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Abstract: To perform reliable quantum computations in the midst of noise from the environment, it is imperative to use a quantum error-correcting
code -- i.e., a scheme for redundantly encoding information so that errors may be detected and corrected as they occur. One of the most promising
classes of quantum error-correcting codes are those based on topological phases of matter, such as the celebrated toric code. Although thereisarich
classification of topological phases of matter, the toric code has by far received the most attention as a practical quantum error-correcting code, due
to its simple representation within the stabilizer formalism.

In thistalk, | will discuss three works in which we extend the stabilizer formalism to topological orders beyond that of the toric code. This includes
the construction of two-dimensional stabilizer codes characterized by Abelian topological orders with gapped boundaries, three-dimensional
stabilizer codes that host arbitrary two-dimensional Abelian topological orders on their surface, and two-dimensional subsystem codes also
characterized by arbitrary Abelian topological orders. This work thus opens the door to encoding and processing quantum information using the
exotic properties exhibited by the wide range of Abelian topological phases of matter.

Zoom link https://pitp.zoom.us/j/94640905425?pwd=aDd0QnI 1 TUUOQytaNWJIIL zEyZIQrQT09
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Motivation and background
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Motivation

One or more of your qubits have become corrupted.

Click Report to see more detailed information and send a report

B to Apple.

? Use quantum error-correcting code

Lo JEEEE o R o R o R o 2

Neutral atom array Superconducting qubits

Bosonic qubit

Quantum computers have the potential to:
* Solve quantum chemistry problems — advancement in drug design, carbon fixation
* Simulate complex condensed matter systems

Problem: errors are a serious obstruction to reliable computations
* Small components ¢ Quantum noise
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Motivation

90 000,00 &/ &/ &/ ¥
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Neutral atom array Superconducting qubits Bosonic qubits
4 N

Solution: quantum error-correcting codes!

* Use many qubits to encode a small number of “logical” qubits * Ex. Toric code

This work: Search for new quantum error correcting codes to

* Improve error thresholds * Reduce computational overheads ¢ Better suited for current hardware

. J
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Background: Z, toric code and
Abelian anyon theories
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Background: Z4 toric code

Hilbert space:

000 1 10 0 0 X1,
1000 0 i 0 0 4
X=lo100]> 200 -1 o> z =1,
SR A = 7
o = 4-dimensional qudit
Hamiltonian: * Topological Pauli stabilizer code
Xt 7 * 16-dimensional ground state
— o 2 Tt 7
H = § : 2 le( (e +h.c. subspace on a torus

e Locally indistinguishable ground

(Deconfined Z, gauge theory with matter)
! states

AY. Kitaev 1997; J.B. Kogut 1979
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Background: Z4 toric code

Anyons: local excitations that cannot be created by local operators

(Stabilizer codes)

H=— X—|—X——E z*z+hc
v
Violates vertex stabilizer Violates plaquette stabilizer
(Gauge charge) | (Gauge flux)
L 3
- (S s 4l
@
mE

AY. Kitaev 1997 8
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Background: Z4 toric code

Anyon types: 1] ° 622 al
1 | 1ee | e | ¢ Local excitations created by
m | m | em |2 | e3m local operators
m2 | m2 [em? | e2m2|e3m2
m2 || m3 | em?® |e2m?|e3m?

Fusion rules: 7Z,4 x Z4 group generated by € and m
em X em = e’m? e*m? xe’m? =1

Examples: € X m = em,

Exchange statistics: Exchange statistics of ePm? is iP?
€ [ e & m
[ I \/ ’ . |
/ \ - r o T )

L
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Background: Abelian anyon theories

Anyon types: {1, ai,ag, ..., a,n}

Fusion rules: @; X G5 = A, Q; X = a;

Exchange statistics:

(Satisties certain consistency conditions)

a; a; a; a;

= 0(a;)

(Braiding relations are determined by the exchange statistics)

Liang Wang, Zhenghan Wang 2020 10
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Classification of 2D topological Pauli stabilizer codes

 What Abelian anyon theories are captured by 2D topological Pauli stabilizer codes?

_____
-—

Finite-depth 4

Topological Pauli stabilizer code . S
circuit = ool

_______
‘‘‘‘‘

* Translation invariant
* Prime p-dimensional qudits

_____
-
-

+EN
,,,,,,

Stack of Z,, toric codes

Are more exotic anyon theories captured by topological Pauli
stabilizer codes on composite-dimensional qudits?

