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Abstract: We use 3d defect TQFTs and state sum models with defects to give a gauge theoretical formulation of Kitaev's quantum double model (for
afinite group) and (untwisted) Dijkgraaf-Witten TQFT with defects. This leads to a simple description in terms of embedding quivers, groupoids
and their representations. Defect Dijkgraaf-Witten TQFTs is then formulated in terms of spans of groupoids and their representations.

Thisiswork in progress with Jodo Faria-Martins, University of Leeds.
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* Turaev-Viro TQFTs and state sums with defects
« Turaev-Viro-Barrett-Westbury state sums with defects [C.M 22]
« defect Turaev-Viro TQFT via orbifoldisation [Carqueville-Muller 23]
= for general categorical data

* bulk: spherical fusion categories
 codim 1 defects: bimodule categories with bimodule traces

» codim 2 defects: bimodule functors

« codim 3 defects: bimodule natural transformations

=> rather abstract and implicit

« aim: investigate for untwisted Dijkgraaf-Witten theory
* more gauge theoretical and geometric formulation

» more concrete and efficient model for physics applications

+ 2d part: Kitaev’s quantum double model with defects of all codimensions
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Kitaev’s quantum double model FRESIICKe[ I NE

+ oriented surface ¥

» embedded graph I' with \T' =DII...1I D L 92 ” L g2g ™!
) Js Ay 943
" e A ; @.E £ — < ‘. ==
Hilbert space H = C[G] ~ 3 =
: : | 994}
» vertex v € V => vertex operator A} e !

- face f € F' = face operator 3/

g3 g3

=> commuting projectors

A, =

(&

- 3 " G —1 —1
~1%,c0AY  gauge invariance at v € | 0195919395 97 )
By = Bj flatness at f €

> Hamiltonian H = —-Y,¢c, A, — Xtcr By

topological invariant
independent of |’
(Hom(m(X),G)/G)ec = Z(X)pw 2d part of Dikgraaf-Witten TQFT

=> ground state H,. =

H;u' =

(Mvevim(A,)) N (Nyepim(By))

> excitations site = pair s = (v. f) of vertex and incident face

= AY B} form representation of Drinfeld double D(G)
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quantum double models with defects - defect data

- oriented surface .
* defect graph ' on ¥

defect data: - defect data for untwisted Dijkgraaf-Witten theory
+ special case of general defect data for Turaev-Viro TQFT

regions » € [ = connected components of ¥\ I’ finite groups G.H. K ...

X
&) "’—'\
edges c € F e finite G x H” -sets XY, Z. ...
.
-« G
: , H representations of action groupoids
vertices v eV | p 7
®---- X p: (X xY xZ)//(Gx Hx K)— Vectc
;” K

g,h.k
(z, 4, 2] H (kpz<g Lhoy<ag b 2<k™h)
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[C.M. 22]
[Carqueville-Muller 23]

via Turaev-Viro defect TQFTs and-state sums with defects

 triangulation of surface transversal to defects
* labelling edges = group elements or elements of action sets

labelled triangle > vector space flatness - face operator

C gs=ag192 B(¢) = 045 (g192) ¥
0 g3 # 9192

C zy=2z2<h B() = 0z, (x2 < h) ¢
0 z #Fx2<h

C xy=g>xs  B)=0,(9>x2) 0
0 x #Fgbas

gauge transformations - vertex operator

p(z,y,z)
: ‘ »
: . g . —1
| G EG—o>—g G 91992
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e questions: e+ more conceptual, gauge theoretical description?
« more explicit, suitable for computations?

e nodefects: H,r = Z(X)pw = (Hom(m(X).G)/G)c [Dikgraaf-Witten, Freed-Quinn, .. ]
* (¢ - principal bundles on ¥
« flat graph gauge connections / graph gauge transformations

« TQFT: OM =X, 11%5 = linearmap Z(M): Z(31) = Z(22)
| {flat connections A on M : Aly, = Ay, Aly, = Ao}

gauge transformations

([Ad] [ M ] [As])

 with defects ? Z(¥) =7
« TQFT: OM =%, 11X, =linearmap Z(M): Z(X,) = Z(Z5) ?

