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Abstract: Driven by rapid advancements in quantum simulation capabilities across diverse physical platforms, open quantum systems are now of
great interest, with special focus on thermalization processes of interacting many-body systems. Various techniques have been used to study
operator spreading, to characterize entanglement dynamics, and even to identify exotic phases enabled by dynamical symmetries.

This talk will present a novel perspective on dynamical quantum systems that is capable of reproducing many previous results under a single
intuitive framework and enables new results in symmetry-constrained systems. This is accomplished via a mapping between the dynamics averaged
over Brownian random time evolution and the low-energy spectrum of a Lindblad superoperator, which acts as an effective Hamiltonian in a
doubled Hilbert space. Doing so, we identify emergent hydrodynamics governing charge transport in open gquantum systems with various
symmetries, constraints, and ranges of interactions. By explicitly constructing dispersive excited states of this effective Hamiltonian using a single
mode approximation, we provide a comprehensive understanding of diffusive, subdiffusive, and superdiffusive relaxation in many-body systems
with conserved multipole moments and variable interaction ranges. Our approach further allows us to identify exotic Krylov-space-resolved
diffusive relaxation despite the presence of dipole conservation, which we verify numerically. Therefore, we provide a simple, general, and versatile
framework to qualitatively understand the dynamics of conserved operators under random unitary time evolution, and by extension, thermalizing
quantum systems.

O. Ogunnaike, J. Feldmeier, J.Y. Lee, "Unifying Emergent Hydrodynamics and Lindbladian Low-Energy Spectra across Symmetries, Constraints,
and Long-Range Interactions,” arXiv:2304.13028 (accepted to PRL)

Zoom link https://pitp.zoom.us/j/94890217558?pwd=dTg4Mm9OxOTBJUzNCeHFDaT doNIFSQT09

Pirsa: 23110077 Page 1/42



Dynamics from Dispersion

A versatile tool

Olumakinde Ogunnaike
MIT

arXiv:2304.13028, O Ogunnaike, JY Lee, ] Feldmeier A
Accepted to PRL

superdiffusion

E + Work in Progress with JY Lee
(e« 1", o>l

M

MSD (r*(t))

nom. diffusion
{(Pye D

subdiffusion

et , wel
k time
I - Perimeter Institute
I I I I 11/28/23 Wikipedia: Anomalous Diffusion
Page 2/42

Pirsa: 23110077



Motivation

Thermalization from Random Unitary Circuits

Decoherence/Thermalization comes from tracing out
interactions with the environment

ﬁs,e = W)) (¢| = ps ® Pe

ps(t) = TrelUs,e(t)ps,e (UL . (2)]

H-J, Nicholas. arXiv: Quantum Physics (2018): n. pag.
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Motivation

Thermalization from Random Unitary Circuits

Random Unitary Circuits approximate local,

Decoherence/Thermalization comes from tracing out thermalizing systems
interactions with the environment r ] [ ] ( ]
) /

ﬁs,e = |¢> <77D| = ps ® Pe

Ps(t) = TreUs,e(t)ps,e (O)Ug,e ()]

Environmental interactions make
evolution look “random”

ps(t) = By, [Us(t)ps (0)UI (1)]

1< 1>

H-J, Nicholas. arXiv: Quantum Physics (2018): n. pag.

Pirsa: 23110077 Page 4/42
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Spin - 1/2 Chain x
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An Example
Spin - 1/2 Chain
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Haar-Averaging
The only way?

The Haar-measure is an extremely Random Circuits become Tensor Tensor Networks become d+1
powerful tool Networks statistical ensembles
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Y. Bao, 8. Choi, and E. Altman, Phys. Rev. B 101, (2020)
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Motivation

Late-time decoherence dynamics with constraints

Unconstrained Random Circuits

q < 0O i Eq- (13)

L] .l a LI
T T T T T

Number Conserving Random Circuits

g < oo Lump Tail Front

PR/L (3:1 t)

V. Khemani, A. Vishwanath, and D. A. Huse, Phys. Rev. X 8, 031057 (2018)
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Motivation

Late-time decoherence dynamics with constraints

Unconstrained Random Circuits
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Symmetries = Slow Charge Dynamics