H. Bombin, G. Duclos-Cianci, D. Poulin 2011; H. Bombin 2011; J. Haah 2018
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2D topological Pauli stabilizer codes

PRX Quantum 3, 010353




Double semion stabilizer code

Hilbert space:  Topological Pauli stabilizer code

21 * 4-dimensional ground state
e AT subspace on a torus
ZX =1X7 * Locally indistinguishable ground
o = 4-dimensional qudit states
Hamiltonian:
\?Z_l/* Z- X—
< o r ]_,J_I 9 |_ - /\
H = — E —X—'—XZﬂ — E gL — E E 72 —I—h C.
X Lz
v I p € —

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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Double semion stabilizer code excitations

Anyons: local excitations that cannot be created by local operators

(Stabilizer codes)

H:_Z_ﬁlﬁwj Z |_/_| Z - Z 'Z—' Fhe.

v

Violates vertex terms and
plaquette terms

Violates vertex term

| | I i | i

—
o
o,
«»@®

[
[
N
I
[
NN
I
<

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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Double semion stabilizer code anyon theory

Anvyon types: {1’ b, s, g}

N L U LR LI

Fusion rules: 7, x Z, group generated by b and s

bxb=1, sxs=1, sxs=1, bxs=35, ...

Exchange statistics: Semion! Anti-semion!

S S

P =i T

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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Double semion stabilizer code anyon theory

Anvyon types: {1’ b, s, g}

Distinct from toric
code or a stack of

b= v ’ S = \/. ’ s = v toric codes!

Fusion rules: 7, x Z, group generated by b and s

bxb=1, sxs=1, sxs=1, bxs=35, ...

Exchange statistics: Semion! Anti-semion!

S S

P =i T

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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Construction of the double semion stabilizer code

Double semion exchange statistics:

b b S

= =i M=

Z.4 toric code exchange statistics:

3 3
&M em e em em

ff=3 Fi=%. 10

Fusion rules do not match

sXs=1 em X em = e*m?

sxs=1 em? X em3 = e*m?

Condense e*m?
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Construction of double semion stabilizer code

o= L -3 LK AT he
€

e_
Condense e’m?
Je — 00
\'74_} r—7—| %
4 4 J r —
Hpg = — E —.\'——t\'z’—' — E L/_l E E /_I “+h.c.
v 1 p

N Y_/H_/

2

Finite order in perturbation theory m? short string operators

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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General construction

g . Condense bosons g e
‘_’_ ‘_’7 ----------------- e t,’,’ :’-,_’ ‘J_’:-‘ ”z”
‘,_’ ---------------- SN $Z 0909090902020 7 TTTERSe—ccailllLl i
________________________ New topological Pauli
Stack of toric codes stabilizer code

Exhausts all Abelian anyon theories that admit a gapped boundary!

Modular: For every a; there exists a;, such that 6(a;a;) # 6(a;)0(a;)

Lagrangian subgroup: Subgroup of bosons £, such that, for every a ¢ L, there exists b € £ with 8(ab) # 0(a)0(b)

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2021
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Beyond 2D stabilizer codes

Can Abelian anyon theories without gapped boundaries be
captured by codes beyond 2D stabilizer codes?

3D topological Pauli stabilizer 2D topological Pauli subsystem
codes codes
(_/ 7

-\ 'd

Anyon theories without gapped
boundaries!

—)JQ

Non-modular anyon theories!

Pirsa: 23120028 Page 22/49



3D topological Pauli stabilizer codes

PRX Quantum 3, 030326




Chiral semion boundary code

Hilbert space:

* Topological Pauli stabilizer code

Zi = i e 2-dimensional ground state
X I ) subspace on a solid torus
ZX =iXZ ° * Locally indistinguishable ground
o = 4-dimensional qudit states
Hamiltonian: | 5
} L. i ]
Z fz*r—Z ~Z2~{ E : ’X%ZT—L X7
H — —5 % - £22j2 I i - i —|—h.C.
xt X2 X Z —x—zt
| P~ | p O P

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Chiral semion boundary code

Hilbert space: » Topological Pauli stabilizer code
Z =1 i . .
- 6 6 * 2-dimensional ground state subspace on a
’ A solid torus
ZX =i X7 -
o = 4-dimensional qudit * Locally indistinguishable ground states
Hamiltonian: | |
xt )I
AL
1- 1—2* 2 Al —I’ N ‘f g
Y e 4 3 ﬁ RER PR MR G IR R
v pQ P

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Chiral semion boundary code

Anyons: local excitations that cannot be created by local operators

(Stabilizer codes)

Hbdry — - 7{){@% Z ﬁzzz—ﬂ Z e Z " Z X']_Z Z _j( j +h.c.
e, a P

Violates vertex terms and

Boundary
plaquette terms
-=Z /5@ /l/ /I/ /I/ /q/
7 =X VA A . L A7 LA .
I=X
Bulk

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Chiral semion anyon theory

Anyon types: {1,s}

$= N L_2® Chiral semion theory does not admit
gapped boundaries!

