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Abstract: | will describe models with on-site symmetry that permutes anyons with non-trivial mutual statistics, and show that the action c
symmetry on the boundary can effectively be that of a non-invertible symmetry such as Kramers-Wannier duality. | will sketch some implicatic
this for anomalies in non-invertible symmetries. Finally, | will introduce a construction (based on idempotent completion) that allows us to re
all possible anyon permuting symmetries of a given topological order in an on-site way.
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Themes of the talk

e Symmetries of anyons in 2 dimensions

e Generalized, non-invertible symmetries of 1-dimensional
systems

* How are these related? And how might we find all of
them, and learn what they do?
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Symmetries and anyons
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Symmetries and anyons:
Symmetry fractionalization

Wen (Projective symmetry group); Essin & Hermele; Lu & Vishwanath; Levin & Stern; ...
(See review by Xie Chen)

e Anyons are emergent — no need to follow the “usual”
rules for quantization of (symmetry) charges

* In nature when we look for systems with emergent
particles, this is more the rule than the exception

quantum spin liquids
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Anyon-permuting
symmetries

Bombin ’10; Kitaev & Kong ’11; Barkeshli & Qi ’12, ...

e Charge fractionalization is not the only interesting
symmetry of anyons

e Some symmetries can act on the anyon types
themselves, permuting them.

e Why care? Symmetry defects can realize non-abelian

defects! (e.g. defects realized by google group)
B

Barkeshli & Qi
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Anyon-permuting
symmetries: some examples

- e 2 layers with the same topological

order: layer exchange (lattice defects
in fractional states in bands with
Chern number 2 or higher — c.f. Moire

Barkeshli & Qi materials)
e<re » Zn Topological order: charge
o conjugation symmetry

e Toric code: Two anyons (e and m)
that are both bosons can be
T exchanged
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—_
|
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More examples: Barkeshli, Bonderson, Cheng, & Wang ‘19
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Anyon permuting symmetry
In the Toric code:

Bravyi & Kitaev '98; Kitaev '03; Levin-Wen '04; ...
Hilbert space: 2 states per

¢ Recall the Toric code... edge
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projectors

H = — E Bp — E A, Hamiltonian: commuting
P v
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Toric code topological order
Bp = H o; A, = H o7
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Topological order and

symmetry
Sy 1S, 8pSy = —1

e ¢ and m are bosons

o
)]
o

e ¢ and m are “mutual semions”

)P‘ 0 ; (string operators anti-commute)

e exm = fermion

® Jopologically, e and m are the

S ) S L,_V+J ! same! There is a symmetry of the
L ot ot ot o TQFT that interchanges them
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Anyon-permuting defects

are non-abelian

* The point: any defect
that permutes e & m
must be able to eat up
a fermion, and thus a
pair must have at least
a 2-dimensional
Hilbert space

e Example:

(topologically the same
as in the google
experiment)

Bombin ’10; Kitaev & Kong ‘11
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Bravyi & Kitaev '98

Anyon permuting symmetry
and Toric code boundaries

* Gapped boundaries: condense an anyon to obtain the vacuum
. (Levin ’13)
e Since e and m are bosons, both can condense

Rough (“e condensing”) Smooth (“m condensing”)
= boundary to Higgs phase = boundary to confined phase

HE NN |
Bp=]]4¢ Br=]l ot

i€

1€0p

Interface: non-abelian bound state (Majorana)

e 2 gapped boundaries, related by anyon-permuting symmetry
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Toric code boundaries and
Kramers-Wannier duality

FYPIPYPYPYPY,

* Two views of the 1D Ising model:

o” on the direct lattice

o® on the dual lattice

* Both represent the same bulk of 1D Ising model, but the
transformation is not quite unitary (finicky boundary
condition issues)
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Toric code boundaries and
spin models

S E 2Qz E 1
H=-J Sz i+1 h Sz Where are the spins?

Option 2: spins on vertical edges

Ll

BP = H 0'? — SZSZ
1€EOD
* “Ferromagnetic” phase of the Ising model (dual domain walls are
fluctuating)
e Symmetry action = product of vertex terms

* Kramers-Wannier dual of the plaquette-centered representation
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