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the matching of 1-loop divergences between the 4d and 2d theories. My assumptions are general and seem to isolate sigma-models among the 2d
theories. (Based on 2309.16753)

Zoom link https://pitp.zoom.us/j/993629836697pwd=NE1uQ3FmWityQ1RONUVNZkRPZTRUdz09

Pirsa: 23110065 Page 1/53



i
i
I

Equivalence of 1-loop RG flows
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Integrable sigma-models

(Pohimeyer 76] reduction [O(N) sigma-model % = (0n)* (n?= 1))

l a=1,...,N

sine Gordon L = l(6(}!))2 + m?cos go

\ 2 /
g@ X(¢)

O S = [dzé.‘Z’
General sigma-models & = (G(X) + BX))yy 9, XM X" ., 5 .|
Classical EOM «— F, (L(z,X))=0,L_—0_L,+[L,,L.]1=0

integrability
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Integrability in string theory

* Strings in curved space: very hard

» Typical case: chaos  Special case: integrable

 Success story: AdSs X S5 & A =4 SYM

* Modify while preserving integrability?

* Different dimension... Less supersymmetry... Deform geometry...
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Integrable landscape

J = g“la g,8 € G PCM PCM + k WZ N deformed PCM A deformed PCM
a a [Klimcik 02,08] [Sfetsos 13]
Lagrangian k (ﬁwzw (9)
o _ My yN h'Tr| Ad
L = (G+B)yyd, X" XV hTelJ J ] | hTelJJ 1+ kWZ s 1 - R, /] +Tr[J, ———— J_])
Ad, - -1
21
1 _ k 1+n? A+:1+A}H—Ad;‘J+
™ Li=1_.1_.ZAi A;t_']:t A¢=(1i;)'li i=1iﬂ@; + 2 L,
8 144 1=2-1Ady!
NN?
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4d Chern-Simons gt
A=A dET+A_dE + AdZ (+AdR)

S, [A] = J &2 p@) A (ANdA + 24

| /22?:131 \

2d co-ords  spectral Integrable 2d theory specified by:
parameter Meromorphic 1-form dz ¢(z)
Zeros Poles
‘Disorder’ defects 2d theory lives here
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Quantum equivalence ?

* Equivalence established: classical

[Costello Yamazaki 19] [Benini Schenkel Vicedo 20] And | . del )
[Delduc Lacroix Magro Vicedo 20] [Lacroix Vicedo 21] nd lattice models [Ashwinkumar Sakamoto

Yamazaki 23]

Cf. ‘Order’ defects [Costello Yamazaki 19]

* Quantum equivalence?

« Watch out: — Cf. [Fadeev Reshetikhin 86]
May have classical equivalence between different quantum theories

— Disorder defects ~ places where i = o0
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lar gauge field

2d theory

.singu

P—
I—P Z Z¢eros gole:)
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Classical equivalence

Review
Sl = |
2,XCP!
P ¢(Z) F P+ = 0
EOMs $@)F, =0
P F, (L)=0
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Classical equivalence
Review

SyalAl = [ dip(x) A (ANdA + SA®)
2,XCP!

(P2 Fpy =0

EOMs

)F._ =0 , _ 1

i igzi Fo(@)=0 \ Change variable (1145, Ay) — (g, Ly)
A;=—088

/ A,=gL,g' —0,88"

EOMs [ $(2) 0;L, = 04+—> L,(z, C) meromorphic. Poles specified by ¢

F, (L)=0 » zero-curvature eqgs
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Boundary conditions

Boundary term  §5 / d*z d*¢ 0;¢(2) Tr[A 0A_ — A_S5A,]

localised to poles of ¢(z) dz

— BCs at poles: Admissible BCs studied in  [Delduc Lacroix Magro Vicedo 20]

[Benini Schenkel Vicedo 20]
A= Algls)

[Lacroix Vicedo 21]

[gbulk pure gaugej Ssa = S24lg|p]  (affine Gaudin models)
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Sigma-model RG flow

d

Z(GMN'*‘ Byn) = Ry — %(H v — %(VH Iun (G Byn)

[Friedan 80] ...
(t=logu) H=dB

Conjecture: Integrable models will be renormalizable

[Fateev Onofri Zamolodchikov 93] [Lukyanov 12] [Litvinov et al]
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Example: PCM + cousins

1z 1-2z2 1 —z?