Fusion rules: 7,, group generated by s

sxs=1

_____
-
-----
-

Exchange statistics: Semion! {1,5}

-

S s ¥ 8 s |  TUTCcossagy

S 8 ‘
[ ( — /Z \/ Chiral semion X Double semion
/

chiral antisemion

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Construction of the chiral semion boundary code

Stack of double semion stabilizer codes

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Construction of the chiral semion boundary code

- - o e
- A s o - - . .
” -—— - - —-
- - - -——— - - -
- ” z - ” ” 7’
- - S -
- - - P - ] - - 4
e i > — v ——aa i s e
< l = 2 e B S = —— I = pr- . o - = I
—_—— — - - -
= 0,831 - . . Sy, 8} .- A IS a DOSOIN
T L] - - = —— - - .
LTRSS - 2 - - - >
- -—— - bt u -
- i - - -
% g 2 - - e
- L W - -’ - ,
= F R e W & 4 - -
’t‘ P - ’-..__’_ e -
P - - -
a»’ P ,t ’1 R {1 s /’ - ’,-. -
- - u £ e ] r - - e
€ P P - -l e
- il L e s -
----- 1,6 s e - ~rm— = pr.s ’ -
- -_——— 19, 8§ - -~ s - 5 5
- > - - . 3 - - -
A e -, - = - i >
- -, - -
- . i - -
-’ ’ - -’
b o - - -
”, - - -
- - - - .
- = . -
-

Stack of double semion stabilizer codes

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Construction of the chiral semion boundary code
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I e s - 7
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Stack of double semion stabilizer codes

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Construction of the chiral semion boundary code

- - - o
o Ll Interlayer — ~=____ {1, 3} P
- ’ i S e o
Lo .#" .«77772> condensation =g
o ts -
At {1 3} ’ -7 P
Ll ey 2 P . Confined exditations ..
. {;1 5} 4 7 -.,’
’/ - - = > /’ ’/
- ’ o e -
’:-.-- o sk e
Pl {1 3}/’ ol .7 ,.”
___________ > .
--------- { 1?}'” ,.-I-.—‘- ,,’
------------ ’r

N —a
AL
=3 xs “T ,z:iﬂ DY ) D —Z % ﬂ +he.

iz —X—Z'
v | €— e/
-

/)
N
Double semion stabilizer code layers

§;S;4+1 interlayer short string operators

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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General construction of boundary codes

oL e 4 i ,"” v Interlaver -7 gk
“““ Zaaee 1 _d Y
A condensation
”/: _____________________ 4 ”l,’ t,’/ ,:: ______ ”/”
____________________ j ”{” qh‘.—-""'——-._,______r’,
Stacks of 2D topological Pauli stabilizer codes New 3D Pauli stabilizer code

Exhausts all modular Abelian anyon theories!

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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2D topological Pauli subsystem codes

Quantum 7, 1137 (2023)




Subsystem codes

Gauge group: Stabilizer group:
May be non-Abelian! ; Abelian
g C Pauli group S = center of g

(Up to roots of unity)

Stabilizer group defines the Gauge group induces factorization of code space

code space Hc (HG ® HL) D Hé
He @ Hé

Gauge subsystem Logical subsystem

D.W. Kribs, R. Laflamme, D. Poulin, M. Lesosky 2005
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Zfll) subsystem code

Hilbert space: * Topological Pauli subsystem code
Xj= Iy e 2-dimensional logical subsystem on a
z =1, torus
LX =1 XZ

o'— 4-dimensional qudit * Robust against local errors

Gauge group: Stabilizer group:
Z‘t—l
' t
xt . e = e
- ( xdet. 72t 7z, X S, a) = =
gzil) X—)!(—X , Z'—Z—% iy % Zil) X—)!;XiZJ

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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Zfll) subsystem code

Anyons: Violations of gauge operators that cannot be created by local operators

(Subsystem codes)

! T.
X t I—Z' 1 | I_X'_
g = _X_I_}(j' ] Z T Z ] b) Z
Zfll) X | Z I _Z,T_| I

Violates vertex gauge operators and

' 337 ' ' *#' ‘ ' l T plaquette gauge operators

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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Zfll) subsystem code anyons

Anyon types: {1, s, 82, 83}

Fusion rules: Z4 group generated by s Non-modular anyon theory!

Exchange statistics: Semion! Semion!

S S

fi=il¢

ﬁ,
|
!
.

!

