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Abstract: We introduce an improved CNOT synthesis algorithm that accounts for nearest-neighbour interactions and CNOT gate error rates |
intermediate-scale quantum (NISQ) hardware. Our contribution is twofold. First, we define a cost function, $\Cost$, by approximating the a\
gate fidelity $F_{avg}$. According to the simulation results, $\Cost$ fits the error probability of a noisy CNOT circuit, $\Prob = 1 - F_{avg
much tighter than the commonly used cost functions. On IBM's fake Nairobi backend, it fits $\Prob$ with an error at most $107{-3}$. On
backends, it fits $\Prob$ with an error at most $107{-1}$. Moreover, it circumvents the computation complexity of calculating $F_{avg}$
shows remarkable scalability.

Second, we propose an architecture-aware CNOT synthesis algorithm, NAPermRowCol, by adapting the leading Steiner-tree-based s
algorithms. A weighted edge is used to encode a CNOT gate error rate and $\Cost$-instructed heuristics are applied to each reducti
NAPermRowCol is benchmarked against the state-of-the-art CNOT synthesis algorithms in terms of the $\Cost$ metric and the synthesized
count. On average, for all input CNOT circuits with no more than 16 qubits, it is 2 times cheaper than Qiskit and it reduces the synthesize
count by 20 times. Compared with algorithms that are noise-agnostic, it is effective and scalable to improve the fidelity of CNOT cirt
Depending on the benchmark circuit and the IBM backend selected, it lowers the synthesized CNOT count up to $58.71\%$ compared to RC
and up to $17.25\%%$ compared to PermRowCol. Moreover, it reduces the $\Cost$ of a synthesized CNOT circuit, up to $56.92\%$ comp
ROWCOL and up to $21.6\%$ compared to PermRowCol.

Joint-work with: Dohun Kim, Minyoung Kim, and Michele Mosca

Zoom link
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Quantum compilation in NISQ era

Quantum program

e Abstract circuit design with logical quantum gate and measurements
e Quantum programming languages: Qiskit, Cirq, Quipper, etc.

NISQ-executable quanfum circuit

|

e Limited qubit connectivity
e Limited gate set
e High error rates and varied qubit quality

Machine code

e Low-level machine code that can be directly executed by the quantum processor.
e Dependent on the quantum computing platform
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CNOT circuits

* A CNOT circuit is a circuit composed of only CNOT gates.
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NISQ hardware
with IBM
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C.2 IBM’s Fake Guadalupe Backend

Edge Edge Weight
0, 1) 0.009690
(1,2} 0.015158

(0) (D)—(2) DN—10)——12)—15 (1,4) | 0.007311
NS L/ &/ L ot . O (2,3) 0.013654
(3,5) | 0.012821

‘ 4.7) | 0.011911

NISQ hardware @) (1) 5.8 10008363
with IBM 6.7) | 0.006946
calibration data . (7,10) | 0.006762
3) (—® @ @ (8.9) | 0.012718

(8, 11) | 0.009196
(10, 12) | 0.019895
(11, 14) | 0.010583
(12, 13) | 0.007202
(12, 15) | 0.007804
(13, 14) | 0.012091

(a) Each vertex corresponds to a physical qubit. Each edge represents a CNOT gate that  (b) For e = (u,v) € Eg, wg(e) is the error
can be performed on the qubits corresponding to its endpoints. rate of coupling physical qubits u and v.

Figure 23: G = (V. E. ) is the connectivity graph of IBM’s fake Guadalupe backend. It is an undirected edoe
weighted connected graph. |Vg| =16, g : Eg = {x€R; 0 <x < 1}.
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C after the initial qubit mapping

X X X X
3 =d(0) - ¥ =d(0)pd(2)=3a1
0=d(1) g];, o » q 0' = ®(0) HP(3)=3D2
| = B{2} T ® J} "=®(0)dP(1) =360
2 =®(3) . — s =p(1)eP2)pP(3)=081¢2
O,

ArCh iteCtU re-agware * Map a logical CNOT circuit to NISQ hardware

CNQT synthesis

* Account for connectivity and noise constraints

* Optimize the synthesized CNOT count and circuit fidelity

Logical qubit / 0(1]2]3 1 : 3 0
. e 3 5 0 7 g% % "
Quantumregister j | 3 | O [ 1 | 2 Tt P

(a) Due to the initial qubit map, each logical qubit (in green) is
mapped to a vertex (in blue).

