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RATIONALE

[Gaiotto, Kapustin, Seiberg, Willett '14]

“Quantum theories assign topological operators to global symmetries”

Generalised global symmetry Intrinsic definition Symmetry TQFT

* Higher-codimensional » Higher category theory « Symmetric theory as

boundary of a TQFT

symmetry operators o Abstract # concrete

* Non-invertible symmetry » Calculus of topological
. defect It
e ..and combinations thereof . . efects leverages results
> Morita theory: gauging from TQFTs

> Topological sectors «»
topological excitations

v~ Gapped symmetric phases
<> gapped boundaries
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[Verlinde '88][Oshikawa, Affleck
'96] [Petkova, Zuber '01] [Bachas,
Gaberdiel '04] [Frohlich et

al. '09] [Fuchs, Runkel,

Schweigert '02 '04]...

Generalised global symmetry

Non-invertible topological
operators and defects

-2\
Al
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[Bhardwaj, Tachikawa '17]
[Thorngren, Wang '19]
[Komargodski, Ohmori,

Roumpedakis, Seifnashri '20]...

Intrinsic definition

* Finite semisimple: fusion
category C

Morita representatives
labelled by indecomposable
C-module categories M

Fendley, Mong '16 '20] [Ji,
'22] [Moradi,

[Aasen,

[Lin et al.

One-dimensional quantum lattice models

Wen '19] [Lootens,

Moosavian,

[Ji, Wen '19] [Apruzzi et al. '19]
[Gaiotto, Kulp '21][Kaidi,
Ohmori, Zheng '22] [Freed, Moore,
Teleman '22]...

Symmetry TQFT

e C-symmetric theory as
boundary theory of TV¢

« Gapped C-symmetric
phases <> indecomposable
C-module categories

» Topological sectors «
Simple objects in Z(C)

CD, Verstraete '21 '27]

Tiwari '22] [Inamura '22]...
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OUTLINE

(1+1)d Hamiltonians with anomalous invertible symmetry
Closed /open boundary conditions
Topological sectors
Gauging and mapping of topological sectors

Higher-dimensional generalisation

arXiv:2112.09091 (PRXQ) w/ L. Lootens, G. Ortiz, F. Verstraete
arXiv:2211.03777 (PRXQ) w/ L. Lootens, F. Verstraete
arXiv:2301.01259 w/ A. Tiwari

arXiv:2308.77777
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ANOMALOUS INVERTIBLE SYMMETRY

[Dijkgraaf, Witten '90]
Fusion category Vec¢,

* Objects: G-graded vector spaces V=D ., V,
w~> Simple objects: C, = g, Vge G

» Morphisms: Grading preserving maps

N> HomVecg(@ylﬁ@yg) = 5919.{]26

« Associator: ag,, ,¢,,.C,, = &(91,92,93) - (Ac,c,C)g1020s St |] € (@G, U())

a1 g2 493 g1 43

\/ N/

511.@2\ = (g1, g2, 93) /.flz.r;:s
1 1

9192393 919243

Invertible symmetry G with 't Hooft anomaly «
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ANYONIC CHAINS
[Feiguin et al. '07][Gils et al. '13][Buican et al. '17]...[Lootens, CD, Verstraete '22]
Input
» Infinite chain
* Object X = P . nyCy in Vecy; with n, € {0,1}
o Abstract local operators
Microscopic Hilbert space Abstract Hamiltonian
RN - e
=S gi— gi gi i X X
H panc{ sl 1 g ] i +1 S .. } I I
~ @@Hom\/ec C, ., X®C,) w/ hia(X) =) ha(X,2) 1 i
{g} i1 I zel I I
~C
X X
g rg
eg X= @”E(;@ﬂ o W~ (), C[G] I
X: {:[I.} ALy SSB - Z hn(J g .T i T i
q,9, l I I
q ‘l’-}'
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HAMILTONIAN ACTION

Heuristically

Explicitly

gi—1(zg)~t g -"’i_+11
1 T ! " _! gi—1 ! gi ! gi+1 !_ _ a(ga_1(xg_;)l_1.$,gi) _! gi—1 ! T !L Ji41 ]
| | (T, GiGis 1 Git1)