« for domain walls (defect edges) + excitations [Morton 10]

= relative @ -bundles [Fuchs-Schweigert-Valentino "13]

+ general defects ?
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gauge theoretical formulation topological inverian ce

H Qe G
1
1
rg 1
]
1
L -
|
T4 : [ g1
]
]
|
1
Ik r‘(jz
|
16
1
1
e d r‘(}l3
1
1
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gauge theoretical formulation topological invgrian ce

T7

= T > G
1. thickening of defect graph ' \\

» defect edges = rectangles

]
1
]
]
]
i ]
geaG ’ :
/ ]
9 j ] |
M o i . i i s 5 [ 39201
:
] /,‘"‘ :
=g>zah? :-W
1
]
» defect vertices = polygons L7 = g3gagi > x1 < (hghahy) ™!
a K p .
gauge transformations
7199 "
go>xz<ahyl) 4 [ g, > 2/ <1 h7!
LR S PN k== =g

> edges of thickening: gauge fields - labeled with elements of groups and action sets
= vertices of thickening: gauge transformations - labeled with group elements

=> faces of thickening: defects
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» special defects

transparent defect on domainwall p: (X*? x G x H)//(G™* x H*?) — Vectc

: ’ E st gemahst
e 4 24 olz,z' ¢, k)= ']
I o T o p = 0 2Lgbx-dh’

transparent bulk defect p:G*°//G*° — Vectc

C 9595 ‘9395 1 =1

plgr..... gs) = i i _

0 9595 9395 g1 #1

bulk excitation p:G//G — Vecte = representatives of conjugacy classes

G + representations of stabilisers

_ -1 _
o] g 90 B> 9 = 90990 = representations of D ()

boundary excitation p: X*?//G x H — Vectc
= representatives of ¢ x H - orbits on X <>
+ representations of stabilisers
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2. dual quiver @ => category Q

- vertices Vo = VUEUR e

«edges (v,e):veV seek for vee
(e,r):e€ E—reR for eCF = category Q

= encodes decomposition of surface and interaction of defect data

topological content + defect graph in surface = functor 7' : @ — Girpd
re R 1Ili(r,V,) V,={veV|ver}
ec E=1li(e,Ve) V.={veV|vee}
v eV = Ili(v,v)
(v = e) = 1 (tye) : i (v.v) = 11 (e, V,)
(e =)= Il (te) : (e, Vo) = 1y (v V})

algebraic content « defect data = functor D : Q — Grpd
re R G, G, =e//G,
eec Fw— G, Ge = Xe//GL(e) X Gre)
f‘ETUHgf‘ ge‘ — (“r'er *Xr)//(“rer("'ir)
(v = e)—1Il,.:G,— G,
(e = r)— 1., :G. — G,
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3. gauge fields and gauge transformations

* gauge field = natural transformation A: 1 = D

= assignment «region r € # +— functor H, : I11(r.V,) — ¢//G,
Hpe)(e) cedge ec £ — map f.: V. = X,
Ts(e) ’If Ti(e) r
s(c)@mmmafamaaaadaaaaao ----t(e) Wwith flathess ;) = Hp(o)(€) D> T5e) < Hpe) ()
e gauge transformation 7: 4o = 4, interval groupoid I = 0 %y

T— "I xT<"—T =natural transformation vl x 1= D with vip = Ag and ~i; = A

X
\ l / = assignment of group elements to vertices of thickening
< ’ —1
D

=> action on gauge fields 91990

-1 N / —1
. . qo D.l"<]/i h b (]| 24 s <|I{!
o] . 0 . 1
H,(v) — Gt(~) * H:[ﬁ] gl o | [ i = - -y

