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Abstract: The Monster Lie Algebra $\mathfrak m$ has two well-known avatars: It is a Borcherds' algebra that is also a quotient of the physica
of a specific tensor product of vertex algebras. In this talk, | will discuss a construction of vertex algebra elements that project to bas
subalgebras of $\mathfrak m$ isomorphic to $\mathfrak{gl} 2$, corresponding to each of the imaginary simple roots of the Monster Lie algebi
Furthermore, for a fixed imaginary simple root, | will illustrate how the action of the Monster simple group on the Moonshine module induc
action of the Monster group on the set of the $\mathfrak{gl} 2% subalgebras constructed this way. | will discuss this action and related
guestions.

This talk is based on joint work with Darlayne Addabbo, Lisa Carbone, Elizabeth Jurisich, and Scott H. Murray.
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Pirsa: 23110089 Page 1/56



The Monster Lie Algebra: Friend or Foe?

Maryam Khagan

Perimeter Institute Mathematical Physics Seminar

Nov 30th, 2023

Future Directions

000

Pirsa: 23110089 Page 2/56



The Monster Lie Algebra: Friend or Foe?

“Vertex operat%bi’s for imaginary gl, subalgebras of the Monster Lie Algebra”

w/ Darlayne Addabbo, Lisa Carbone, Elizabeth Jurisich, & Scott H. Murray
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Monster Lie Algebra

Recall that the Monster Lie Algebra m can be constructed in the
following equivalent ways:

* As a quotient of the physical space P; of the vertex algebra
V= ® V; ; by the radical R of a natural bilinear form.

* As a Borcherds algebra (or a generalized Kac-Moody
algebra) with rank 2 root lattice L :=1I; ;, and simple roots
(1, n) with multiplicity c(n), where

J(@)= ) c(n)q" =q ' +196884q + O(q?)

nez

is the normalized elliptic modular invariant.

Main Results
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Our Motivation

Fact: As a Borcherds’ algebra, m can be generated by gl,
subalgebras corresponding to its simple roots.

In [CIM22], the authors constructed a Lie group analog G(m)
for m given by generators and relations, where G(m) is

generated by GL, subgroups corresponding to the positive roots
of m.

A drawback of this approach is that it doesn’t reflect the action
of M on m ~ P, /R.

Main Results
00@000
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Our Goal

Our goal is to understand the relationship between the two

constructions of m better, specifically in light of the M-action.

Our approach: Give explicit elements of the vertex algebra that
correspond to generators of these gl, subalgebras.

Main Results 3ac C ‘he 1 0of M on m Future Directions
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Main Theorem(s)

Fixne {—1}UN, t; =(0,—1), t, =(—1,0), and
¢, € L such that ¢, = (1,n).

Let u,v be primary vectors in V”:+1 such that u,,,;v = 1. Define:

en,u =u ® L(Cn) +R3 fn,v =¥ ® L(C;Tl) +R3

in m ~ P, /R. Then,

‘Theorem 1 (Addabbo, Carbone, Jurisich, K., Murray).

The above elements generate a gl, subalgebra of m, denoted
gIZ(nJ u, V).

Main Results
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M Action

Fix n € {—1} UN. Let gl,(n,u,v) be as defined in Theorem 1.

Theorem 2 (Addabbo, Carbone, Jurisich, K., Murray).

The Monster group M acts on the set of gl, subalgebras

Gn = {9[2(’1: u, V) | EEAE PIE+1’ Uop+1V = 1}

as follows:
g - gb(n,u,v):=glh(ng-u,g-v)
for g € ML

This action is induced by the [FLM88]-action of M on Ve,

Main Results
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Background
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Coincidence?

McKay:
14196883 =

where 196884 is the g coefficient of

J(@Q)=q '+ q + 21493760q° + 864299970q° + O(q"),

for g = e?™*, Im(7) > 0.
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Coincidence?