=% =)
Gi—19; 91941
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EXAMPLES
G=17/2Z = {+1} and o = 1:

« Hamiltonian: H = — X (i1 + ghi—1)

« Local operators
e g . ;

b1 = ! ! ! and hiy = sgn(g) 1 - 1 > H= =) (ZZ41 + gXi)
o | | 0.3 | | i

q 7 g 9

G = 7/2Z = {+1} and non-trivial o in H*(Z/2Z,U(1)) = Z/2Z:
« Hamiltonian: H = —> hj 1

» Local operators

hi_i= 1=—1 + (LI S [H=—ZZi—1(Xi-f-Zi—1XiZi+1)
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SYMMETRY OPERATORS

“Topological line whose support extends over the whole Hilbert space at a given time”

Heuristically

Explicitly

| Ji—1 | i | gi+1 | I F 11 | s I Qi1 I
. S . —q gi—1Y qiy gi+1¥
- - - L= Jelgg gy ) - 1 I

i

Y

v~ Commutation with Hamiltonian follows from da = 1

Pirsa: 24030082 Page 9/24



= Menu | (@ T7 PI(4)pdf X | + Creste @ Sign in

EXAMPLES

=2 }2Z = {+1} and &= 1
e Hamiltonian: H = — > .(ZiZi+1 + gXi)
o //27 symmetry generated by

[1%

[Levin, Gu '12]
G = 7/27 = {+1} and non-trivial o in H*(Z/2Z,U(1)) = Z/2Z:
e Hamiltonian H = — > Zi_1(Xi + Zi-1 XiZi+1)
o /)27 symmetry generated by

—~Zi+ 52 1+ 1

[[x]]
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CLOSED BOUNDARY

“Topological line localised at one point whose support extends in time direction”

[Aasen, Fendley, Mong '20][Lin et al. '22] [Lootens, CD, Verstraete '22]
Symmetry-twisted boundary conditions

« Hilbert space

« Symmetry operators

=

o — e — e — )
<
IS}

Yty

v Only symmetry operators labelled by y € Z. preserve boundary conditions
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TRANSVERSE-FIELD ISING MODEL

Periodic boundary conditions

» Hilbert space

clmifosl 1

1
|
1
« Hamiltonian
N
H=—>(%%41 + gXi)
=il

« /)27 symmetry generated by [ . X

v~ 2 charge sectors: odd & even

Antiperiodic boundary conditions

» Hilbert space

« Hamiltonian
N-1
H=— Y (%Z41+9X)— (—2ZnZ + gXn)
i=1
o 727 symmetry generated by []. Xi

v~ 2 charge sectors: odd & even

Four topological sectors: (P,even), (P,odd), (AP,even) & (AP,odd)
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TUBE ALGEBRA

Sign in

[Dijkgraaf, Pasquier, Roche '91] [Ocneanu '94] [Willerton 'O05]

S |
Y | v, I
. < B Y1 Y2
1 i
| Y2 Y = #(a)(z y1,92)C Y192 1
1 -
C Yo | y5 tyy ten |
1
| (y1y2) Z(Jl y2)

-1
(y1y2) " " 2(y1y2)

v Isomorphic to twisted Drinfel'd double D (G) =~ C[AG]"™)

Topological sectors:
e Symmetry-twisted boundary conditions (orbits) - charge sectors (irreps centraliser)

« Category Mod(C[AG]"™) = Z(Vec}) = Heci(c) Rer™™ (Ze)

 Quantum invariant DW%.(S") Dijkgraaf-Witten theory assigns to circle \~» Point-like excitations

Pirsa: 24030082
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TRANSVERSE-FIELD ISING MODEL

Periodic boundary conditions

» Hilbert space

clmifosl 1

1
|
1
« Hamiltonian
N
H=—>(%%41 + gXi)
=il

« /)27 symmetry generated by [ . X

v~ 2 charge sectors: odd & even

Antiperiodic boundary conditions

» Hilbert space

« Hamiltonian
N-1
H=— Y (%Z41+9X)— (—2ZnZ + gXn)
i=1
o 7/27 symmetry generated by [[. Xi

v~ 2 charge sectors: odd & even

Four topological sectors: (P,even), (P,odd), (AP,even) & (AP,odd)
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OPEN BOUNDARY

