 (> o A

2O P ks d

I3 j 4 .I
& v

Rigorous self-consistency check

CFT data, S-matrix, ...

Bound on parameters

Need a lot assumptions
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Motivation

Simulation

H=H0+V

Known S=S+65
QFT, Lattice, ...

Monte-Carlo,
Variational method ...

, Gapped? Not gapped?
= Symmetry?
Spectrum?

Can have errors
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Bootstrap

Which UV theory?
Equation of motion?
Range of some parameters?

i o L
= X

Rigorous self-consistency check

?

CFT data, S-matrix, ...

Bound on parameters

Need a lot assumptions

Desired method
Known

Self-consistency conditions,
No approximation made

Solution parameter space

Bound on parameters
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Outline

o Introduction
o Bounding many-body ground state

« Bounding gap of many-body systems
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Introduction

Bounding many-body ground state

Bounding gap of many-body systems
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Introduction

Moment problem and moment matrix

e Moment Problem:

o Organize observables as Moment Matrix M{If =(x"),1<i,j<K
e | (x"y= [x"du for a positive measure y Yy & e xK
PN oM - o B
MX is positive semidefinite MX > 0, V K <X.1<> <X;<'+1> - (KK

o (x™) is further constrained by equations of motion, symmetry and locality.
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Introduction

Warm up: Bootstrapping Anharmonic Oscillator  [Han Hartnoll, Kruthoff *20]

H=p?+ o*x* + 1x* (1 & - &
@ )

Ingredient 0: solution parameter space : : ;
(Moment Matrix) (xKy  (xKH (xK+K)
assuming some energy eigenstate |E).

Truncated down to K

Ingredient 1: Positivity M;; = (E | X"V |E) = 0.

Ingredient 2: Equations of motion, ([H @]) =0, (@)= EO}

ME(xY — 1z — DY — 44+ DYy =0
= (XM =#+#(x*, (x**1) « (x) =0 from parity

:

Can derive recursion relation:

Pirsa: 24030126 Page 9/41



Introduction
Warm up: Bootstrapping Anharmonic Oscillator

[Han, Hartnoll, Kruthoft 20|

« My=(E|xXV|E)>0, (x*)=4#+#(x? 0<i,j <K

o Give E, (x?), askif M = 0

e Yes: an eigenstate with
E, (x?) is possible N

~
—

0.305

0.300
« No: an eigenstate with

E, (x*) is impossible 0.295
136 1.38
o Bound also allows other eigenstates
(not shown)
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03100 H = p% + x2 + x*

[Han, Hartnoll, Kruthoff '20]

¢
1 OK=7
K =8
K=9
140 142 144
E
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Introduction

Bounding Many-body Ground State

Bounding gap of many-body systems
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Bounding Many-body Ground State

Generalize to Many-body Systems in thermodynamic limit

o Spin chain in thermodynamic limit: generalize Moment matrix to M = (@j 0;).

e Energy diverges. Simply discard the second type EOM.
{ ( [H, @] »=0 <4 satisfied by any static states and linear combination
~H-O)=E£(G)—
« How do we specify that we are bounding ground state properties?

¢ By definition, minimizing energy density leads to the ground state.

e Or, add another constraint (67 [H, G]) > 0 to isolate the ground state.

[Fawzi, Fawzi, Scalet, 2311.18706,

also Aratjo, Klep, Vértesi, Garner, Navascues 2311.18707] .3?

1
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Bounding Many-body Ground State

Lower bounding ground state energy

o TFIM example on 1d infinite spin chain H = E:Z_oo 607, | + hoy .

o Bootstrap gives a lower bound on ground state

energy which improves with L. v B

|
=
tn
b=
Il
w

o Comment: rigorous bound, but to tighten the

bound requires large L. Moment matrix grows
as 4%,

|
—
f]
T T

Ey per site

|
[
Lh
T

|
i
(=]

e Can we make it faster?

Pirsa: 24030126

13

=N
(=1

0.5

1.5 2.0

Page 13/41



Bounding Many-body Ground State

Lower bounding ground state energy

o Example: Transverse Field Ising Model (TFIM) on 1d infinite spin chain
H= Zz_m 0; 011 + ho

. . . . k 1 2 3
o Ingredient 0: Moment matrix on spin-1/2 chain: 1" o, o o
M=(MOM,®---QM,), e o, 1 o, —ioy
truncate to L-local operators for finiteness. " e -is? 1 o)
3 L) 1
c, ic; —io, 1

o Ingredient 1: Positivity: M > 0.
o Ingredient 2: Minimize (H|,) = (o 0; + ho) (assuming translation invariance)

o Turns out EOM ([H, o{"0;---]) = 0 is not necessary for ground state minimization.

2
-
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Bounding Many-body Ground State

Optimizing the bound with Matrix Product State (MPS)

o MPS is a variational ansatz
) = BB B 575,
that efficiently approximates the many-body All states
ground state.