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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Subsystem codes

Stabilizer codes:

* Defines unique exactly-solvable Hamiltonian

* Stabilizers are common conserved quantities

|
N

* Anyons are excitations of H

Pirsa: 23120028

Subsystem codes:

Defines Parameter space of Hamiltonians

H=-) JsG+h.c.
Geg

J1
Phase 2 Exhibits

various phases
and phase
Phase 1 transitions

> Jo

» Stabilizers are common conserved quantities

Phase 3

* (Informal) Anyons are excitations common
to the gapped Hamiltonians

33
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(1)

Construction of Z, ’ subsystem code

Gauging out:

Append string operators of anyon to stabilizer group (or gauge group) to form new gauge group

Construction:

Gauge out e>m in Z,4 toric code:

t 7. -t 7 | -
7 —~ X
St = ( =xFx-, 7zt 7 _ Al x I~
TC pE L] gZi” ﬁ’(—)}EX 3 Z'—Z—%’ i %
|
\ )]
Y

e>m short string operators

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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(1)

Construction of Z, ’ subsystem code

Gauging out:

Append string operators of anyon to stabilizer group (or gauge group) to form new gauge group

Construction:

Can simplify generators!
Gauge out e>m in 74 toric code:

1
X1 " | R,
= X—-X-I- h = X
STC e 9z W=\ g1 2 - X
\ J
Y

e3m short string operators

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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(General construction

A .-~ .#-,  Gauge out anyons g e ]
""""""""""""""""""""""" New topological Pauli
. . subsystem code
Stack of topological Pauli y

stabilizer codes

Exhausts all Abelian anyon theories!

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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Main takeaways

2D topological Pauli 3D topological Pauli 2D topological Pauli
stabilizer codes stabilizer codes subsystem codes

/_/‘

/g . "\ 7

T

Anyon theories with gapped ‘
boundaries! Modular anyon theories! Arbitrary anyon theories!

37
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Further comments on 3D stabilizer codes

————————————

3D Pauli stabilizer code Trivial paramagnet
H=-) Z. +hec

e U is locality preserving — i.e., maps local operators to local operators via conjugation
e If A does not admit a gapped boundary, then U/ is not a finite-depth circuit

* First non-Clifford example and conjectured classification of locality-preserving unitaries

W. Shirley, Y.-A. Chen, A. Dua, TDE, N. Tantivasadakarn, D.J. Williamson 2021
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Further comments on subsystem codes

Explored phase diagram Dynamical codes from
1
of Zg ) subsystem code scheduled measurements of
gauge operators
y
y
Stabilizer Z
J 1 ; group 0 {%«,
3 2
il Q§’ %
Chiral Fibonacci anyons? ¢g§’ %,
& -
Stabilizer Stabilizer
N J2 group 2 group 1
* Evidence of Fibonacci anyons, but recent v
calculation suggests local minimum of numerics Measurement 2

L.ei-Mei Chen, TDE, Meng Cheng, Peng Ye, Ji-Yao Chen 2023; A. Dua, J. Sullivan, N. Tantivasadakarn, TDE 2023
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Future directions
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Future directions

: &N Y\
I |

>

Logical failure

> LS A A =

>

Error rate

Develop QECCs for continuous

Diagnostics of new QECC and
variable or fermionic systems

Classification of local quantum
identifying ideal platforms

error-correcting codes (QECC)

AR

I AL
Fault tolerance of non-Abelian Measurement-based and single- ' ‘
quantum computation shot codes from boundary codes Mixed-state topological orders

41
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Condensation vs. Gauging out

Condensation of a (Stabilizer code) Gauging out a (Subsystem code)

f(a) is arbitrary

f(a) =1 (ais a boson)

e Add short string operators of * Add short string operators of

a to stabilizer group and a to gauge group
remove non-commuting
stabilizers
* Anyons become identified  No identification of anyons

Anyons become confined Anyons become confined
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Zfll) subsystem code

Anyons: Violations of gauge operators that cannot be created by local operators

(Subsystem codes)

! T.
X t I—Z' 1 | I_X'_
g = _X_I_}(j' ] Z T Z ] b) Z
Zfll) X | Z I _Z,T_| I

Violates vertex gauge operators and

' 337 ' ' *#' ‘ ' l T plaquette gauge operators

TDE, Y.-A. Chen, A. Dua, W. Shirley, N. Tantivasadakarn, D.J. Williamson 2022
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Further comments on subsystem codes

Explored phase diagram Dynamical codes from
1
of Zg ) subsystem code scheduled measurements of
gauge operators
y
’
‘,'/ S Stabilizer Z
J1 < group 0 f%n
Chiral Fibonacci anyons? s ‘%’%,
o4 2
Stabilizer Stabilizer
3 J2 group 2 group 1
* Evidence of Fibonacci anyons, but recent K_/
calculation suggests local minimum of numerics Measurement 2

L.ei-Mei Chen, TDE, Meng Cheng, Peng Ye, Ji-Yao Chen 2023; A. Dua, J. Sullivan, N. Tantivasadakarn, TDE 2023
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