1
[L:I: - AiJ F+—(L) . : (aA) + ¢ F+—(A)

EOM «— 0-A=F, (A)=0

Flat, conserved current A+




J,=g'og,g€GCG

PCM
Lagrangian
Z = (G + By, XVo x| T ]
1 _
Lax L+=_Ai Ai—‘]‘i-
1%z
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J,=g'og,g€GCG

PCM PCM + k WZ 1 deformed PCM A deformed PCM
[Klimcik 02,08] [Sfetsos 13]
Lagrangian o 1 ; k(ﬂwzw(g)
_— Ad
g - (G + B)MN6+XM0_XN hTr[J+J_] hTI'[J+J_] + kWZ r[ + 1 _ rl‘%g —] +Tr[f+ﬁj_])
g
2 1
1 1 + n? ‘A+=| ST AgTt
tax L, =—A. A.=J, Aiz(liﬁ)Ji Ai=—” " ;u ldg
- 1%z h 1 £n% = I
8 144 1=2"1Ad;!
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J,=g'og,g€GCG

PCM PCM + k WZ 1 deformed PCM A deformed PCM
[Klimcik 02,08] [Sfetsos 13]
Lagrangian . 1 ; k (ﬂwzw (9)
e Ad
g — (G + B)MN6+XM0_XN h TI’[J+J_] h TI'[J+J_] - kWZ r[ + 1 _ r,%g —] +TI'[J+ e _KA—I J_])
g

2 1

1 _ k 1 + n? A= 440 = AT
o Le=gpAs | Ae=he A= (25)0 Ae=gmarde | 4 57
- &g -

J
L+41-A-1Ad;1""
d k d Cg 2
d, . ar=cll=5) | Fh=ccd+n’) ar=-23(77)
1-loop RG flow dt G d d —c 1(1+ 2)2 dk—O
] o =0 R
il
d ) vl R )
555’ G +/- CG( ‘ﬁ) r[J,J_]
2
Tr[ A+.A-] T/ J] | (1-5) Tel/,J ]
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Universal 1-loop divergences . 2z0.0ss02

cf. [Appadu Hollowood 15]

(. lAi,\

Claim: For integrable sigma-models* with L, = ™"
*z

LW = T AL A

dt
\ *under some technical assumptiony

1 .
General claim: For any pole structure L, = Z: ( ” Azi,p \
) X — g
Lp

d ~
—ZWD( Q) is universal (depends only on poles + multiplicities)

\“ _J
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J,=g'og,g€GCG

PCM PCM + k WZ 1 deformed PCM A deformed PCM
[Klimcik 02,08] [Sfetsos 13]
Lagrangian o 1 ; k(ﬂwzw(g)
_— Ad
g - (G + B)MN6+XM0_XN hTr[J+J_] hTI'[J+J_] + kWZ r[ + 1 _ rl‘%g —] +Tr[f+ﬁj_])
g
2 1
1 1 + n? ‘A+=| ST AgTt
tax L, =—A. A.=J, Aiz(liﬁ)Ji Ai=—” " ;u ldg
- 1%z h 1 £n% = I
8 144 1=2"1Ad;!

Pirsa: 23110065

Page 18/53



Universal 1-loop divergences . 2005502

cf. [Appadu Hollowood 15]

(. lAi,\

Claim: For integrable sigma-models* with L, = "
*z

LW = T AL A

dt
\ *under some technical assumptiony

1 .
General claim: For any pole structure L, = Z: ( ” Azi,p \
) Z— &
Lp

d ~
— ZW( Q) is universal (depends only on poles + multiplicities)

\“ _J
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The idea

L.z AX)
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The idea

EOMs >y, —ZW0

L.z AX)
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The subtlety

F,_(Lz,A)=0 Vz < {zcgA)=0}
< {EOM(A) =0} + {Bianchi,(A4) =0}
/ S = (s,0)

The split is non-universal

1
Eg. Li=—A:  {zcA)=0}={3-4=0,F,_(4)=0}

1tz
PCM  A.=J, PCM+kWZ A:=(1+5)J,
EOM 4-A=0 EOM 0-A=0
Bianchi F, (A)=0 Bianchi  F,_(A)+(0-A) =0
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The resolution (informal version)

1-loop (on-shell) divergences aren’t sensitive to the difference between
EOMs and Bianchis