Area-law states

| Sl) ® | S2) e | SL—I) ® | SL) MPS is efficient because it captures the feature
that ground state (in gapped phase) has area-

. . . law entanglement entropy.
1,J=12,--D D:"bound dimension

14
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Bounding Many-body Ground State

Optimizing the bound with Matrix Product State (MPS)

. _@m
o - Z [Kull, Schuch, Dive, Navascués 2212.03014]
e MPS is a variational ansatz
I _ pllhplhl I, J 10i=E
|w ) — 38123522 3...BSII: |SIS2"'SL)
that efficiently approximates the many-body i 109
i ‘*
ground state. u R
T yg74 Ty
i e e & Y VIR
o Schematically, one relaxes positivity to =
5 ¥
(™Y |) > 0. Now problem scales as i
LP°Y" and we can study much larger L. I T SR SRR
2 4 6 810 20 30 60 100 180
[Kull, Schuch, Dive, Navascués 2212.03014] L

t MPS, D=2 MPS5, D=4 MPS, D =6

:

dim 4L = dim D?
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Bounding Many-body Ground State

Isolating the ground state

It is much more interesting to obtain bounds i
on general observables.

L=3

— L=4

Requires two positivity conditions

-0.4 — exact

e (0'0) >0,i.e. M > 0 (moment positivity). . 7
e (OT[H,O]) > 0 (Perturbative positivity). 08
' [Fawzi, Fawzi, Scalet, 2311.18706, I

¥ | I - g
also Araujo, Klep, Vértesi, Garner, Navascues 2311.18707] 0.0 0.5 1.0 1.5 2.0

o EOMs are necessary: ([H, o!c}?--]) = 0. '

@)

Large L is still required to optimize bound. Combine with MPS?

:
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Bounding Many-body Ground State

Our setup: optimize observable bound using MPS

o Unfortunately, naively the MPS relaxation doesn’t play well with EOMs.

o For a generic element A = |y )(y*"|in the relaxed moment matrix, action of

Hamiltonian [H,A] & { |y"){y®L|} brings it out of the MPS parameter space:
Naively no EOMs to use in MPS relaxation.

o For now we can still proceed with a hybrid method using EOM and MPS in different
parts of the problem.

(0'[H,0]) 20
(66) >0 (H,0]) = 0 |y Y| > 0  + self consistency
1 + self consistency L' &

:
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Bounding Many-body Ground State

Our setup: optimize observable bound using MPS

e Idea: .
Mo.fn ent matrix prOblem Expensive, restrict to
(676) > 0, ([H, 0]) =0 7 e b
+
(0'[H,6]) >0
[Fawzi, Fawzi, Scalet, 2311.18706]
+
Cheap, go to range L
. 1J 1J
MPS relaxation [y ™) (y™ | > 0 S very large
[Kull, Schuch, Dive, Navascués 2212.03014]
(O"[H,0]) >0
(66) > 0 (H,0]) = 0 Y| >0 + self consistency ’
} . . R i
1 + self consistency I L

-
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Bounding Many-body Ground State

Our setup: optimize ground state bound using MPS

o Full semidefinite problem

minimize : (6,) = Tr( E‘j@b)ag")
over : ag’), ri= 1,2 5. L/, 5oL
with constraints : p,>0,p. = alg,r) E¥, for r < L,
Trp,=Tr,p,=p,_, Ttp; =1 MPS ansatz, inspired by

e [Kull, Schuch, Dive, Navascués 2212.03014]
0, >0, = al-(erU, forr>L'+1

Trw,=Bew,_, Tr,w, = w; o B

Trywpy = Beopps Trpy 0y = ppoB

isolate ground state : M > 0, M;; = Ti(E™O][H, O])a~ Moment matrix problem, with constraint that
. . rs @) isolates the ground state, inspired by
equations of motion : ([H, Ox]) = Tr(E"[H, O]y’ =0, Vi . [Fawzi, Fawzi, Scalet, 2311.18706]

19
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Bounding Many-body Ground State

Numerical experiments

o Ongoing work. First result of (¢*) upper and lower

bound up to L = 10. %
(Note the system itself is infinite)

 In full problem, we would have to do semidefinite
programming for a matrix of
419 % 419 = 1048576 x 1048576 . MPS relaxation
drastically reduces it to 100~1000.

» Away from criticality (e.g. h = 1.6) result seemsto
be converging well, while at criticality (A = 1) it i
seems to require more equations of motion beyond ?‘j

N

L

20
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L=3
02 — L=4
— L=10,1I"=4
-04 3
— exact
-0.6
-0.8 \
-10= .
0.0 0.5 1.0 1.5 2.0
. ‘ h
0.05 o e o @ . ° .
L' =4 :
A
0.00 —
A
A
-0.05
[ ® h=1 1b.
—0I0F o -1 ub * e
F L
[ L]
015" 4 h=1.61b. e ]
L 4 h=16 ub. ™ ]
-020- g
b exact o
0.00 0.05 0.10 0.15 0.20 0.25 .I
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Introduction

Bounding many-body ground state

Bounding Gap of Many-body Systems
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Bounding Gap of Many-body Systems

Bootstrapping spectral decomposition

o Beyond the ground state observables, we are interested in gaps, correlators and
excited state observables.

o For this purpose, we extend the moment matrix problem by inserting a complete
basis of eigenstates:

(010,0,10) = ) (0] 0,1 k)(k| ©;|0)
k

o The rh.s. form a positive semidefinite matrix. If spectrum has a gap then sum over k
starts from E,  after E itself. Positivity can be used to exclude such assumptions.