Motivation
Late.time docoharwnce dynamics with cor ishwanath, and D. A. Huse, Phys. Rev. X 8, 031057 (2018)
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Motivation

Late-time decoherence dynamics with constraints

Unconstrained Random Circuits

2i 2i+4+1
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Tail Front

Local Conservation of

(fgr. - G’Em causes diffusive <Uj:(0)6j:(t)> ~ —
dynamics of (ff operators l

ishwanath, and D. A. Huse, Phys. Rev. X 8, 031057 (2018)
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Results Examples

Many phenomena - one framework .
yp » Charge Conservation

A new perspective on thermalizing
and decoherence phenomena

ps(t + At) = By, [Us(At)ps(t)UJ (At)]?

lo(t + Ab)Y) = e~ Herr 2| p(2)))

Pirsa: 23110077 Page 12/42



Results Examples

Many phenomena - one framework .
yp » Charge Conservation

A new perspective on thermalizing
and decoherence phenomena

ps(t + At) = By, [Us(At)ps(t)UJ (M])

lp(t + At)Y) = e Herr A p(t)))

Duality between low-energy
dispersion and late-time dynamics

HepfllOk) = ExlOx))  Cy =E{(O04(0)04(¢)),

By ~ k" # Cy ~ %
1—00
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Results

Many phenomena - one framework

A new perspective on thermalizing
and decoherence phenomena

ps(t + At) = Ey, [Us(At)ps () UL (AL)] ?

lp(t + Ab)Y) = e~ Hers A p(t)))

Duality between low-energy
dispersion and late-time dynamics

HepfllOk) = ExlOx))  Cy =E{(O4(0)04(t)),

By ~ k" # Cy ~ -
1—00
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Examples

» Charge Conservation

g Diffusion
B~k = O, ~ =42

t—00

* Multipole Conservation
Ei, ~ k2(mt1) =iy Sub-diffusion
e Constrained Dynamics

E,. ~ E2m—r+1) mepp- (Sub)-diffusion
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Results

Many phenomena - one framework

A new perspective on thermalizing
and decoherence phenomena

ps(t + At) = By, [U(At)ps () UL (At)] ?

lp(t + Ab)Y) = e~ Herr 2| p(2)))

Duality between low-energy
dispersion and late-time dynamics

HepfllOk) = ExlOx))  Cy =E{(O04(0)04(¢)),

By ~ k" # Cy ~ %
1—00
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Examples

» Charge Conservation

3 Diffusion
Ep ~k = O, ~ =42

t—00

* Multipole Conservation
Ei, ~ k2(mt1) =iy Sub-diffusion
e Constrained Dynamics

E,. ~ E2m—r+1) mepp-(Sub)-diffusion

1
* Long-Range Interactions ~ —

,ra

E, ~k/(®) ==l Phases
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Duality Examples

Charge Conservation

[ ]

Multipole Conservation

Constrained Dynamics

1
Long-Range Interactions ~ —

,ra

Pirsa: 23110077 Page 16/42



Framework RSP B p—

Brownian evolution to L L

Effective Hamiltonian  y,| L - L
Ot +8F) = g TRt~ Heot [] [ [] []

—idth, L o
Hi= Y hadBa, - | gttt
’ | [ 1
=(i,\)

( > pilvs) (il J
- =

)
E[dBa,t] =0 E[dB(QIt] = E

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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Framework ) Lu litu L ST TR TN
Brownian evolution to . - —
Effective Hamiltonian 4 ‘L“L A L Averaging _
Ny || — tHE
O(t + 6t) = eHe3tO ()~ iH: 0t (T T L__I7 t=NMNdt
y oo e—i&th-; L ei5thi+1 6t — 0
Z et et | ] | = [T T [
Zz’%l%)(@bﬁ" Ezpzwz) 03¢ Wz)
E[dBat =0 E[dB t] = [ - J [ J
‘ L L
Lindbladian Evolution Choi Isomorphism Imaginary Schrédinger Evolution
£[0] = —E[5,0] Oes [0 =21 @ {0l &,||0) = —H_||O)
1 — B T 5
£io] = 5 a%:A)(hio — 2haOhg + OR2) Hp = _Z(:/\) hy, @1 —1Q hy

