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Abstract: Neural Network Field Theories (NNFTs) are field theories defined via output ensembles of initialized Neural Network (NN) architectures,
the backbones of current state-of-the-art Deep Learning techniques. Different limits of NN architectures correspond to free, weakly interacting, and
non-perturbative regimes of NNFTSs, via central limit theorem and its violations. Nature of field interactions in NNFTs can be controlled by tuning
architecture parameters and hyperparameters, systematically, at initialization. | will present a systematic construction of scalar NNFT actions, using
various attributes of NN architectures, via a new set of Feynman rules and techniques from statistical physics. Conversely, | will present the
construction of a class of NN architectures exactly corresponding to some interacting scalar field theories, via a systematic deformation of NN
parameter distributions. As an example of the latter method, | will present the construction of an architecture for $\lambda \phi*4$ scalar NNFT.
Lastly, | will introduce Grassmann NNFTSs, their free and interacting regimes via central limit theorem for Grassmanns, and construction of an
architecture corresponding to free Dirac NNFT. This approach provides us a way to initialize NN architectures exactly representing certain field
configurations, and are useful for computing attributes, e.g. correlators, of field theories on lattice.
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Whatis a Neural Network Field Theory?

Field theory defined by output ensembles of an initialized
NN architecture.
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Introduction

Neural Networks are universal approximators.

ML for QFT: powerful approach to represent
target field theories, up to numerical precisions.

Simply put, ML-for-QFT engineers QFTs via
optimization algorithms.

A step to improve uncertainty quantification —
start where initialized Neural Networks are.
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Introduction

* How to make ‘engineering QFTs via ML’ more
robust and interpretable?

* Simple answer: show how NN architectures
represent field theories, at initialization.

* Discover constrains on NN architectures to
engineer symmetries, interactions, ....

» Start at ‘NN architectures for QFTs’ before
involving optimization algorithms.
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How to get NN Field Theory?

Open NN blackboxes and identify knobs that gives rise to
field theoretic properties.
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Talk Outline

» Intro to NN field theory.
» Scalar NN field theory: Construct action S[¢] given an architecture.

» Scalar NN field theory: Construct NN architecture given S[¢].

» Grassmann NN field theory: introduction and free Dirac example.
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Intro to NNF'T

hy(x)
hy(x)
5
é_ N neurons > \output qﬁ(x)]
= : 1
| é(z) m; (2)
hy_ 1 (%)

in(x)
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Inputs x
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Intro toNNE'T

NN inputs Space or space-time

NN outputs Field

An ensembile of initialized NN outputs is a statistical
distribution over functions ¢@(x).

!

In path integral formalism, field theories are functional
distributions.

NN field theory := field theory defined by NN architecture ]
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Intro to NNF'T

6(e) = = S (@

=1

5

« Origin of field interactions in S[¢] is due to
violations of Central Limit Theorem (CLT).

Inputs x

« When NN parameters are identically, independently
distributed (i.i.d.), all 4,(x) are i.i.d.

o AtN — 00, sum ¢(x) is a draw from a Gaussian
distribution, or a free NN field theory. <«
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Intro to NNF'T

1 N
¢(z) = TN ; hi(z)

« Violate CLT: 1. Finite /V, 2. Dissimilar NN parameters,
3. Correlated NN parameters.

« Parametric tunings at NN initializations, that violate
CLT, control field interactions in S[¢].

Pirsa: 24020068 Page 11/47



Related works

Correlated oo . .
parameter » ML for field theories on lattice
distributions » Correspondences between learning
——— [Yaida 20191, [Yang 2019], [Dyer et al. 2019], [Naveh denainicsand lial aerav ohvecs
et al. 2021], [Roberts et al. 2022], [Hanin 2022], y g EY phy
[Zavatone-Veth et al. 202z2], [Pehlevan et al. 2z021],

[Yaida et al. 2023]

| Correspondences between
[Albergo et al. 2010], [Hackett et al. | initialized NNs and field theory
2021], [Bachtis et al. 2021], [de Haan et

»
al. 2021], [Bachtis et al. 2022], [Abbott et
al. 202z2], [Gerdes et al. 2022]

[Halverson, A. M., Stoner 2020], [A.M.,
i Halverson, Stoner 2021], [Jefferson et al. 2021],
| [Halverson 2022], [Erbin et al. 2022], [Banta et al.
2023], [Halverson, Demirtas, A.M., Schwartz,
Stoner 2023]

Field theory & theoretical
physics for deep learning

[Berman et al. 2022], [Krippendorf et al. 2022],

* Theory of NN at asymptotically
[De Luca et al. 2022, 2023], [Cotler et al. 2023]

large width
Dissimilar NN
[Neal 1995] parameter i .
distributions * Central Limit Theorem (CLT) constrains NN
Infinite width N,

field theories as free ones.
independently, identically \\
‘iid'““b”md SN PAIRIICIOT * Three independent ways to violate CLT, i.e.

turn on field interactions.
Conditions for Central Limit Theorem

Iv

finite width N
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Summarize NNFT
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Are NNF'Ts Quantum?