(b) G is the linear graph. Each edge has a unit weight, which is
omitted here. {0.3} is the set of non-cut vertices. 7
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Quantity noise in a CNOT Circuit

Approximate the average gate fidelity




COSt fu nctions ¢ Gauge the quality of a NISQ-executable CNOT circuit.
* Let p; be the error rate of the ith CNOT gate.

Naively-defined cost function Literature

* Cost(C)=1-3p; [1] Minggiang Zhu, Xueyun Cheng, Pengcheng Zhu, Liang Chen & Zhijin Guan (2022):

* Cost(C) = Xy [1pi, pi corresponds to the  Physical constraintaware CNOT quantum circuit synthesis and optimization.
weighted edges on the Steiner tree T

* Cost(C) = synthesized CNOT count

Cost(C) = 1— 1_[(1 —pd) [2] Xinyu Chen, Minggiang Zhu, Xueyun Cheng, Pengcheng Zhu & Zhijin Guan (2023):
: Nearest neighbor synthesis of CNOT circuits on general quantum architectures.
[2] Prakash Murali, Jonathan M Baker, Ali Javadi-Abhari, Frederic T Chong & Margaret
Martonosi (2019): Noise adaptive compiler mappings for noisy intermediate-scale
quantum computers.

Cost(C) = synthesized CNOT count [4] Vlad Gheorghiu, Jiaxin Huang, Sarah Meng Li, Michele Mosca & Priyanka
Mukhopadhyay (2022): Reducing the CNOT count for Clifford+T circuits on NISQ
architectures.

[5] Arianne van de Griend & Sarah Meng Li (2023): Dynamic Qubit Routing with CNOT
Circuit Synthesis for Quantum Compilation.

[6] Aleks Kissinger & Arianne Meijer van de Griend (2020): CNOT circuit extraction for
topologically-constrained quantum memories.
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Average gate fidelity

Quantify Noise in a CNOT Circuit To gauge the quality of a noisy CNOT circuit, we define a Cost function by
approximating its average gate fidelity. Here we use a generalized Pauli channel to model noise in a quantum system.
Let £ be a noisy quantum channel and d be its input dimension. Let I/ be the ideal operation. When £ is "close" (o
U, the resulting quantum evolution is closely aligned with the desired algorithm. Let p and ¢ be the density matrices
describing the respective states of two quantum systems. In Equation (1), the srate fidelity of p and o is defined as
F(p.o) [18]. Let £(p) denote the final state of p after the action of £. The gate fidelity Fyy g(p) is defined as state
fidelity of £(p ) and U(p ).

"

A

. Fuelp) = (Tr[\/ma‘(mm]) . (1)

F(p.o)= (Tr[ x/ﬁcx/ﬁD

[18] Easwar Magesan, Robin Blume-Kohout & Joseph Emerson (2011): Gate fidelity fluctuations and quantum process invariants.
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Average gate fidelity

F(p,0) = (T{ \/56\/5”2- Fu.g(p)—(rr[\/\/LTmS(m\/WDj‘ (1)

When the input state is a pure state, p = |y) (y|, where |y) is a state vector. Using the cyclic property of trace,
the gate fidelity in Equation (1) is reduced to Equation (2).

Fusitvl) = (Tr[\ U IT EQuwD] ) = i dwwhulv) @
In Equation (3), we obtain the average gate fidelity F.y, by integrating over all pure input states [7].
Fue EU) = [ dwFue((W)wl) = [ dw (iU E(wityU1v). ©

The process fidelity F,,,(£) measures the overlap between p before and after the application of £ [27]. In

Equation (4), we calculate it using the trace of the superoperator representation of £. For brevity, F,..(&,U) is
written as Fy,,(€).

Fuel €)= = T T d@d+p T d+1 *)

[7] Mark D Bowdrey, Daniel KL Oi, Anthony J Short, Konrad Banaszek & Jonathan A Jones (2002): Fidelity of single qubit maps.
[27] Benjamin Schumacher (1996): Sending entanglement through noisy quantum channels.
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Quantify noise in a CNOT circuit

Definition 3.1. Ler £ be an error channel. The error probability of £ is Prob(&),
Prob(€) = 1— Fy,(£).

FuE)=1=p=gmip a1

Since the size of S¢ scales exponentially with the number of qubﬁ?s in the system, exactly computing Favg (€) demands
a substantial amount of computational resource. Hence, we approximate Favg(S) of a noisy CNOT circuit by modelling
it as a horizontal composition of noisy channels, each of which has precisely one noisy CNOT gate.

