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Abstract: Despite their simple intuition, convolutions are more tedious to analyze than dense layers, which complicates the transfer of the
and algorithmic ideas. We provide a simplifying perspective onto convolutions through tensor networks (TNs) which allow reasoning abo
underlying tensor multiplications by drawing diagrams, and manipulating them to perform function transformations and sub-tensor acces
demonstrate this expressive power by deriving the diagrams of various autodiff operations and popular approximations of second-order infol
with full hyper-parameter support, batching, channel groups, and generalization to arbitrary convolution dimensions. Further, we pt
convolution-specific transformations based on the connectivity pattern which allow to re-wire and simplify diagrams before evaluation. Finall
probe computational performance, relying on established machinery for efficient TN contraction. Our TN implementation speeds
recently-proposed KFAC variant up to 4.5x and enables new hardware-efficient tensor dropout for approximate backpropagation.

Zoom link https://pitp.zoom.us/j/99090845943?pwd=NHBNVTNnbDNSOGNSVzNGS21xcllIFdz09
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Convolutions Are More Tedious than Linear Layers

+ Personal example: Vector-Jacobian products (VJPS)
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def _weight_jac_t_mat_prod(
self,
module: Linear,
g_inp: Tuple[Tensor],
g_out: Tuple[Tensor],
mat: Tensor,
sum_batch: int = True,
subsampling: List[int] = None,
) -> Tensor:
"""Batch-apply transposed Jacobian of the output

Args:
module: Linear layer.

w.r.t. the weight.

g_inp: Gradients w.r.t. module input. Not required by the implementation.
g_out: Gradients w.r.t. module output. Not required by the implementation.

mat: Batch of “"V'" vectors of same shape as

the layer output

([N, *, out_features] ") to which the transposed output-input Jacobian

is applied. Has shape "°[V, N, %=, out_fea
used, otherwise “~“N°° must be "“~“len(subsa
sum_batch: Sum the result's batch axis. Defau
subsampling: Indices of samples along the out

should be considered. Defaults to ~~None ~

Returns:
Batched transposed Jacobian vector products.

tures]” " if subsampling is not
mpling)"~ instead.

1t: ““True

put's batch dimension that
(use all samples).

Has shape

[V, N, *module.weight.shape] - when *sum_batch™>" is “False™ . With

*sum_batch=True ", has shape "~ "[V, #*module.w

sampling is used, “"N°° must be "““len(subsamp

eight.shape]l . If sub-
ling) " instead.

d_weight = subsample(module.input®, subsampling=subsampling)

equation = f"vn...o,n...i->v{"'"'" if sum_batch else
return einsum(equation, mat, d_weight)

'n'}oi”
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Ci, Is for Input Channels

Y = X x W with N
+ X ¢ RGnx! |

+ W € ROénxK
+YeRO

10
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A Mathematical Definition of Tensor Multiplication feg. aueetal, 2020

General case: Given N tensors A4, ..., Ay with index tuples Sa,, . . ., Sa

N

C .= H(Sh SAN:SC)(A1’ Ay & [C]SC — Z [A1]SA1 o [AN]SAN ’
(SA,IU---USAN)\SC

indices not present in the output are summed out; S¢ satisfies S¢ C Sa, U - - - U Sa,.

SA — (Iaj)
Se = (k) = (SaUSe)\Sc={(ij,k)\(i,k)={())
Sc = (lak)

— C = *((fJ)TUTk),(Lk))(AﬂB)* or C = einsum("1ij,jk->ik", A, B).

18
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Convolution as Matrix Multiplication

X ¢ R Cinx! [[X]] c TRCnKxO
Y € R Cout X0 Y c RCOUT x 0
W - Rcout X CinxK w c Rcout X CixK

*E=  IEEEmE | - BN

20
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Derivatives & Autodiff Routines

Weight Jacobian

. 0)
Input Jacobian 1
i =A™
01 07
i - O ks
" i _
h o [~ Cout = it dq@
b
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Convolutions Are More Tedious than Linear Layers

+ Personal example: Vector-Jacobian products (VJPs)

+ Other algorithmic & theoretical ideas

Concept for MLPs for CNNs
Approximate Hessian diagonal 1989 2023
Kronecker-factored curvature (KFAC, KFRA, KFLR) 2015, 2017, 2017 2016, 2020, 2020
Kronecker-factored quasi-Newton methods (KBFGS) 2021 2022
Neural tangent kernel (NTK) 2018 2019

Hessian rank

2021 2023
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G is for Groups

Y = X« W with
+ X € R/
+ W = Rcouthm/GxK
+ Y € Rux0
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B
—l
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Tensor Networks: Graphical Notation for Tensor Multiplications '\

Operation Diagram Operation Diagram
Scalar ik i—@—]k
Vector @—i
Matrix ij
Tensor :—@:fk

L i |
Matricize @—(;,;)—ch
Flatten })—(i,j)

Trace

19
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Convolution as Structured Matrix Multiplication
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Higher-order Derivatives & Approximations

Fisher/GGN block GGN Gram/Empirical NTK matrix
k1 K | j
k, / K, | | J %
C ¢, | "
C . c
Fisher/GGN diagonal Fisher/GGN mini-block diagonal
| [ :‘ _‘d&, —d;;; ok,
| /4 [~ / —d;;z ’ _‘:I,&E 9,
| | Cii _‘:Jém _dé(“ ge,
¢ c

32
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Convolutions Fhrough-thetens-of
FensoerNetworks as einsum

Felix Dangel

December 01, 2023
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Convolutions Are More Tedious than Linear Layers

+ Personal example: Vector-Jacobian products (VJPs)
+ QOther algorithmic & theoretical ideas

Concept for MLPs for CNNs
Approximate Hessian diagonal 1989 2023
Kronecker-factored curvature (KFAC, KFRA, KFLR) 2015,2017,2017 2016, 2020, 2020
Kronecker-factored quasi-Newton methods (KBFGS) 2021 2022
Neural tangent kernel (NTK) 2018 2019
Hessian rank 2027 2023
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Putting Everything Together in One Dimension...