(Bianchi---) =0, (EOM - . .) = h(contact)
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Path integral argument

(“Bianchi Completeness” Assumption \

BX)-a=0 << A+a=AX+Y)

\ for some Y J

e j.e. all Bianchi identities follow from zero-curvature

* seems to pick out sigma-models

« sufficient condition: +=0.(g) -g7'0.g
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Path integral argument

SOX) = - ilog[ DY exp i[YS 0.X)Y = glog det O(X)

alternate ZX+Y)-ZX)
path integral

= - 41og | Dut DY exp i [w 0,0 ¥

\ v
‘j’@)\éhange variables = [Dai 5(30()?) ' a) ES(X) i
oy X7 As
Y - a,

= —%'logJDu“'r Da, 6(B,(X) - @) exp iJuSEs(X) ‘a
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Path integral argument

SOX) = - ilog[ DY exp i[YS 0.X)Y = glog det O(X)

alternate ZX+Y)-ZX)
path integral

= - 41og | Dut DY exp i [w 0,00
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Path integral argument

SOX] = —%log[l)us Dv° Da, exp iJ u* E(X) +v° B,(X)| - a
- —élogJ'DUS Do, exp iJ U° ZCS(_/f_l +a)

given pole structure } Universal J

Much simpler to compute
than direct approach

= Vol { flat connections with \ \
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Examples ,
1) PCM + cousins L, = x5

{zeg(A) =0} ={0-A4=0, F,_(A) =0}

A

. i u,v € g
SWIC] = —%log[Du Dv Da,

exp iJTr[u 0-(A+a)+v F+_(.Zl +a)]




2) General simple pole theory

1 , 1 .
L+=Zz—z,- i _=ZZ_WJ_AJ_ all z; # w,
Z W
(Universal result )
d ~ 1
53)“) =—4c; ), p— Tr[ A% AL
\_ ZisWj “ ‘ W,

E.g. affine Gaudin models (with simple zeros in twist)

° GN models [Delduc Lacroix Magro Vicedo 18,19]
 n/A deformations of them [Bassi Lacroix 20] /
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Other examples more closely related to string theory: Z, cosets

3) General case (curiosity)

d ~

d
—Z® = 4cg ﬂE = Tr[L, 9,L_]

2
Ly 27
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A 4d origin?

z :—zlog/DOz:I: Duw expz/dzfu ch(A—I—Oz)

= Vol { flat connections with given pole structure }

~ “_7: log / [Dgzl:]ﬁx poles Du i
exp ¢ / d?¢d?z Tr [u Fy_ (E + 6)]




1-loop divergences in 4d [NL 2309.16753]

SualA + a] = SaalA] + / Trla™ Oy (A) a™] + . ..

(mn=+, —,2)

§(1)[A] — —jlog Dam, ot J Trla™ O (A) a”]
4d B.C.s Zauge

= Llogdet’'O(A)

-2

irsa: 23110065 Page 32/53



Same trick: alternate representation of det

S\VIA] = ilogdet’' O(A)

| D mD m ’ | -

gauge

| Da,, Du™ ' -
— —%log/BC 1 S expz/ ¢(z) Trlu® Fp_(A)

gauge
+ u Fg_|_ (A) —I— ’U,+ Fg_ (A)]
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Changing variables (A4;4) — (g, Ly) ’Az=_ 88"

A, =gL, g~ —d.00"!
Fluctuations + = 8L+ 8 ;88

g§=8Y
L.=L.+¢,

5 . [ DyDlyDum i . r
Sé:l) = —2 1og/ ¥ s M expa/ ¢(z) Te[u*Fy (L) +u 0:Ly +ut 0:L_]
B.C.s gauge

4 N
Note extra “2d gauge” sym | g - ggq d.qg=0

<

Ly — q—lL:tq + q—l 0.9
\_
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Solving meromorphicity equations

Integrate u*,u~ — L.(z,.A) meromorphic with fixed poles
/Dfi Du* expi / ¢(2) Tr[u™ 8: L4 +ut 0;L_]

/ DLy 5D (4(2)05L4) 6 (p(2)0:L_) = f Daf

Neglecting constant Jacobian for L, — (¢(z) 9:L+ , Ai”(L))
AP(L) = Ly (2 — a;)P"]
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Gauge fixing 4dgaugesym: A, —h'A h+h~'o h