 NNFTs are Euclidean or statistical field theories.

* However, if all NNFT correlation functions satisfy Osterwalder-Schrader

axioms, this field theory has analytic continuation to Lorentzian background. ..
A

\43\'%0 -
W o

* Such NN architectures correspond to quantum field theories.
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Deduce NNFT action S[¢]

* NN field action S[¢] for generic architectures.

Z[J} — /D¢ e_Sfree[¢]_Sint+f ddmj(iﬂ)@(x)

* Free field action can be derived exactly.

1

Steeld) = 5 [ 21 %2 6(01) G (a1,22) ' $(22)
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Scalar NNFT:
Construct S[¢] given

. 1o
NN Architecture .«
o"“P\z\‘;ﬁ -
\qe\-? P>
@%@‘“
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Deduce NNFT action S[¢]

a\.\‘ﬂ NN ‘parameter space’

G™(z1, -+ ,xn) = E[p(21) - -+ $(n)] = / dhP(h)$(x1) - - - d(n)

Observables, e.g. NN
Correlators

NN ‘field space’

\G(") (Bl ) — /que_s[‘ﬂ o(z1) ... o(xy,)
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Deduce NNFT action S[¢]

« NN field action S[¢] for generic architectures.

Z[J} — /D¢ e_Sfree[¢]_Sint+f ddmj(iﬂ)@(x)

* Free field action can be derived exactly.

1

Steeld) = 5 [ 21 %2 6(01) G (a1,22) ' $(22)
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Deduce NNFT action S[¢]

How do we get leading order NN field interactions?

Sint = Z/[[dda:i gr(xy, ... z) (1) . . Bz

Introduce a new set of Feynman rules, to construct NNFT couplings g.(x;, -+, X,),
using connected correlators from dual parameter space.
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Deduce NNFT action S[¢]

New Feynman rules: connected correlators are internal vertices.

\fff‘ GO (1, ,wn) = E[p(21) -+ B(n)] = / dhP(h)p(z1) - - - $(an)

1

« CLT-violation at finite width, i.i.d. NN parameters GC(”) X :
Nr2—1

O,

* CLT-violation at finite width, non-i.i.d. NN parameters G\ — mixed N-scalings.
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Eg: NNFT @ Finite N, i.i.d. parameters

* Quartic coupling

1
94(1'1, - .,1'4)

T4l

/dyldygdygdm Ggl)(yla Y2,Ys3, 314) ng)(yla $1)_IG£2}(ZI2, 332)_1

1
+0(33).

O,

G (ys,23) 'GP (y4, 74) ™" + Comb.

i) . \\5174

* Perturbative NNFT

Ackon S[¢] = Skeeld] — / Exy - ATy galze, -+ ,20) (@) - B(za) + 0(%)
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Deduce NNFT action S[¢]

New Feynman rules: connected correlators are internal vertices.

.\,\ff‘ GO (@, ) = E[p(21) -+ B(n)] = / dhP(h)§(x1) - - - $(zn)

1

« CLT-violation at finite width, i.i.d. NN parameters GC(”) X :
Nr2—1

+ CLT-violation at finite width, non-i.i.d. NN parameters G\ — mixed N-scalings.
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Eg: NNFT @ Finite N, i.i.d. parameters

* Quartic coupling

1
94(1'1, - .,1'4)

T4l

/dylddedeZM Ggl)(yla Y2,Ys3, 314) ng)(yla $1)_IG£2}(112, 332)_1

1
+0(33).

G (ys,23) 'GP (y4, 74) ™" + Comb.

i) . \\5174

* Perturbative NNFT

Ackon S[¢] = Skeeld] — / Exy - ATy galze, -+ ,20) (@) - B(za) + 0(%)
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Eg. S[¢] for Real-Life NN architecture

Network output ¢(z) = W} cos(Wjz; + b)) i.i.d. parameter distributions
WO ~ N(0,0%,/d)
W' ~ N(0,0%,/N)

b° ~ Unif[—m, 7]
Interacting NNFT action (due to finite N), at leading order

20%’ . _0%"’9 vz ; 4\/671—3/20_47 ot Vi

A/ ] 4 _ - d d W = 0 abed

Scos|®] = = (} d'zdlz)e ™ 2= ¢lx) — | dzy---d'xzy N - e od
S “OWL plabed)

UHD(V‘? +V 2 )

8o, ‘
- ) e ]qﬁ(a:l)---@(m)—f—()(l/]\fz).