Y = X+« W with
+ X c RNmexi
+ W = Rcouthm/GxK
+ Y c RNXCMXO
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Tensor Networks: Graphical Notation for Tensor Multiplications '\

Pi

Operation Diagram Operation Diagram

Scalar ik i—@—]—.—k
Vector @—i
Matrix ij _._ ‘
Tensor :—@:fk

(i, k) U,f)  (i.k)

G.0)
Matricize @—(i,j)—qc; k—-—l>_
Flatten (¢ Fi>(1.) | @_i

Trace i —{diag(@)}—i f—] EJ__,-

IIIII
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Convolution as Structured Matrix Multiplication

X € RO x € R
Y € RCux0 y € RGO
W ¢ RCuxCaxK A(W) ¢ RCu0xCul
Y=XxW

27
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KFC/KFAC-expand KFAC-reduce

0y
ki K, @01 [—T—]O,

Approximate Hessian diagonal

: T
v f K gy |,
1
S @
02 05 —{n@
) . ] | .
c (o.4} 2 2
C\ﬂ
- < I |
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The Broader Picture
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A Simple Convolution \

Y = X x W with
+ XeR
+ WeRK
+ Y eR°
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..and in Two Dimensions

Y = X« W with
+ X e RNmexhxlz
% W e RCouthm/mexKg

+Ye RNXCMXQXOZ

15
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Benefits of TN/einsum Abstraction
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Convolution as Tensor Network psyss et sl 201 \

28
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Example & Conclusion
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Supervised Deep Learning in a Nutshell (Math)
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A Simple Convolution \

Y = X x W with
+ XeR
+ WeRK
+ YeRC
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..and in Two Dimensions

Y = X+« W with
+ X e RNmexhxlz

+ Wc RCoutxcin/GXK1XK2 :ﬂ'i"_: =
+ Y E RNXCOUTXO1X02 ,j“..:.‘. L | = l.
= | _— [ |
.ﬁ N o
e =] - [
o ‘. J=—_lll|_\ r
s \; -..- ﬁ = r
U] )
||

15
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Improved einsum Syntax: €1NOPS [Rogozhnikov, 2022, ICLR

[Example] Batched matrix-matrix multiplication

Given {As}_+, {Bn}N_,, compute {C,}N_, = {A,Bp}N_,

n="1 n=1 "

C = einsum(A, B, "batch i j, batch j k -> batch i k")

[Example] Improved readability (from an ICLR 2024 submission)

x = x.unfold(2, kernel_size[Q], stride[@])

X = x.unfold(3, kernel_size[1], stride[1])

X = x.transpose_(1, 2).transpose_(2, 3)

return torch.mean(
x.reshape((x.size(®), x.size(1), x.size(2), groups, -1, x.size(4), x.size(5))),
3,

Y.view(x.size(Q), x.size(1), x.size(2), -1)

2
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Convolution as Tensor Network payas et al, 2019

Coul 0o E :XCm (k,0) Cout Cin K

Cin.K

= Z ZXCm rl: 0, chou[ CinsK

Cin,k

28
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|mprOV|ng KFAC-redUCe [Eschenhagen et al., 2023, NeurlPS]

State of the art

35
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Supervised Deep Learning in a Nutshell (Math)

Minimize Lp(8) with

£30) = — 3 Ulfolxn).y0)

|D| (Xn,yn)€D
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P is for Padding \

Y = X« W with |
+ XeR
+ WeRK |
+ YER®
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..and in Two Dimensions

Y = X« W with
+ X e RNmexhxlz
% W e RCouthm/mexKg

+Ye RNXCMXQXOZ

15
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Improved einsum Syntax: €1NOPS [Rogozhnikov, 2022, ICLR

[Example] Batched matrix-matrix multiplication

Given {An}p_q, {Bn}p s, compute {Cn}y_; = {AnBn}y._;
C = einsum(A, B, "batch i j, batch j k -> batch i k")

[Example] Improved readability (from an ICLR 2024 submission)

average channel groups
rearrange(x, "b (g c_in) i1 i2 -> b g c_in i1 i2", g=groups)

= reduce(x, "b g c_in i1 i2 -> b c_in i1 i2", "mean")

x_unfold = F.unfold(x, kernel_size, dilation=dilation, padding=padding, stride=stride)

return rearrange(x_unfold, "b c_in_k1_k2 01_02 -> b 01_02 c_in_k1_k2")

2
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Convolution as Tensor Network payas et al, 2019

Cout o — E :XCm k 0 Cout Cm

Cin,K

— Z ZXCm [ ,0 chout ,Cin,K

Cin. Kk 1
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[n]:,:,k
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|mprOV|ng KFAC-redUCe [Eschenhagen et al., 2023, NeurlPS]

State of the art Tensor Network
. S
— [X] ki i
—1'[X] @02 @02
= (TIX]) " (17 X]) 2 K,
Time: 9.87ms Time: 2.69ms (3.7 x)

(features.1.0.block.®@ convolution of ConvNeXt-base with (32, 3, 256, 256) input)

35
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