McKay:
1+ 196883 = 196884.

where 196884 is the g coefficient of

J(q) = q~ ! +196884q + 21493760q* + q> +0(q"),

T
I

for ¢ = e?™*,Im(7) > 0. Thompson:

1+ 196883 + 21296876 = 21493760
2-1+2-196883 + 21296876 + 842609326 =

sums of dimensions of M-irreps = coefficients of J

Future Directions Proof Sketc
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Coincidence? I think not.

Dimensions of M-irreps are the entries in the first column of the
character table.
Look at the second column instead:

1+4371 =4372
1+4371+ 91884 = 96256
2-1+2-4371+91884 + 1139374 = 1240002

Toa(T) = g1 +4372q + 96256492 + 1240002q° + 0(q™).
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Monstrous Moonshine Conjecture

This led to the famous Monstrous Moonshine conjecture:

There exists a natural infinite-dimensional M-module

V =@&,c,V, whose graded dimension is J(q) and such that for
all g eM,

T,(q):= ) trace(g|V,)q"

n=>-—1

is a normalized Hauptmodul for a specific genus-zero
subgroup I, of SLy(R).

Frenkel, Lepowsky, and Meurman (FLM) constructed V°, an
infinite-dimensional graded VOA whose graded dimension is J(q)
and whose automorphism group is M.
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Hauptmodules

FLM also determined the McKay-Thompson series for all
elements of a particular subgroup of M, partially settling the
Conway-Norton conjecture.

An alternate approach was needed for the other elements of M,
which is where Borcherds’ Monster Lie algebra came in.

Background
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Borcherds’ Magic

Roughly speaking, Borcherds’ approach was to observe that the
well-known product-sum identity for the J-function,

p_l(l__p—lq) I_] (1__lfnqnyimn)::J(p)__J(q)

m>0,n>0

Future Directions
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Borcherds’ Magic

Roughly speaking, Borcherds’ approach was to observe that the
well-known product-sum identity for the J-function,

p_l(l_p—lq) n (l_pmqn)c(mn) :J(p)_J(Q)

m>0,n>0

resembles, for p =el10) g =e(®D and e =719 the
denominator formula of a Kac-Moody algebra:

e l—[(l . pRing) Z det(w)w(e?),

a=>0 weW

but note that, for example, the right-hand side of the latter is a
finite sum.
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Borcherds Algebras

To tackle this problem, Borcherds developed the notion of a
generalized Kac-Moody algebra (or Borcherds algebra).

The main difference between Kac-Moody algebras and GKMAs
is that GKMAs are allowed to have imaginary simple roots.

The Monster Lie algebra is one of the first examples of a
Borcherds’ algebra.

Background 'he Action of M on m Future Directions
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Borcherds Algebras

To tackle this problem, Borcherds developed the notion of a
generalized Kac-Moody algebra (or Borcherds algebra).

The main difference between Kac-Moody algebras and GKMAs
is that GKMAs are allowed to have imaginary simple roots.

The Monster Lie algebra is one of the first examples of a
Borcherds’ algebra.
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Background

The Borcherds’ algebra construction
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As a Borcherds’ Algebra.

As a Borcherds’ algebra, m ~ g(A)/3, where g(A) is the Borcherds
algebra associated to the Borcherds Cartan matrix

c(—1) c(1)

c(—1)7 2
| 0

c(1)

and j is the center of g(A).

Again, c(n) are the Fourier coefficients of J(q).

Future Directions
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Root Lattice

We can identify the root lattice of m with the even unimodular
Lorentzian lattice of rank 2, L =1I, ;, which is Z ® Z equipped
with the bilinear form

(5 0)

The simple roots are (1, n) for n € Z, each with multiplicity c(n).

The denominator formula is exactly the J-function identity!

Future Directions
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Background

The vertex algebra construction
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As a Quotient of a Vertex Algebra

Borcherds separately constructed the Monster Lie algebra as a

quotient of the physical space P; of the vertex algebra Vi® V, ;.

e V% is FLM’s Monster module VOA.

* Vj, is a vertex algebra associated with the 2-dimensional
Lorentzian lattice, L =1I, ;.