> groupoid A//G of gauge fields and transformations

4. vector space for a surface

defect data for vertices: representations p, : (ll,e.X.)// (e, G,) — Vectc
= functor p: A//G — Il,cv G, — Vecte
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3. gauge fields and gauge transformations

* gauge field = natural transformation A: 1 = D

= assignment «region r € # +— functor H, : I11(r.V,) — ¢//G,
Hye(e) cedge e £ — map f.: V. > X,
Ts(e) ’If i(e) r
s(c)@mmmafamaaaadaaaaao ----ot(e) Wwith flathess ;) = Hp(o)(€) D> T5e) < Hpe) ()
e gauge transformation 7: 4o = 4, interval groupoid I = 0 %y
T— "I xT<" T =natural transformation ~: [ x I = ) with vio = Ao and i1 = A,

X
\ l / = assignment of group elements to vertices of thickening
D i i 91990

=> action on gauge fields

-1 N / —1
. . qo D.l"<]/i h b (]| 24 s <|I{!
o] . 0 . 1
H,(v) — Gt(~) * H:[ﬁ] gl o | [ i = - -y

> groupoid A//G of gauge fields and transformations

4. vector space for a surface

defect data for vertices: representations p, : (ll,e.X.)// (e, G,) — Vectc
= functor p: A//G — Il,cv G, — Vecte

vector space for surface Z(X) =limp
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P

« finite groups G1.Gr l. \< >/ (C,v \( >/
- finite G, x G - set X \ S /[;' ™~ Tr
SRR e v ——— s -
* transparent representation B ol
L JYXQ//(GL x Gr) — Vectc pu(z,2") = {C —_——
gauge fields Hy m(X.v) = Gy {Zatey, Zige))
H]? & ﬁl(zﬂ’- (') — C;R Lie) = HL((') > Ts(e) < HR((')_l
= B Y A H
gauge transformations (g, € G1.gr € GRr) gr %(f) 9L
Ls(e) A I" L Lt(e)
Hp v g -Hp g7 Ty(e) = GL B> Tye) I GR' - cob-Co—cioa - e e L
T 'y — —1
Hp v gr-Hg - g5 Tp(e) M 9L B> Tye) < gR

C Hile)>xz< Hple) ==z

functor p: A//G — Vecte (Hp,Hp,x)— {“ |
c1l1se

vector space  Z(X) =limp = ({(Hy. Hp. x) | 2 € XHL(HrEY 1 L)
(Hp,Hp.x) ~ (9o Hrgp ' grHRrgRn g > < gp')

nodefect X =G, =Gr=0G
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example

e graph T on X with X\I'=DI...II D

region re R finite group G,
edge ceF finite Gr(c) X G, -set X,
vertex wveV representation pv @ (LlyeeXe)//(Iloe,Gr) — Vectc
gauge fields and gauge transformations .
+ gauge transformations at all v € » .9
Zgh=...=gs=1 i
= W — M Ty = Ty ., g4 . g3
* residual gauge freedom G, for r € I i "

_ e r, /| i
gauge fields A =1L cp X \ 7 Ams o omy]
/U

gauge transformations ¢ = Il, .G,

functor P = @vevp. 1 A//G — Vectc

Hl ab(A)

vector space Z(¥)=Ilmp= @ Pl
Aello(A//G)
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Dijkgraaf-Witten TQFT with defects

« 3-manifold A/ with defect stratification X = (0 ¢ Xy c X; € X> € X3 = M)
« boundary stratification X?* = (0 ¢ (X, N M) c (XoNOM) C OM)

defect data

regions RM = my(X5 \ Xs) r e RM finite group G

defect planes  PM =7(X2\ X)) pe PM finite Grp) % Gy, - set X,

defect edges EM = 7o(X; \ Xo) e c EM representation pe : G. — Vectc
Ge = (ecpXp)//(MecrG)

defect vertices VM = X, =B intertwiner 7o : po = C

Pv = ('\%s(( )::'f_)t ) ® (@{(, )=v e )

