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Many-body problem

> %tot — %i@'N, H — Z(U) hU

H, = C? \
» Goal: find the GS of H T ¢
» Variational ansatz . +_‘
» Few parameters only ,_I_E._..
» Can calculate (Ojocar) hy TN L]
» Approximates GS well .7,,77?777,(
e o o o o

» Tensor Networks: such ansitze
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Graphical notation of tensor calculus

» Tensors

Vi
Vs Vs

Va3 Va

A Vz@ V= Voo Vi® Vs
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Graphical notation of tensor calculus

» Tensors
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Graphical notation of tensor calculus

» Tensors

Va3 Va
AcVidVe Ve Ve Vs
Ali,j. k. I, m]

» Contraction: f ® v — f(v)

e
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Graphical notation of tensor calculus

» Tensors

Va3 Va
AcVidVe Ve Ve Vs
Ali,j. k. I, m]

» Contraction: f ® v — f(v)

>_<

C.?l (A & 8) — EJFAU'I( ' Bjmn
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Tensor Networks

> G=(V,E)

» rank(A,) = deg(v) +1 k _L
» physical index: H, \;

» virtual indices: (v.w) € &
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Tensor Networks

> G=(V,E)
» rank(A,) = deg(v) +1
» physical index: H,
» virtual indices: (v.w) € &
> ‘W) € ®v rHVv
|1U> = ®e€€ Ce (®VEV AV)
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Matrix product states and operators
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Matrix product states and operators

AeVRV*QH

Ll
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Matrix product states and operators

A€ End(V)®H

NN A
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Matrix product states and operators

A=Y Aeli)

1 ¥l ol vae-eAslk. .k

Pirsa: 24030084 Page 13/72



Matrix product states and operators

+ +) + :ZTr (Ailjl---Afnjn)"il"'IlH){jln.jn‘

i
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PEPS: 2D Tensor networks

R
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PEPS can describe topological order
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Topological PEPS

» PEPS can describe string-nets |

» |t allows perturbation from RFP, phase transitions

» Origin of topological properties: symmetries (sahinogi11400 215

» Symmetry is purely virtual, “size-independent”: MPO

x
YV X
/- =Wl
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Topological PEPS

» PEPS can describe string-nets [guerschaperos00

» |t allows perturbation from RFP, phase transitions

» Origin of topological properties: symmetries [sahinogii11400 2150

» Symmetry is purely virtual, “size-independent”: MPO

4/: /_:LZX/
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Size-independence of the symmetry

MPO symmetry of the PEPS tensor:
K il 17

__,// G //‘__1/
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Size-independence of the symmetry

MPO symmetry of the PEPS tensor:

== /::/

e
—

Symmetry of large area:

PR P
Y i v v
A Ve Ve

ra e /7

Page 20/72



Pirsa: 24030084

Size-independence of the symmetry

MPO symmetry of the PEPS tensor:

== /::/

e
—
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Symmetry of large area:
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Size-independence of the symmetry

MPO symmetry of the PEPS tensor:

K il 17
= =

s

Symmetry of large area:

VR YY)
V.V
AN /4

Page 22/72



Topological ground space degeneracy

A local Hamiltonian does not detect the symmetry operator:
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Topological ground space degeneracy

A local Hamiltonian does not detect the symmetry operator:

Pirsa: 24030084 Page 24/72



Topological ground space degeneracy

A local Hamiltonian does not detect the symmetry operator:
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Excitations — example
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Excitations — example
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Excitations — example
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Excitations — example
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The MPO symmetries

Toric code: 2 MPOs,

N | _ [191e--®1
I XeX®--0X
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Algebra of symmetries

7

v ——
= L o =
&
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Algebra of symmetries

v ——
= L o =
&

7
Linear combination and product of MPOs is symmetry:

(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)
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Algebra of symmetries

v ——
= L o =
&

Linear combination and product of MPOs is symmetry:
(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)

Algebra of symmetries:

Apgc:{? : :—---—:—‘)\:@)\a-ﬂga}
a
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Algebra of symmetries

i
T / a o~
_.7757:_/—&%/— & —;>_%—:)‘a'7<5/*
Linear combination and product of MPOs is symmetry:

(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)

nec)

Algebra of symmetries:

APBC:{Z)\B' : - : _:_
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Algebra of symmetries

v ——
= L o =
&

Linear combination and product of MPOs is symmetry:
(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)