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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Framework
Ground States & Commutant Algebra

Positive Definite Spectrum

He= ) Wl @I-1® hof
a=(x,\)

He =3 0,00,
T,A
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Framework

Ground States & Commutant Algebra Bond Algebra - interactions
Positive Definite Spectrum A= ({{hao}))
H, = Z |hg RI-I® ha|2 Commutant Algebra - C - ground states
a=(x,\) . o
Oc( = (0 h, =0

He=) 0! 0, )
0:10) =0

Frustration-free Ground State . - .
|0)) = [0 @I +1 O]|T)

O:E’)\HI[» - [hoﬁ H] =0 Ground State Degeneracy
O A|T) = O ey F{ - || T)) = 0 do = dim(C)
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Symmetries and Excitations

Approximate (Strong) Symmetries

Strong Symmetry: U(1)

hens Y pa] =0
[Oz.2, (;p) QI =[O, 1® (;;0)] =0

irsa: 23110077

Weak Symmetry: U(1)

(1), 3 pal =

x

[He, (pr) @I-1® (pr)] =0

x X
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Peg ~ e PH Peq ~ e PEH—uN)
Symmetries and Excitations -3 = &
Approximate (Strong) Symmetries P » .t .|' .
*
Strong Symmetry: U(1) Weak Symmetry: U(1)

hens Y pa] =0
[Osa, (me) I = [Opx,I® (me)] =] [H, (;pw) RI-1® (;pm)] =0

Enlarged Symmetry Enlarged Symmetry
G=[UQ)xU@1)] x2z8 G=U(l)xZs

[ﬁ(t): Z p:c] =0

Hel| Y pa)) =0 wap [honipr =3 €™ po] ~ Kpx wel He o)) ~ k2" px)

T
Wikipedia: Grand canonical ensemble
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Examples

* Charge Conservation

: 2 Diffusion
Ep ~ k* ==t s
(-',r ~ . t ~a/2

t—oc

Page 23/42
Pirsa: 23110077



Duality Examples

» Charge Conservation

3 Diffusion
Ep ~k = O, ~ =42

t—00
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Charge Fluctuations He=Y"01,00r  (0sn 3 pa] =0
Single-Mode, Double Hilbert Space .\

Uniform charge acts as ground state and Energy from Squared Commutator
decomposes into charge sectors

Ey ~ Z((Pm H[ow-/\v Pkﬂ[ox,he ﬂk] ||Pm)>
HEH]I» =0 HEHPm» =0 5

Diagonal U(1) x U(1) density modulation Symmetry affects exponential expansion

i [ik - (y—2)]"
. [0 i) = e [Oz 5, ————py]
Pk ~ Z e*(p, 1 +1® py) |mi)) = Ai/,kpg_,“Pm » ;,g nz_:l Lo
By, ~ {(my|| Hellmy) Ey ~ k*

Charge Fluctuations
Single-Mode, Double Hilbert Space
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Justifying Variational Estimates

Feynman-Bijl Formula

(| H ) _ f(K)
(Y |¥k) s(k)

(Vr|trr) ~ O,k

Ek%

—(olloL, [H, x]] 60)

f(k) - 97 d

s(k) = (rlbe) = = (doloLorldo)

Toennies, J.P. (2022).

Pi

IIIII
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[¥r) = Ld/2 w73 Pel¢o) = Ld/2 Z e p; o)

Superfluid He-4: FE);. = ~ =
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Duality Examples
k * Multipole Conservation
m = 1 Sub-diffusion
o 2(m+1)
<T‘2> Ek k *C’t N t—d/2(m+1)
t—o0
t
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Multipole Conservation ©...0") = 0., >« =0

More terms removed from exponential expansion
ik - (y — 2)]"

[Ow,)\a Pk] = e’ék-m Z Z [O:L‘,)u el py}

yeSE n=m+1

Dipole conserving system:

Higher power dispersion

> (Pl Oz, 2] (O 5, pall| Pan)) ~ K2+

1
e Hellma) = 17
k.