"'?::p z _ -
3 ~—gtog [ YU D expi [ () Tefu P (L, )
B.C.s gauge

[D7 — D;HP D"Y‘bulkJ Df)/‘bulk — D7 5(y|p — 7|p)

Y ‘bulk IS pure gauge :

fix any smooth field config interpolating between the poles
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Pi

Boundary conditions

IIIII

B.C.s

B.C.s

o~

Doy’ D3, = [ Da» D3, 6(A - AGgl,))

/Dai’p Dv? expz/d2§ v’ (Bs - @)

» Bianchi identities

Bianchi Completeness Assumption: Let us assume that
the linearised Bianchi identities B, - a = 0 following from
the boundary conditions are a subset of the linearised

zero-curvature equations Fy _ (L(z, A+ &)) = (.

: 23110065
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Overcounting due to B.C.s

. . D | DaP DuF
5 ~ —1og [P 2022 exp [ o) el Py (22, A))
gauge

No B.C.s: [ Dv°  _ ﬂ overcounted equations that

‘Universality’ gauge are trivialised by B.C.s

DAL Ty, 2 _ ~
~—jlog [ 2oL P expi [ 0(2) Teu* Fy— (L(=, A)

gauge
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Matching 4d and 2d

~ ! D~i,n D o ‘ > 1
5 ~ —s1og [ 22 expi | ) Tl Fo (L2, A)
gauge

Z : ~1,m gy~ : 2¢ ~8 1.1 A
= —ilog [ Day"Du” expi | d°€ u° zcg(A + &)




Pi

30

IIIII

Matching 4d and 2d

) D~zn
§log/

" expi / o(2) Te[u Fy_ (L(z, A))]

gauge
(Overcounted 2d equations as 4d ones

Only depends on 4! := [ d?z ¢(2)

— Gauge sym

fI) g1

Fix gauge u* = Z ( /d% d(2)

-

ui f[

u gr

(f d= o

>

(Fi—(L(z, A)) = ) ['(2) ze1(A))

I

s uf N / d*z p(2) N fl =0
—_— 'NI
-

).fIgJ::5IJ)

\

_J

: 23110065

Page 40/53




Matching 4d and 2d

A~ ; D~z’p . z e
) ~ 3108 [ “expi [ 6(:) Trlu* Foo (L (2, A)

gauge

= —ilog /D&i&p’Dﬂ,S expi/d2€ ﬁSZCs(«ZH"d)

= Vol { flat connections with given pole structure }

[ 3 S(l)J




Measure factors

Have been careful about background field-dependent measure factors

NOT about constant ones

Boundary conditions

| Dy = Dy|p DY|bulx | o Do Pl = fDai,p Dl (A= Adlr)
:fDa":i’p Hd(Bs-o:)

o~ _— i,p ~8 . 2 ~8 o
Integrate u*,u~ —  L,(z,,A) meromorphic with fixed poles | — / Day Dy eXp"’_/ d*€ v° (Bs - &)

Solving meromorphicity equations

fDEi Du* expi/qﬁ(z) Tr[u” O;L4 +ut 0:L_]

= / Dl 6D (p(2)0:L1) 6 (p(2)0:L_) = / Daly?
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Measure factors

Have been careful about background field-dependent measure factors

NOT about constant ones

* Dropping constant term in effective action (const factor in Z)

» Extra divergence? Or prescription for 4d measure?

* In any case: renormalisability + RG flow basically unaffected
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Measure factors

Have been careful about background field-dependent measure factors

NOT about constant ones

* Dropping constant term in effective action (const factor in Z)

» Extra divergence? Or prescription for 4d measure?

* In any case: renormalisability + RG flow basically unaffected
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On gauge symmetries
Treated all local syms of linearised theory as gauge
Why? * 4dgauge:natural. A, - h™'A, h+h7'0,h

Gauge transf vanishes “at defects”

+ “2dgauge™ g—gq, L, > q 'Liq+q '0,q (0,9=0)
Artefact of change of variables. Must gauge

* “Overcounting” of EOMs:
Artefact of our formalism. Should gauge
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Faddeev-Popov determinants

All obvious except G := u® — Z (/dzz d(2) u? fI) gr =0

I

ou® = N* /dzz d(z) NV f1 =0
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On Disorder defects and semi-classics

SialA]l = J dz @ A(AAdA + ZA%)

2,XCP!