Algebra of symmetries:

Apgc:{? : :—---—:—‘)\:@)\a-ﬂga}
a
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Algebra of symmetries

v ——
= L o =
&

Linear combination and product of MPOs is symmetry:
(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)

Algebra of symmetries:

Apgc:{? : :—---—:—‘)\:@)\a-ﬂga}
a

The product for groups:

Og - Oy = O
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Algebra of symmetries

v ——
= L o =
&

Linear combination and product of MPOs is symmetry:
(O2+ Op)|TY =(Aa+2Ap)|T) and O,-0p|T)=A5:-2p|T)

Algebra of symmetries:

APBCZ{ : :—---—:— ‘)\:@)\aoﬂa‘j}

The product for fusion categories:

® >

0;-Op =3 N0, NS, €Z*
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PEPS from MPO symmetries

Special element O € Appgc:

S
pY

|

%

Oa'O:dao or —v v
]

\;

Then a symmetric PEPS tensor is:
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Weak Hopf algebras from MPQO symmetries
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Our perspective

Open boundary MPOs are also symmetries:

Avoll X

The algebra of symmetries:

[ Yool
|_
|
|
vy
Mm

£
.
S

AOBCE{ p———- f—
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Weak Hopf algebra

» Injective tensors:
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Weak Hopf algebra

» Injective tensors:

A

{ 8 : ‘BE@M(DQ)}
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Weak Hopf algebra

» Injective tensors:

A

{ - : ‘Be@M(Da)}

» Growing of MPO: A: A —+ A® A "coproduct":

B ¢ gt : e i : : ceAR A
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Weak Hopf algebra

» Injective tensors:

A

{ - : ‘Be@M(Da)}

» Growing of MPO: A: A —+ A® A "coproduct":

B B
A———— 24

| | | ceAR A

» (A, A) + additional properties = (weak) Hopf algebra

Pirsa: 24030084
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Weak Hopf algebra

» Injective tensors:

A

{ - : ‘Be@M(Da)}

» Growing of MPO: A: A —+ A® A "coproduct":

B ¢ gt : e i : : ceAR A

» (A, A) + additional properties = (weak) Hopf algebra

» Fusion category = Weak Hopf algebras
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Use of algebraic formulation

» Transfer operator of topological PEPS: renormalization fixed

point MPDO
» Phase classification of RFP MPDO
» Characterization of symmetries in topologically ordered PEPS

» Other possibly interesting states with “topological” properties
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MPQO symmetries from algebras
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MPOs from coproducts

A algebra with A : A - A® A s.t.
> ([dR A)cA=(AxId)o A
> Axy) = A(x) - A(y)
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MPOs from coproducts

A algebra with A : A - A® A s.t.
> ([d A)ocA=(A®Id)o A
> A(xy) = A(x) - A(y)
Let A* be set of linear functionals on A. Define f x g € A* by

(f*g)(x) = (f ®g)oA(x)
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MPOs from coproducts

A algebra with A : A - A® A s.t.
> ([d A)ocA=(A®Id)o A
> A(xy) = A(x) - A(y)
Let A* be set of linear functionals on A. Define f x g € A* by
(fxg)(x) = (f ® g) o A(x)

Then % is a product:

(fx (g x h))(x) = ((f xg) » h)(x)

A* is an algebra.
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MPOs from coproducts
Fix a representation of A* and of A:

f
Vi f > << ¢ x— x+

If the representation is injective, then Vx € A dm(x) s.t.

m(x) f

e =T (m(x) : z(f)) = —e }a

Fix a basis of A, {x;}, and dual basis {fi}, and let

+:Z+ﬁ+®+x,.