Ndzo'w'
L P(ab,cd)
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Scalar NNFT: Construct NN
Architecture given S[¢]
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NN Architectures for S[¢]

: %\e\d’a/ 217] = / Do e-Sldl+] dr@)s(
What are the rules to fix R /
the architecture? S[¢] = Stree[¢] + A / d'ry - d'z, Op(z1, -, 20)
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NN Architectures for S[¢]

NN architecture for exact free action Sg.0o[¢] is €asy.

G,

Start with that network.

@ IImN — o0

® i.i.d. parameters P(h) := P(h)

® Intelligently guess other architecture details
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NN Architectures for S[¢]

Take the architecture for free NNFT.

Next, deform NN parameters at infinite V.

® Redefine P(h) := P(h) o dx-+-dx, 6,y (51,05

This inserts  Siy[¢] = /\/ddml .- d%2,04(z1,- - ,z,) in NNFT action.
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Summarize NN Architectures for S[¢]

NNFT action

Sl¢l = Speelpl + 4 [cl‘i.x: oeed "f_x;x@"ph(_xl, e, X,)

NN free field ¢, Interacting NN field ¢,

NNFT action Sj,, Nt 4
R

S . &@c

&

BP(h) := Py e 145" Ogrin)

N\
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Eg: Scalar 1¢* theory

Target NNF'T action S[é] = /dda: [qb(m)(vz +m?)é(x) + % o(z)?

62
V2= —
. : . ox*
Solution Step A) architecture for frge action T Mo
bon o) = 2vo] Z a; cos(b;jz; + ¢;) Pg(a) = —I e ;Za -
a,b,c\T f—b2 e
Pg(b) = | | Po(bi) with Pg(b;) = Unif(B4)
1 i
GOp) = —— ] o Pte) U
P2 +m Pg(c) = | | Pe(ci) with Pg(c;) = Unif([—m, )

Pirsa: 24020068 Page 30/47



Eg: Scalar 1¢* theory

Step B) architecture for full action P(a, b,@c) = PG(a) PG(b) PG,(C) 6—% [d%z ¢ap c(x)?

_A [gd 4, - ,
Inserts e 4! Jd®z dap.c(2) in free partition function.

Z[J] = fdadbdc P(a,b’ C) efddi’f‘J(fC)ﬁba,b,c(:c)

S)’mmetry-v,'a_
NN parameters are Euclidean invariant, so is S[¢]. « theorem a0
a0E

-Correlators satisfy OS axioms. Analytic continuation to Lorentzian. W
\‘\,Y\a\\le\r

duah‘ty
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Eg: Scalar 1¢* theory

Target NNF'T action S[é] = /dda: [qb(m)(vz +m?)é(x) + % o(z)?

o,
V2= a_z
. A2
Solution Step A) architecture for free action T Mo §
P . h ﬁa 1 Qg
bon o) = 2vo] Z a; cos(b;jz; + ¢;) c(a) = _—IB
e Vv bi + m?
Pg(b) = | | Po(bi) with Pg(b;) = Unif(B4)
1 z‘
G(z)(p) = — - o B _ -
P2 +m c(c) = | | Pole:) with Pg(c;) = Unif([—m, 7])
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Eg: Scalar 1¢* theory

Target NNF'T action S[é] = /dda: [qb(m)(vz +m?)p(x) + % o(z)?

62
V2= —
. . . ox?
Solution Step A) architecture for free action T s
bon o) = 2vo] Z a; cos(b;jz; + ¢;) Pg(a) = —I e ;Za -
Pg(b) = | | Pa(b;) with Pg(b;) = Unif(B%)
: @‘ ] 11
GO(p) = 5—— ] o Pte) U
P2 +m Pg(c) = | | Pe(ci) with Pg(c;) = Unif([—m, 7])
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Grassmann NNFT:
intro and free Dirac
example

Pl
O 2]
\'\N-sO(\'P\'Lle‘\

We

\e{:&
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Intro to Grassmann NNEK'T

Grassmann CLT: a sum over N i.i.d. Grassmann random variables is Gaussian

distributed as N — oo .