« (O7[H,0]) >0 can be taken as a relaxation from the above bootstrap equation.

>
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Bounding Gap of Many-body Systems

Analogy to the conformal bootstrap

o The setup closely mirrors the conformal bootstrap. Many of the techniques in the
conformal bootstrap can be directly applied here.

43 . . 22 f @ == |k>
Crossing equation: » )
k
(0] 10) O] |0)

“OPE coefficients™ (k| O;|0)
(010,0,10) = ) (0] 6;] k)(k| 0;]0)
k

23
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Bounding Gap of Many-body Systems

Anharmonic oscillator revisited

» Revisit the moment problem of  Using equations of motion to
anharmonic oscillator using the new reduce the unknowns
method:

: j i j (n|[H,O]|m) = (E,— E,)n|O|m)
A x % o (n|HO|m) = E,(n|O|m)
y k)
xf+J = Z
(0] 10) (0] 10)

(01x710) = )" (0| x'[k)(k|x| 0)
k

for0<i,j<K

:
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Bounding Gap of Many-body Systems

Anharmonic oscillator revisited

» Revisit the moment problem of  Using equations of motion to
anharmonic oscillator using the new reduce the unknowns
method:

i+ | k) . .
x' = 2 (n|x1|m> = g;(Env Em) 5nm
G + g)i(Em Em) Com, x
(0] 10) (0] 10)

+ g;h(Ena Em) Cn

m, x2

- - 0= (o Fp'p.
(01x"/10) = 3 (01x| k) (k|| 0) §T0k &
k

for 0 < i, ] <K unknowns gg(En E.)
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Bounding Gap of Many-body Systems

Anharmonic oscillator revisited

— z : 2 TE PR 5 .
O - (COk) FEk,P’... 0= (1 COO,mz) (S() — ’T{j) (C . ) + Z C%k_,:csk— + Z C%k+,z28k+ .
k ‘? % 00,z2 e o

L(E,E
unknowns 86(Ew Ep) If there exists a;; such that VE,, > E;
Schematically: find @ suchthata. F > 0 S 1
y - Z Cla,‘,’_j (1 COO,;;:?) (80 . 76)” ' =1
a.F SIS K CO{),$2

D> ay (gk—)” 20
1L,j<K

— No Z a%j (Sk+)1j ; 05

— Yes 1L,j<K

= then all spectra with the prescribed (Eo,E1) and ¢yg 52 are ruled out.

26
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Bounding Gap of Many-body Systems

Anharmonic oscillator revisited

o Found upper bound on the gap E;

. . . 2D
H:p""—éa:z—l—:r't—i-zo
| B matrix K = 14
3.0+ W matrix K = 18
| M spectralhK =10 ||
| exact
29
E 1
28 I 3.01
I 3.00
2.99
- 2.98
2.7
| 2.97 ]
28390 2.8395 28400 28405 2.8410
2.7 2.8 2.9 3.0
EO

Pirsa: 24030126

e Much better results from mixed bootstrap study:

(0]|x™|1) and (1 |x"7|1)

0 C Tra T | T T T SR P T ]
b exact answer

-5.x107°} -

56 equations -

~1.x108F 1

i -8 [ ]
Ly —15x10 |

|

3 [

-2.x107% R

. [ Ey=2.8398572(3876+25%

“25xI07 g = 2.9993246(37714902 ]

T (0]x2]0) = 2.0244491(250+37% ]

ba el |x?]1) = 2.2188768(26339%3) 1

F{0lx|1) = 1.382316052(419) 1

\ 4

| I PR N T R T S S T N TR N BT PRI T IR 't | -
S s & £ & £ &
N B N SN N
T T A S 35
) ~ N v 4P % )
2? JL—(-[J _ E[r;xnrt
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Bounding Gap of Many-body Systems
The gap of infinite chain .

o For (1+1)D transverse field Ising Model,
we obtain a rigorous upper bound on the gap

H = z crfaiil + ho}
i

2.5
Nancarrow, YX 2311.16290 « Operator basis is:
2.0 {or", o), A=4 %
—— - » Primary operators” o7 , o] and 670
%5 fot, o, oo, A=4
g (o, o5, o), A=5 « All “descendants” by acting [H, - | on
48] . .
WISELELL exact L = oo primary operators up to A times.
05 . hgap =k -k
0.0 IlIll.I.-II-lIlIII#’
0.0 0.5 1.0 1.5 2.0
"
28
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Conclusion & Outlook

o Bootstrap is a useful tool to study Quantum Mechanics with infinite degrees of
freedom. It rigorously bounds the IR solution and knows about all its UV constraints.

o We have working setups to bound the ground state energy, ground state expectation
value, gap and excited state expectation values.

o A relaxation based on variational methods can drastically reduce the cost.

o We are still working on a more general setup that combines bootstrap with
variational methods, especially, one that preserves equations of motion.

29
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