) . [0 ’ l90) .
| cx
|91) T % _ law) s> lg1) £Cx | i ;
|42) |42) T l42) )
45 QF 43) — ) & e ]
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Parallel error channel

B I 0—
CNOT '
: & | | U | : 1 %

O,

Idle
5]

Lemma 3.1. Let £, be an n-qubit channel that is vertically composed of two noisy channels & and &, with
input dimension dy and dy, error probability py and p. £, = Eg@ &y, dy =dod) =2". d is the input dimension
of ;. Then
(I =di)po+ (1 =do)p1 + (do +dy) pop

dod; + 1 -

En'c(gq) =1- Po—P1+Pop1+
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Consecutive error channel

Lemma 3.2. When two noisy Clifford channels are composed horizontally, the identity in Figure 14 holds.

Eo| P |U | & U = U & & U

Figure 14: £ is composed of two noisy Clifford gates. Let n be the number of qubits. pg and p; are the error rates of &
and &;. Their input dimensions are identical, dy = d, = 2". Uy and U, are the respective unitary matrix representations of

Lemma 3.5. Let & be an n-qubit channel that is horizontally composed of two noisy channels & and &, with
input dimensions dy and d,, error probabilities po and py. 0 < po,p) < 1. &, =&10&), d. =dy=d, =2". d.
is the input dimension of .. Then

1
0 < Fug(E:) = (1= po)(1 = p1) < (14 37 ) popr.
O,
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Approximate average gate fidelity

|90) ! JB o I |q0) [ = X

| & ‘
‘ql} ‘ _ ‘{“) & _ !‘71) g{g“x -
W= 9 o e
93) 49 lq3) @D lg3) D 4 :

When a channel is composed of one noisy CNOT gate When m = 1, based on Lemma 3.1, we can calculate

the error probability of a noisy CNOT channel. e e S
Corollary 3.2. Let &, be an n-qubit error channel for a noisy CNOT gate, with error rate p and (n —2) idle

==
22|

qubits. Then, Prob(&,) = (1+ %-7-) p-

When a channel is composed of two noisy CNOT gates When m = 2, based on Corollary 3.2 and lemma 3.5,
we can calculate the error probability of two horizontally composed noisy CNOT channels.

Corollary 3.3. Let C be an n-qubit circuit with two noisy CNOT gates. Let & and & be their respective error
channels with error rates pp and p;. Assume no parallelization of CNOT gates. In each channel, there are

21

(n—2) idle qubits. Let & = 1+ 2. Then,

] /
0 S F;n'g(gc) _(l i PrOb(EO))(I = PrOb((g] )) S (l - —)azpopl . O0<ap; <1

n—1
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Approximate the average gate fidelity

Definition 3.3. Let d = 2" be the input dimension of £.. For all m € N and k € Z,,, dy = d s the input
dimension of an error channel &, consists of a noisy CNOT gate with error rate py. Let ¢ = 1 + % Assume
no parallelization of CNOT gates. In each channel, there are (n— 2) idle qubits. Then,

m—1

Cost(E:) =1—[](1—ap).

i=0
Remark 3.2. Forallnc N, 0 < o < %, since
0<2n—2_1 1+2n—2_1<]+2n—2_1+1—§
2n 417 21+ 1 N 4 4

ForallmeN, i € Z,,, when 0 < p; < 0.8, 0 < ap; < 1, since

S
0<ap; < Zp,'< 1.
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Compare different cost functions

Definition 3.1. Let £ be an error channel. The error probability of € is Prob(E),

Prob(€) =1 — Fpe(€).

Readout Error (%)
1

1. Root Mean Square Error (RMSE) : o_ _‘
1 N—-1 5 1
i ;} (Prob(C;) — Cost(C;))". . | ‘ "

2. Maximum distance between Prob and Cost N ._ °

d(Prob, Cost) = max|Prob(C;) — Cost(C;)|.
I E ZN H error rate (%) [Avg. =_D-0311 CNOT error rate (%) [Avg. = 0.788]
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Synthesized CNOT circuits of width 6
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Synthesized CNOT circuits of width 7
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Simulate noisy CNOT circuits with a larger gate count
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/>

Summary

For circuits of widths 5, 6, and 7 with different CNOT counts, Cost demonstrates a
minor deviation from Prob.

When quantifying noise in a shorter CNOT circuit, Cost approximates Prob with
higher precision than the other cost functions.