Assuming:

distance x

limy_o/Ni = Const.

J. Feldmeier, P. Sala, G. De Tomasi, F. Pollmann, and M. Knap, Phys. Rev. Lett. 125, 245303 - (2020)
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Hilbert Space Fragmentation

More than symmetry sees

Krylov Subspaces — dynamically connected sectors

ngS) — span{H”\w,i(S) )}

n—oQ
D(S)
W= KS)
i=1
Ergodicity Breaking
QMBS - Weak Ergodicity Breaking

Dinaz  dim(K!®)
Weak HSF - Ds diHl(S)(s)L—wo Const.
Dy dimi{le™)
trong HSF - —/—/—= = - > 0
strang R Dgs dim(S) Lo
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Subspace with quantum numbers &

Momentum and multipole moments do not
commute

QT £ Q0

S. Moudgalya, A. Prem, D. H. Use, A. Chan, arXiv:2009.11863 - (2021)
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Duality

(r?)

/ t

Examples

» Constrained Dynamics

By~ K20 L) (Sub)-diffusion
J Ct - t-d/?(m—p+1)

S t—oo
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1K) = sl

Constrained Dynamics

E.g. Projection into Krylov Subspace

limkﬁo N;ic =0

Dipole conserving system w/ bounded dipole
fluctuations

HZ||K) =0 W%EJ?@%
@@@@@@@

Hilbert Space Fragmentation leads to new ground states:
Krylov-resolved dynamics

_.
2

5

charge p.—o

Bounded p’th-Order Multipole Fluctuations A0
< .05
[))
= 05
S
IC 2 2; :
pr=00ex = N = {p_or)c = EP{e_reryc ~ K2, LM 0l B -t
25 0 25 -50 0 50 -5 0 5
distance x distance x distance x/+/t

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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1)) = k1K)
J ke

Constrained Dynamics

E.g. Projection into Krylov Subspace

limg—o N = 0

Dipole conserving system w/ bounded dipole
Hilbert Space Fragmentation leads to new ground states: fluctuations
Krylov-resolved dynamics ’[ | : e
a) T
5

| ) 1B OOGHE®O
He|KY =0 e i =
0t QO O®O O © 10"

: time ¢

charge p.g

Bounded p'th-Order Multipole Fluctuations

&
@
=
&
S

op = K | 2 \ ;
Oz = MNF=(prioi)c =5k Fle—ker) ~ k% :
0 25 O 0 so -5 0 5
distance ¢ distance x distance x/./
” : : | — .2(m+1)
e[| Hg|lmy)) = — N (p () o > k 2(m-
Nect Oz, o]0 x, pill| By ~ o S e

Q. Ogunnalke , J Feldmeler, and J Y Leo, m){!v.ﬂﬁﬁ 13028 (PRL r[:r1h::umjng| (2023)
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STS + h.c.

Long-Range Interactions 7. =

2’ — o
Commutator Becomes Distance-Dependent
IR, etk (' —x) Local Multipoles with Long-Range Interaction
[Os,07, 8] = € — [Oz,27, pi] d
|z — x|
a-Dependent Dispersion 3|
1— k -
(ol e i) = 2; Pl O a1 s s pell P ~ [ atr 2580
2
d
f ddrl —cos(k-r) . ChilanL) re B2 (a < 5)
pee k=0 | Cp(a)|k|?* 2 + Co(a)k? — g)
1 > (Y

p(m) _ (( )T ()-I-hc

xa:’_

o — 2

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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- StS . + h.c.
Long-Range Interactions .. = jm,"”_;ac

Commutator Becomes Distance-Dependent

g1l — etk (' —x) Local Multipoles with Long-Range Interaction
[Oz,27, pie] = " —— [Oz,27, pi] d4
@ — z|e
a-Dependent Dispersion 3|
1-— k-
(ol e i) = 2; Pl O a1 s s pell P ~ [ atr 2580
2
d
f g 1 —-cos(k-7) . ChilanL) re B2 (o < 5)
r>1 ree k=0 | Cr(a)[k]** % + Ca()k? (> %
2 1 > (Y

ka (Oc & %f) (
= m)y i (m) h
Ei ~ |k‘2(7n—|—a)—d (% <a< c§i_|_ 1) h(x?’:’;)f — (qﬁi ‘:)quifm‘: A
fRtnl) (> 2+1)