Disorder defects (¢ = 0) are like # = oo ... Danger?
1-loop divergences seem ok

Higher-loops?

irsa: 23110065 Page 47/53



Unifying unifying approaches [Wallberg, Lacroix, NL 23xx.xxxxx]

Flow of periods of v = ¢(2) dz

[Derryberry 21] [Costello]

4d Conjecture 1 (Costello). Let A denote the moduli space of |
holomorphic 1-form w that has only simple zeroes and double pc
4 of the zeroes of w into two equally sized groups, D, and D,.
Then the modified Ricei flow on the space of metrics on the targ
by a certain flow on N, where:
~ The closed periods § w are held fixed.
— The periods j; w are held fixed when p, ¢ are both in either

J 1 -loop — When p € Dy and g € D, the periods f:w satisfy % f;w’
RG the flow on V. ‘

\ ] -
2d (- ‘Universal’ formulas ) ( 2d tWIsth:.;nthlop fSIfotw . D
for 1-|oop RG [Delduc Lacroix Sfetsos Siampos 20]

4 5 d hz) =1
— 20 =4cq Z Tr[C o] E(p(z) = ¢ 0,h(2) how) = — 1

\_ ) & same poles aw
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Unifying unifying approaches

¢1 -loop d§

RG

\4

2d

dt
a

G [ dz 0h(z) A CS(3(A)
XCP!

4

d
dt

-

-/

M) =

‘Universal’ formulas N

for 1-loop RG

4eg Z

Tr[C (V]

M) = 4¢,, al; % Tr[L, d,L_]

"

[Wallberg, Lacroix, NL 23xx.xxxxx]

 Flow of periods of w = ¢(2) dz

[Derryberry 21] [Costello]

Conjecture 1 (Costello). Let A denote the moduli space of |
holomorphic 1-form w that has only simple zeroes and double pc
of the zeroes of w into two equally sized groups, D, and D,.
Then the modified Ricei flow on the space of metrics on the targ
by a certain flow on N, where:

~ The closed periods § w are held fixed.

— The periods j; w are held fixed when p, ¢ are both in either

— When p € Dy and g € D; the periods f:w satisfy % f;w’

the flow on N.

(

_J

\—

d
Eqb(z) = ¢ 0,h(2) h(w) = -1

2d twist function flow \
[Delduc Lacroix Sfetsos Siampos 20]
h(z,-) — 1

same poles as ¢,

Pirsa: 23110065
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Unifying unifying approaches

4d |d:

A

\—

G [ dz 0.h(z) A CS3(A)
XCP!

Derive directly in 4d?

\

[Wallberg, Lacroix, NL 23xx.xxxxx]

[Derryberry 21] [Costello]

 Flow of periods of w = ¢(2) dzw

_J

1-l
V[

Conjecture 1 (Costello). Let A denote the moduli space of |
holomorphic 1-form w that has only simple zeroes and double pc
of the zeroes of w into two equally sized groups, Dy and D,.
Then the modified Ricei flow on the space of metrics on the targ
by a certain flow on N, where:

~ The closed periods § w are held fixed.

— The periods j; w are held fixed when p, ¢ are both in either

— When p € Dy and g € D; the periods f:w satisfy % f;w’

the flow on N.

e
2d

_39(1) -
dt

-

‘Universal’ formulas N (
for 1-loop RG

4eg Z

Tr[C (V]

—~\_

d
Eft)(Z) = ¢ 0,h(2)

2d twist function flow \
[Delduc Lacroix Sfetsos Siampos 20]
h(z,-) — 1

hw) = — 1
same poles aw
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Messages

* 1-loop divergences match:
4d Chern-Simons <> 2d integrable sigma-models

* Take correspondence seriously at quantum level

* Integrability constrains RG: ‘universal’ structure

* Can derive from 4d
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Future directions

« Other integrable theories, e.g. sine-Gordon?

« Curiosity: L, =P,C, +z*'P,C, Co~0,¢pT,+cosepT,+sing T,
~ Z, coset e SUQ2) extra Bianchi
identities!

Universal result %3‘?(1) = 2¢; Tr[C, P, C_] J

_ 5 . Pohimeyer
« Explanation (?) S“ sigma-model — sine Gordon
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