_ m(x)
O(x) = i

By construction,

L

Pirsa: 24030084 Page 51/72



MPOs from coproducts

m(y) m(y) fi fi
:Z—o—.—.—- Xi (X) @ Xi
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MPOs from coproducts

m(y) m(y) fi fi
:Z—o—.—.—- Xi (X) @ Xi

iy

= S0+ £)() - 09) @ 6(3)
ij

=Y (i ®f) o Aly)- d(x) ® ¢(x)
ij
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MPOs from coproducts

o)

m(y) m(y) £
— Z ——@—@— ¢ 2y @ Xi
ii

= S H)) - 6(x) @ 6(x)
ij

=Y (i ®f) o Aly)- d(x) ® ¢(x)
ij

— ($® 6) o Aly) = (6B B)(¥)

m(x) P
. + + + :(_)@noAn(X)

Similarly:
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Example: C[G]

Basis of C[G]: {g}gec. Dual basis in (C[G])": {0g}gecc

5o(h) = {1 if g = h

0 else

Product in (C[G])":

o 0, ifg=~nh
Og x Op = = =
0 else

All irreps are 1D; left regular: g — |g){(g|

+:Z+g>+g<g+$l@$--- ﬁ =D X gD
> g

‘X8
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WHA-symmetric PEPS

/ Pl
= o o D=
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Example: G-injective PEPS

N
Fi

N

+ s(e™!) = (&))"

g+ B
1 gt 7
- ﬁzg:_‘g_#g_ﬁ_ __ﬁ\#/
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Example: G-injective PEPS

Then the pulling-through equation is:

h
| \T/ %e i )
../’/
h
Y hgwgt=> gog'h
g g
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G-injective PEPS

» Global symmetry
» Regrouping DoF: Kitaev model
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Algebraic structure in C[G]

» C|[G] is algebra and coalgebra (A: g— g® g)

» Symmetrization: projector onto trivial irrep:
16145 28
» A(A) is symmetric:
1
(1&h)-A(N) = el Y g®hg = Z h~lgeg = (S(h)®1)-A(N),
g g

with S(h) = h~! for h € G.

» o representation on V = & oS is representation on V*.
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Semisimple Hopf algebras

Bialgebra + JA non-degenerate s.t.

A(N) = Bop(A)
(1®x)-AAN)=(S(x)®1) -AN)
AOSZ(S@S)OAOP
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Semisimple Hopf algebras

Bialgebra + JA non-degenerate s.t.

A(A) = Bop(A)
(1®x)-AN) =(S(x)®1)-A(A)
KhasbS=(5@85)6 R

\

s
\\ #) g

F
- 0= -9
7 \

.
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Semisimple Hopf algebras

Bialgebra + JA non-degenerate s.t.

A(N) = Dop(N)
(1@ x) - A(N) = (S(x) @ 1) - A(A)
AoS=(5®S5)0 Ao

/ /¢

/ \ /
e O = —&
/
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Semisimple Hopf algebras

Bialgebra + JA non-degenerate s.t.

(A) = Aop(N)
(A) =(S(x)®1)-AA)
AoS=(5®S5)0 Ao

A
(1®x)-A

Compatibility of plaquettes
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Hopf-injective PEPS

» Global symmetry
» Regrouping DoF: Kitaev model

Page 65/72
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Weak Hopf algebras

Bialgebra + JA € A non-degenerate s.t.

A(N) = Aop(N)
(1®x)-AN) = (5(x) ®1) - A(A)
AoS=(50g®5)0Ay
Ap(g) =Da(e) (g2 g) =(g®g)  Dax(e)
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Weak Hopf algebras

Bialgebra + JA € A non-degenerate s.t.

A(A) = Agp(A)
(1®x)-AA) = (5(x) ®1) - A(A)

s

/77 TN 7T N
oo O = e OO0 .

b\ L/ /)
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Weak Hopf algebras

Bialgebra + JA € A non-degenerate s.t.

Compatibility of plaquettes
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Weak Hopf algebras

Bialgebra + JA € A non-degenerate s.t.

A(N) = Aop(N)
(1®x)- A(A) = (5(x) @ 1) - A(A)
AoS:(S@g@S)vop
Ap(g)=Aa(e)- (g®8g) =(g®@g)  Aax(e)

Pivotal non-semisimple Hopf algebras (e.g. Taft): same
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Weak Hopf-injective PEPS

» Global symmetry
» Regrouping DoF: Kitaev model
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Taft-Hopf-injective PEPS

The PEPS is non-zero on finite region, torus

The PEPS is zero on a sphere

The GS of the parent Hamiltonian is the expected one
Non-zero correlation length

Nicer Hamiltonian? Excitations?

vvyvyvyyy

Connection to non-semisimple TQFTs?
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Conclusion

» Tensor networks can describe top. order
» MPO symmetries
» MPO from fusion categories

» Alternative formulation: weak Hopf algebra
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