= defect data for )/ Go = (HuepXp)//(HoerCy)

regions & B finite group G,

1O M vl -y O -
defect edges e €L finite Gr(c) x Gy, -set X,
defect vertices vec VM representation p. : G, — Vectc
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1. thickening of defect stratification

P1
Tl

J‘H;y/ g1 IH%

/ "?"l
i 'y

Po

g2 1
H’.'(]
thickened defect plane thickened defect edge thickened defect vertex
q1 = g3g2 my = h>mg< g_l
hy = hsho ny=kong<ah™!
s —1
mo = g1 B>img < /.’L 1 Pilli= k> Po g
T i
mg = g3 >my < hy gauge transformations and flatness
mi = ¢o > mg < /z;l glgggl
g0 D.I'ﬂhﬁln :1 L g1 > x th_l
O === =---

=> edges of thickening: gauge fields - labeled with elements of groups and action sets

> vertices of thickening: gauge transformations - labeled with group elements
=> faces of thickening: representations
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2. dual quiver Q" = category Q"

. vertices Vo =VMUEMUPMRM  +edges (ve):veV¥ secEY vee
(e.p) i e € B pE p‘u. eCp

L M M _
topological content functor 7™ : QM — Gipd rjipe P s rels, per

z € Vg — I (Z,V,)
()i —y = (o) : Tz, Vo) — Myl V)

algebraic content  functor D" : O™ — Grpd
x € Vg — G,
(v.y):x =y +w— Pry:G,—G,

3. gauge fields and gauge transformations

« gauge field = natural transformation 4 : 7M = DM

re RM = functor H, :II;(7,V,) - G,
pePM — map f,:V,— M, with flatness condition

e gauge transformation 7 : 4o = A, = natural transformation ~: [ x .’l"” = D'”
with Yip = Ap and vi1 = Ay

20

el 21 e al
] M -’—_['”

/ = assignment group elements - vertices of thickening
Ao Dl” A > groupoid A" //G" of gauge fields and transformations

> functor ])“:A.U;r.-::sgw%Ar‘i_’l/‘:".-gf}_u

'/1;'\1
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4. defect Dikgraaf-Witten TQFT

« 3-manifold M with defect stratification and boundary 07 = ¥, x ¥,

« “classical” defect data
= groupoid AM //GM of gauge fields and transformations

= projection functors P, : AM//GM — A1/ /g™ 4”_?,-'9’”
P) : Aﬂ[//gﬂf — ASQ//QSQ i’y” \\‘pj
o .
= fibrant span of groupoids AZ1/ /GE AZ2 [ 1GP2
» “quantum” defect data
defect data at boundary vertices % representations pi : A¥'//GZ' — Vecte
3 3! xr
p2 : A2/ /G=? — Vectc
defect data at internal edges, vertices => intertwiner o:p1 P = paPs
=> compatible with compositions of spans
> linearmap Z(M) : limp; — limps induced by o4, 4, = G=2{|GM | Z TA
=Z(X1) =2Z2(X,) A€P;1(A1,A2)
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Outlook and Conclusions

e summary

« gauge theoretical description of quantum double models with defects of all codimensions

 gauge theoretical description of Dijkgraaf-Witten theory with defects of all codimensions

* reproduces results of [Morton "10]

in untwisted case, codim 1 defects
[Fuchs-Schweigert-Valentino "13]

» concrete, easy computations

* To Dos

« compute for more complicated 3d examples

applications in knot theory? invariants of embedded manifolds?

inclusion of cocycles (twisted defect Dijkgraaf-Witten TQFT)

extension to quantum double models with defects for Hopf algebras

extension to defect Turaev-Viro TQFT with spherical fusion categories

generalisation to homotopy TQFT a la Quinn

Pirsa: 24030081

Page 20/20