(Kong, Kitaev '11] [Fuchs, Schweigert, Valentino '13]

X 11

“Topological boundary conditions are labelled by module categories over Vec{,

[0strik '01 '03]
Indecomposable module category M (A, )

o Data: Subgroup A < G w/ trivialising 2-cochain ¥ s.t. a ' |4, 4xa = d¥
» Set of simple objects < Transitive G-set G/A

* Module associator aal Cy Cra = @ (g1, G2)(TA) - (Gc,6,C) 1920 ST a” e C?(G, Hom(G/A,U(1)))

g1 g2 A g1 g2 rA
1 1
>
— i 1) A
91} a” (g1, g2)(rA) | (g27)
1 1
(g192m) A (91927 A
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OPEN BOUNDARY

[Lootens, CD, Verstraete '22]
Symmetry-twisted boundary conditions

» Choose two indecomposable module categories M( A, 1) and M(B, ¢)

» Hilbert space (g1 ) A X x  (gns)B
aw L el |
1 1 1 =—----=1
rA sB
e Symmetry operators rA sB
Yy
1 1
(y 1nA (y to)B

v Only symmetry operators stabilising (74, sB) preserve boundary conditions
v Commutation with Hamiltonian = a4, 4 4] and || gy o ] trivial

[Thorngren, Wang '20] [Choi et al. '23]
“Anomalous symmetries end at the boundary”
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TUBE ALGEBRA

[Ostrik '01 '03] [Kitaev, Kong '12] [Lan, Wen '13][Williamson, Bultinck, Verstraete '17]
[Bridgeman, Barter '19][Bullivant ,CD '20]
rA sB
Y1 H A sB
1 1 II
H . § Yy1y2 i
Y2 | = #(a!wa @)('F. S, ylsyQ)
1 1 N
\J (v3 'uy 1A (v3 vy ') B
(y5 'y A (v vy 's)B

Topological sectors:
 Twisted sectors: Orbits of (74, sB) <« A\G/B 3 || with representative (A, cB)
« Charge sectors are w.(c, 1), ¢)-projective irreps of stabiliser group 4 N c¢Be™*
« Category [c-]eA\c‘;/B Rep“s(A n c¢Be™ ') ~ Funvece (M(A, ), M(B, ¢))
« 2-category Mod(Vect,) ~ DW¢,(pt) v Domain-wall point-like excitations
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TRANSVERSE-FIELD ISING MODEL

Free boundary cond. M(Z/2Z.1) ~ Vec

e Hilbert space

« Hamiltonian
N—1 N
H=—> ZZ1—g), X
i=1 =1
« //27 symmetry geneated by nl‘il X

» Charge sectors labelled by simple objects in
Fun\/ecy_}22 (Vec,Vec) ~ Rep(Z/27)

Pirsa: 24030082

Fixed boundary cond. M ({1}, 1) ~ Vecz,»z

* Hilbert space

nZ/2Z (+9n)Z/2Z
T |
1 1 o in s ]!
| |
Z/)27 (+1)Z2/2Z

e Hamiltonian

N—-1 N
H=pZ tpuZn— Y Z4w1—g), X
i=1 =1

* Twist sectors labelled by simple objects in
Endvec, ., (Vecz/2z) ~ Vecz/az

Page 18/24
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GENERALISATION / MOTIVATION

[Lootens, CD, Verstraete '21 '22]
Input

* Infinite chain
* Object X = @ ., nyCy in Vecy, with n, € {0,1}
e Abstract local operators

 Indecomposable Vec{-module category M(A, )

Microscopic Hilbert space
X ;. X X

H = Spanc{ | Y‘E-—I.A | ’f*iA ' 'I‘|_|__l.r1 | }
see=10 2] 79 g ===

<

v~ Changing from Vec?, G Vect, to M(A,)): 1-twisted gauging of A

v~ Different realisation of the same symmetry
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DUAL SYMMETRY

Heuristically

— N S —
F
PR P T R T R A
— — = = = = = = = == meee ey e —
A o/ o/

Symmetry operators

Morita equivalence
« Action on degrees of freedom F: M(A,v) — M(A, ) .