Consider V; = — E Xii, j=1,---.,d [ : statistical index
VN i=1 J : Grassmann index

Anticommutation relation  {X,;, X;,} =0 VYV i,j,k [
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Intro to Grassmann NNEK'T

Impose mean-free i.i.d. constraints on Grassmann variables

N
i=1
P(Xq1,: -+ ,X14) = = P(Xn1 , XNd)
d I : statistical index
P( X1, , Xiq) # H B ,j : Grassmann index
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Intro to Grassmann NNEK'T

Grassmann CLT: a sum over N i.i.d. Grassmann random variables is Gaussian

distributed as N — oo .

A e
" K:jl e [ : statistical index
g = Nr/2—1 j: Grassmann index
When N — o0, all cumulants » > 2 vanish. ﬁif{jr = Egg){m,m,xm) [ Xij, - X35, ]
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Intro to Grassmann NNEF'T

h; (x)
7i3(1) Grassmann
outputs y;(x)
N 2 1
ncurons ha() = hz -
hiN—l(x) \ J: statistical index.]
\ i=1,---, Dfor different Grassmann ﬁelds.j
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Intro to Grassmann NNEK'T

Case1: aj; Grassmanns,
Grassmann NNFT ‘

pj(x) c-numbers.

1 N
Vi) :\/_—Z aijp;(x

Case 2: a;; c-numbers,

pj-(x) Grassmanns.
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Intro to Grassmann NNEK'T

~ VN

N

| . ) 1

| Case1: a;; Grassmanns, pj(x) c-numbers. 2/)2 CD £ e E h%}
J=1

lim N — oo, cumulants r > 2 vanish: free Grassmann NNFT. J

G((:()h-ila“' ah-zi,,-)(ajl’ e ?xr)
N7T/2-1

Gi:,)b(xl? C ?x?")

ila"' 3?:7‘ -

(a) Finite N, (b) Non-identical a; and other network parameters, (c) Statistical

correlations in a; along axis j : turns on interactions in S[y/].
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Intro to Grassmann NNEK'T

N
LG

j=1

‘i Case 1: a;; Grassmanns, p;(x) c-numbers. z/;
‘ : : 1

%\H

lim N — oo, cumulants r > 2 vanish: free Grassmann NNFT. J

G((:()h-ila“' ah-zi,,-)(ajl’ e ?xr)
N7T/2-1

Gi:,)b(xl? C ?x?")

ila"' 3?:7‘ -

(a) Finite N, (b) Non-identical a; and other network parameters, (c) Statistical

correlations in a; along axis j : turns on interactions in S[y/].
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Grassmann NNF'T: free Dirac

Free Dirac NNFT: requires 8 degrees of freedom on Euclidean space, instead of 4.

A@) (z,9) = (0|T(x)p(y)|0
Free Dirac propagator on Minkowski space: } (z,9) = O[T%(z)d (v)0)

Wick rotate to Euclidean space space: ! (0|2(x)p*(y)|0)
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Intro to Grassmann NNEK'T

N
2 il

j=1

‘i Case 1: a;; Grassmanns, p;(x) c-numbers. 2/)
‘ : : 1

%\H

lim N — oo, cumulants r > 2 vanish: free Grassmann NNFT. J

G((:()h-ila“' ,h.,;,,,)(ajl? A ?xr)
NT/2-1

Gi:,)b(xlv T ?x?")

ila"' 3?:?‘ =

(a) Finite N, (b) Non-identical a; and other network parameters, (c) Statistical

correlations in a; along axis j : turns on interactions in S[y/].
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Grassmann NNF'T: free Dirac

Free Dirac NNFT: requires 8 degrees of freedom on Euclidean space, instead of 4.

Resolution by Osterwalder and Schrader:

Introduce auxiliary field y: fills the role of y, but

not related to y through Hermitian conjugation.

Wick rotation 4% — —i4° Ak s Ak
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Grassmann NNF'T: free Dirac

\Free Dirac NNFT action }

Streel¥] = / 0 X (@)~ — m)p(2)

Fv/ propagator I
. . @y — (1
What is the architecture? Gy (p) = (,Yﬂp” n m)ij
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Grassmann NNF'T: free Dirac

NN architecture solution U(z) = hi(x) , S P )
Xi(2)
\lim N — oo}
2vol(Bf) 0) ’

Vi(x) = No2(2r)d Z(RJ)M%J cos(b;,z" + e;)

N
xi(x) = \/QVOI(B A) Z ; ma cos(b-ﬂm“+ej)

j=1
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Grassmann NNF'T: free Dirac

: 3 ~1/2
NN archltec_ture solution B Z ¥ obin + M1pxp)

p=1
P(a,b,e) = Pg(a)Pc(b)Pa(e) lim N — oo and i.id. pa?émeters along statistical axisJ
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