Background he 10f M on m Future Directions
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What is... a Vertex Algebra?

An algebra is a vector space V with a linear map

V — End(V)

u—(veu-v)

A vertex algebra is a vector space V with a linear map

Y(-,2): V- End(V)[[z,z 1]

u— Y(u,z)= Z g

nez

that is, for each u,v € V we have bilinear products u, v for each
n € Z that satisfy some compatibility axioms.

Background
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Conformal Vector

All the vertex algebras we encounter have a special
conformal vector w for which we write L(n) := w, 1, i.e.,

Y(w,z) = Z o_)nz_”_l — Z L(n)z "2

nez nez

For v € V with L(0)v = mv for some m € Z, we call m the weight
of v.

v € V is called a primary vector if L(n)v =0 for all n > 0.

We call the space of primary vectors of weight 1 the
physical space P; of V.

Background ‘he 1 of M on m Future Directions
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Monster Lie Algebra

Let V =V"® V; ;. The Monster Lie algebra is then the quotient
m =~ P, /R with Lie bracket:

[x+R,y +R] =xyy +R.

R is the radical of a natural symmetric invariant bilinear form on
P, CV.

M acts on P; by acting trivially on V; ; and by VOA
automorphisms on V¥, i.e., by the FLM action. This induces an
action on m ~ P; /R.

Background
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Monster Lie Algebra

Let V =V"® V; ;. The Monster Lie algebra is then the quotient
m =~ P, /R with Lie bracket:

[x+R,y+R] =x5y +R.

R is the radical of a natural symmetric invariant bilinear form on
P CV.

M acts on P; by acting trivially on V; ; and by VOA
automorphisms on V¥, i.e., by the FLM action. This induces an
action on m ~ P, /R.

Background
00000000000 0000e00

Pirsa: 23110089 Page 29/56



No-ghost Theorem

Borcherds used the No-ghost Theorem from String Theory to
show that the two constructions described above give rise to the
same Lie algebra m ~ P, /R =~ g(A)/3.

Background ‘he 10f M on m Future Directions
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Twisted Denominator Formula

He used the fact that m is a GKMA to write down the
twisted denominator formulas for V° :

plexp| — > > trace(g! |V )p™q" /i | = TE(p)— T (q)

>0 m>0
NEZ

In particular, for g = e, this is just the J function identity!

plexp| — > > c(mn)p™q"/i | =J(p)—J(q)

i>0 m>0,
nez
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The Action of M on m
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Our Motivation

The isomorphism given by the No-ghost theorem between
the monster Lie algebra as a Borcherds algebra and as a

quotient of a vertex algebra is non-constructive.

We want to give explicit elements of the vertex algebra V
that correspond (under the quotient map) to generators of
al, subalgebras of m.

The Action of M on m Future Directions
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Action of M

Jurisich, Lepowsky and Wilson described the gl, subalgebra

corresponding to the unique real simple root (1,—1) in terms of
elements of m ~ P, /R :

Lemma 3 (Jurisich-Lepowsky-Wilson).
Let a,b € L such that a=(1,1) and b = (1,—1). Then

e=1®u(b)+R, f=10ub })+R,
h=1® b(—1).(1) +R, z=1®a(—1)(1)+R

are a basis for a gl, subalgebra gl,(—1) in m.

The vertex algebraic description of this subalgebra makes it easy
to see that M acts trivially on it.

The Action of M on m Future Directions
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Our Work

Fix n e {1} UN, t; =(0,—1), t, = (—1,0), and ¢, € L such that
¢, = (1,n).

Let u,v be primary vectors in V”:Jrl such that u,,,,v = 1. Define:

ey =u®t(c,) +R, fav=ve®ulc,)+R,

in m ~ P, /R.

Theorem 1 (Addabbo, Carbone, Jurisich, K., Murray).

The above elements generate a gl, subalgebra of m, denoted
QIZ(HJ u, V).

The Action of M on m Future Directions
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