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Abstract: Ultra-cold Fermi gases exhibit a rich array of quantum mechanical properties, including the transition from a fermionic supe
Bardeen-Cooper-Schrieffer (BCS) state to a bosonic superfluid Bose-Einstein condensate (BEC), which can be precisely probed experim
However, accurately describing these properties poses significant theoretical challenges due to strong pairing correlations and non-pert
interactions. In this talk, | will discuss our recent development--a Pfaffian-Jastrow neural-network quantum state equipped with a message-
architecture, designed to efficiently capture pairing and backflow correlations. We benchmark our approach against existing Slater-J
frameworks and state-of-the-art diffusion Monte Carlo methods. Analysis of pair distribution functions and pairing gaps reveals the emerge
strong pairing correlations around unitarity. We demonstrate that transfer learning stabilizes the training process in the presence of
short-ranged interactions, allowing for an effective exploration of the BCS-BEC crossover region. Our findings highlight the potentic
neural-network quantum states as a promising strategy for investigating ultra-cold Fermi gases.
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ULTRA-COLD FERMI GASES

Dilute — mostly s-wave

* Characterized by strong, short-range attraction between fermions

» Can be created in the lab by tuning an external magnetic field near a Feshbach resonance
-a<0 BCS regime of long-range Cooper pairs
-a>0 BEC regime of tightly-bound dimers

- la] = o Unitary limit (universal)

» The unitary Fermi gas is an extreme example of a strongly-interacting quantum system
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ULTRA-COLD FERMI GASES

r=0 Two components Dilute — mostly s-wave

(Spin-up & spin-down, heavy & light, etc.)

» Characterized by strong, short-range attraction between fermions

* Can be created in the lab by tuning an external magnetic field near a Feshbach resonance
-a<0 BCS regime of long-range Cooper pairs
-a>0 BEC regime of tightly-bound dimers

- la] = o Unitary limit (universal)

&

* The unitary Fermi gas is an extreme example of a strongly-interacting quantum system
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THE BCS-BEC CROSSOVER

BEC

— o0

Weakly attractive superfluid
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Strongly interacting superfluid

> 1/kpa
+ 00

Weakly repulsive superfluid
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PAIRING PHENOMENA
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NEUTRON STAR CRUSTS

* Neutron-neutron scattering
length: '
= — 18.63(84) fm

ann

e Dilute neutron matter is
similar to unitary Fermi gas

r, < nl?

Chen et al., Phys. Rev. C 77, 054002 (2008);
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ATMOSPHERE
HYDROGEN, HELIUM, CARBON

OUTER CRUST
IONS, ELECTRONS

INNER CRUST
IONS, SUPERFLUID NEUTRONS

OUTER CORE
SUPERCONDUCTING PROTONS

INNER CORE
UNKNOWN

NASA’s Goddard Space Flight Center / Conceptual Image Lab
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OUR APPROACH

Simulate unpolarized gas of N fermions in a periodic box of side length L

Design a neural-network quantum state (NQS) that efficiently encodes pairing and backflow
correlations, while enforcing symmetries and boundary conditions

Train NQS using variational Monte Carlo (VMC) method with stochastic reconfiguration

Keep NQS applicable for nuclear Hamiltonians...

O=1,0,- 6> T;* T, (07 0)(1; - 7)), Syp Si(7; - 7)), L - 8, (L - S)(7; - 7)), L%, L%(z; - T)s - - -

Ordodiez, Ray, and van Kolck, Phys. Rev. C 53, 2086 (1996)
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POSCHL-TELLER POTENTIAL

* Regularized, short-range attraction

2h? U
m  cosh?(ur;)

Vij = (5si,sj _ 1)VO

==== Coulomb

» Exact solutions of two-body problem i " Effective range

o Atunitarity: vy=1,7r,=2/u
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FERMIONIC WAVE FUNCTIONS