When guantifying noise in a larger CNOT circuit, Cost provides a tighter
approximation for Prob than the other cost functions.

On the other IBM’s backends, Cost consistently provides a much more accurate
approximation for Prob than the other cost functions.
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Architecture-unaware CNOT synthesis

* Allow coupling of any two qubits

 Unaware of noise
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Represent a CNOT circuit using the parity matrix

|0) ,l\ ° E 0 2)
1) —b P 0 3)

C=[2) \f . £ 0 1)

3) S—b » 1826 3)
(a) A 4-qubit CNOT circuit
0 _;_ Ol = O GB 2 )

1\ — 1'=063
«\ 2 : : : 2’:0@:}1

¥=14283/

(c) In the coloured bipartite graph, edges with the same colour com-
pose a parity term.

Pirsa: 24030120

Of 1! 2.’ 3!

g¢s1 1 1 0O
A— 1[0 0 1 1
211 0 0O 1

3\N0 1 0 1

(b) The parity matrix representation of C.

U:OQZ

o=
1 - 1’'=0@3 \
9 — 2 =01 ,

(d) In the coloured bipartite graph, edges with the same colour de-
note the participation of an input qubit in all parity terms.
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A CNOT gate and an elementary operation

The parity matrix of an n-qubit empty circuit 1s an n x n identity matrix /. CNOT(c, ) corresponds (0
performing a column operation C(c, t) on /, or performing a row operation R(t, ¢) on I. Tts parity matrix
representation is shown in Figure 1b.

C 1
' ' lowy T viw 1 s
19 €}
g = ) A=1I[C(c,t)] = [R(z,0)]I =
) D cer) t \ == /
(a) C is an n-qubit CNOT circuit with one CNOT gate. (b) A is the parity matrix representation for CNOT(c, t).
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Linear reversible circuit synthesis

Lemma 2.2. Let A be the parity matrix of an n-qubit CNOT circuit C. Let R(io, jo), R(i1,J1), ---s R(ir—1.jr—1),
teN, i,_1.j—1 € Z, be a sequence of row operation on A such that

R(l}fl.j;fl)'...-R(il.jl)-R(fo,jo)-A =l (2)

Then Csy, = CNOT(ji—1,i,—1)0...0oCNOT(jy,i1) o CNOT( jo.io) is a circuit representation of A. In other words,
C,y, is the synthesized CNOT circuit of A. C and Cy,,, have the same semantics.

Com = . |CNOT(jo, io)| : |CNOT(jr1, i) : : | CNOT(jr—1, i—1)
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Represent a SWAP circuit using the parity matrix

Cswap =

[§®]
,/
/
M
/)\
2

(a) Circuit Cgwap is composed of a sequence of SWAP gates. As a result, the inputs on wires 0,
[, 2, and 3 are mapped to wires 2, 0, 3, and | respectively. Equivalently, we can think of Cgwap
as a bipartite graph, with an input part W;,, = {0,1,2,3} and an output part W,,,, = {0,1,2.3}.
Wi, and W,,, are two disjoint independent sets. The connectivity between them shows the
information propagation within Cqwap.

Pirsa: 24030120

o U 2 ¥

0,0 0 1 0
a— 11 @ @ 0
2o 0o o 1
30 1 0 0

(b) A is the parity matrix of Cgwap. It
is the biadjacency matrix that describes
the connectivity between W;, and W,
in the bipartite graph. It is also called a
permutation matrix.
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Synthesize a CNOT circuit up to permutation

Lemma 2.4. Let A be the parity matrix of an n-qubit CNOT circuit C. Let R(iy, jo), R(i1, j1), ---, R(E—1, Ji—1)
teN i,_1,j,_1 € Z, be a sequence of row operation on A such that

R(it—15jt—1) - - R(i1, j1) - R(io, jo) ‘A =P, (4)
P is the permutation matrix of a SWAP circuit Csysp. Then
ijn = CNOT(j,_l - i,;_l) 0...0 CNOT(]] - i]) ° CNOT(](), i{)).

Cruty syn = Cswap 0 Csyy, is a circuit representation of A. In other words, Cgyy sy is the synthesized CNOT
circuit of A. C and Cyyyy syn have the same semantics.

Cl’uily syn — : CNOT(](), r0) CNOT(/I» 1) CNOT(j!—]» ir.f—l) CSWAP
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Connectivity-aware CNOT synthesis

* Use the Steiner tree to enforce nearest-neighbour interaction

 Unaware of noise
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