. N Dual symmetry encoded into
« Commute w/ G-action we,.¢,,: F(Cy > Cra) — Cy > F(C,a) (Vec®)u(a. ) = Endveca (M(4, 1))

f; rA F g -;-A/F Z((Vec?;)j\/[(/;.g_;}) e Z((Vec?f)j\A(B.qﬁ))
/ C(QM i Duality operator encoded into
4] Z | a4 Funvees (M(A, %), M(B, 6))

1l

(qsm | (95)A

 Pentagon satisfied by w involving a® vw» Commute w/ H
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TRANSVERSE-FIELD ISING MODEL

M({IL} 1) e VeCZ;‘QZ M(Z/QZ 1) ~ Vec
« Hilbert space e Hilbert space
Cloalwwl 15 = Y
__|__1 _:fl;
L Hamiltonian ® Hami[tonian
N—1 N—-1
H=— Y (%Zus1+9X)—(+ZnZ1+gXn) He— ¥ [Fe g +5% 3 X 4]
= (Zy + XY -1)gXy_1 X1)
« Vecz/oz symmetry generated by } T
H;L Xi « Rep(Z/2Z) symmetry generated by []._, Zi+%

Non-unitary operation on the total Hilbert space

Z(Veczoz) — Z(Rep(Z/2Z)) : (P/AP,even) — (P,even/odd), (P/AP,odd) — (AP,even/odd)
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Rep(S3) symmetry

Rep(S3) G Vec

» Hilbert space

geS3
« Hamiltonian (periodic boundary cond.)

N—-1
H=— (X,

X-IT‘J':; + K

3=

* Vecs, ~ (Rep(S3))vec sSymmetry

Z(Vecs,) — Z(Rep(83)) : ([r],0z/32) — ([1],

Pirsa: 24030082

[Lootens, CD, Verstraete '22]

Rep(S3) G Rep(Z/27)

* Hilbert space

SENNNENE
Peéﬁ
¢ Hamiltonian (periodic boundary cond.)

N—1
H=— > (Z-11iZ+1 + Zi1 Xi Ziwr — Xi)

=1

* Rep(S3) ~ (REP(S:%))Eep(Z;QZ) symmetry

2)
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TOPOLOGICAL SECTORS

[Wang, Wen '15][CD '17] [Bullivant, CD '19] [Bullivant, CD '20]
Torus Infinite strip
» Two closed boundary conditions « Two (local) open boundary conditions
v (21,22) € G? st. 312 = 252y v 2VecT -module 2-categories M (A, \)

Ac Gand 7, = d\
« One charge sector AXxAxAxA

v~ |rrep of stabilizer of orbit of (21, 22) » Twisted sector in A\G/B 3 |c]
. MOd(C[AQE]tQ{T)) ~ Z(Vecf{%)) . Vecf;(_B,___l—symmetry for the quasi 1d
~ DW?(TFZ) model

v~ Loop-like excitations

[(Kong, Tian, Zhou '19] [Bullivant, CD '20] [Bartsch, Bullimore, Grigoletto '23]
Cylinder

* One closed boundary condition . Z(2Vech) ~ [Hraeare Mod(VecZ}fﬂ) ~ DWT(S)

» Two open boundary conditions
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OUTLOOK

[Lootens, CD, Ortiz, Verstraete '21 '22][CD, Tiwari '23]
Fusion category C ~~» Hilbert space: M € Mod(C)
Symmetry operators: Cj
Topological sectors: Z(C},) (closed) and Mod(C},) (open)

Gauging map: Func(M, N') v~ Mapping sectors: Z(Chy) ~ Z(Cxr) v~ Isometries relating spectra
v~ Mapping sectors in open case?

é

Higher-dimensional generalisation
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