* Antisymmetric w.r.t. particle exchange: P(X) = eJ(X)q)(X)
; 4

P
>
/ i e g
e A

antisymmetric symmetric

» Slater determinant:

(p(x) Pi(x) - Pi(xy)
(X)) h(xy) - Pr(Xy)

) ) k)

. Fixed-node approximation with plane wave orbitals (SJ-PW): ¢, (X;) = eika"'iéswsi

Pirsa: 24030116 Page 10/51



BACKFLOW TRANSFORMATIONS

* Symmetric, positive-definite Jastrow factor cannot change the nodes of the wave function

* Transform to a new basis that incorporates the influences from surrounding particles (must be
permutation equivariant)

r; = r; +w(X) + iv(X)

|'s;) P |x;) = cos (Hi(;()) |s;) + sin (ei(zX)) o} |s;)
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BCS WAVE FUNCTION

* Used for unpolarized systems with strong singlet pairing correlations

* Relies on separating spin-up and spin-down particles (cannot be used for nuclear systems)

| X1, X1)  PXpXp) o PXyps Xypy) )
¢(X2T9 Xu) ¢(X2p X> 1) ¢(X2T, XN/zl)

_¢(XN/2T=X1¢) G(XnppsXpp) o ¢(XN/2T’XNIZL)_

» Can expand matrix to include unpaired orbitals for spin-polarized systems
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PFAFFIAN WAVE FUNCTION

* Simplest and most general way to build an antisymmetrized product of pairing orbitals rather
than single-particle orbitals \

0  ¢(xXp,X) - P(Xp,Xy)
¢(X29 Xl) 0 e ¢(X2= XN)

d(X) = pf

_QS(XA-/, Xl) ¢(XN, x2) 0
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PFAFFIAN WAVE FUNCTION

» Simplest and most general way to build an antisymmetrized product of pairing orbitals rather

than single-particle orbitals

O(X) = pf

/

What is the “Pfaffian”?
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0 (X1, X,)
(X5, Xy) 0

Dy %) Py %)

¢(X1’ XN)_
¢(X2= XN)

0
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DETERMINANT VS. PFAFFIAN

Defined for n X n matrices Defined for 2n X 2n skew-symmetric matrices

n 1 n
det(A) = E sgn(a)Haw(l-) pf(A) = Sl Z Sgn(G)H%(zi—n,a(zi)
o

cES, " 6€S,, i=1

det(AT) = det(A) pf(AT) = (- 1)"pf(A)

1
det(A) det(B) = det(AB) pf(A)pf(B) = exp (Etr log(A TB))

det(A) = pf(A)*

Pfaffian implementation: Wimmer, ACM Trans. Math. Softw. 38, 4 (2012)
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PFAFFIAN WAVE FUNCTION

* Simplest and most general way to build an antisymmetrized product of pairing orbitals rather
than single-particle orbitals

0  ¢(xXpX) - XXy

®p/(X) = pf P(Xp, Xy) 0 e (X, Xy)

_¢(X]\-[a X;) (ﬁ(XA-,, X,) e 0

* Pairing orbital into commonly decomposed into explicit singlet and triplet contributions

« We take advantage of universal approximation theorem: d(x;, Xj) = U(X;, Xj) — y(xj, X;),
where v is a neural network.

» Naturally encodes singlet and triplet pairing because v takes spins as input

STU Pfaffian: Bajdich et al., Phys. Rev. Lett. 96, 130201 (2006)
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MESSAGE-PASSING NEURAL NETWORK

Permutation-equivariant graph neural network
Represent quantum system by a fully-connected graph
lteratively build backflow correlations into new one- and two-body features

Skip connections help avoid vanishing gradient problem
Visible nodes/one-body features:

Visible edges/two-body features:
The set-up
Preprocessing step: hl(.o) = (v;, Av))

ij° BVU)

h®) = (v
i

Homogeneous electron gas: Pescia et al., arXiv:2305.07240 (2023)
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