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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Summary - Just the beginning

Examples from super- to sub- diffusion

Multipole Symmetries -

Krylov-constrained dynamics -

Long-range interactions -

Non-abelian symmetries -

Any local hilbert space dim.
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Summary - Just the beginning

Examples from super- to sub- diffusion

Multipole Symmetries -  [he,2, Q"] =0 o) [, ~ 2D

Krylov-constrained dynamics - Jim Vi =k(erei)c ~ v mulp [y~ 2(m—p+1)

(m)) (

Long-range interactions - (") _

/!

9 L2m (OA < (f)
|4 gy et (€< d )
@ — x|

gl (a>2+1)

Non-abelian symmetries - [p?, 2] = ip?d,, - [0i) = (QY ®T-1® QY)|lok)

Any local hilbert space dim.
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Non-Hermitian Dynamics
Arbitrary Lindbladian Dynamics

~ . ~ -~ 1 -~
£10) = iH, 01+ 3 (LLAOLaa — 3L Lo O}
2, X

He=i(H"@1-I1®@H)+ Y _ %" (QL;,A ® Ly — (L] yLop)T ©1-10 LLAL%A)
FhX

0. Ogunnaike , J. Feldmeier, and J Y Lee, arXiv:2304.13028 (PRL forthcoming) (2023)
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Non-Hermitian Dynamics
Arbitrary Lindbladian Dynamics

N ; . — O |
L[0] = i[H, O] + Lw,\(!.jl_\u;m\ ‘){I,[‘\I.,!,,\‘()}}

T\ -

He=i(H' @I - 1@ H) 4 X‘l\

2

TN

He =4iH, + H,

Epy ~ tiv,k + O, k2
[Hz,Q) =0

28 and J Y Lee, arXivi2304,13028 (PRL (o
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Future Directions
K-designs

Multiple system copies

(k) _ 1 : 4
H =5 3 (Z[(hw\) @H—mhx,x])

a=(z,A) “n=1

k 1 k)t Ak
HY - 13 ool
TN

S. N. Hearth, M. O. Flynn, A. Chandran, and C. R. Laumann, arXiv:2306.01035, (2023)
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2-design

(b) (¢)
3-design approximate
design

L. Versini, K. Alaa EI-Din, F. Mintert, R. Muckherjee, arXiv:2009.11863 - (2023)
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. . H =H;,+H
Future Directions aE

Measurement Hy=3YT, [ﬂ@k - (PE) ® (P?if’;)]

p T, m

New ground state/steady state orders

parametrized by measurement rates Charge-sharpening transition

t =i Entangling Purifying
F 2
a b 10 I o
Fuzzy Sharp
Nz XN 0.8 &l
E
el s
*®I Volume space ~ Sps1~ vVt
o Law c A ~
|
1
1
X 0.2 : S‘n.)vi s !
I
o . ot
| —1 —L
e o o & s o @ @.E___92____o_i___Ofa___o_.s___Lo__: * b e N
P o ’
: P# Pe P
U Agrawal, A. Zabalo, K Chen, J. H. Wilson, A. C. Potter, J. H. Pixley, S. Gopalakrishnan, R.
A. Lavasani, Y. Alavirad, M Barkeshi, Nature Physics 17, 342-347 (2021) Vasseur, arXiv:2107.10279 (2022)
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Future Directions

* Non-Hermitian classification and characterization (Phys. Rev. X 13, 031019)
PH P! = —H; CeHCi' = 1H Qi=1 T7T2=41 C2=x1

Q.H Q7' = +H, ToH: T = +H, P21 T? =41 (2 =41

» Entanglement Dynamics, System Copies

m’th Renyi moment from n system copies: Cyclic permutation acting region A, on left space

Rn (m) @n k
(n) <<]I “CLA HO(U >> C(‘m) — E ®(|(1 ><(1"I ® H)
HPm,A = n n LA LR S
= ((I#7[O(t)®™)) (o} =1

Future Directions
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