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Abstract: Quantum vortices are two-dimensiona solitons which carry a topological charge - the first Chern number n. They play a crucia role in
many physical concepts from cosmic strings to mirror symmetry and dualities of supersymmetric models. When n grows the vortices become giant.
The giant vortices are observed experimentally in a variety of quantum systems. Thus, it is quite appealing to identify their characteristic features
and universal properties, which is quite a challenging mathematical problem. Though the nonlinear vortex equations may look deceptively simple,
their analytic solution is not available. In thistalk | demonstrate how by borrowing the asymptotic methods of fluid dynamics such a solution can be
found in the large-n limit. | then construct a systematic expansion in inverse powers of the topological charge about this asymptotic solution which
works amazingly well all the way down to the elementary vortex with n=1. | use this result to study the Majorana zero modes bound to giant
vortices. The resulting local density of states has a number of features which give remarkable signatures for an experimental observation of the
"Magjoranafermions” in two dimensions.
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® Condensed matter
»

»

o Particle/field theory

o

#® Theory of solitons

.

A. Penin, U of A oxford 2022
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® Introduction and Motivation

#® Theory of giant vortices e
» n ide
»
® g (-
» e =

® Majorana modes of giant vortices

A. Penin, U of A

nber n

 finite-n corrections

.
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® Free energy functional (NP 2003)

=5 P e YT ] [
e lng+|Dy@| ([l =)

Dy =0y + e,

» Cooper pair density ]@]2 maghnetic field By = —iexuFuw

=) stationary state of charged BEC in magnetic field
o Ground State F =l =g b A, =—-0uo/e,

$ Mass SPectrum. my = V2 n, my = V2 n

# Quantum vortices ( A. Abrikosov (NP 2003) )
» string-like soluti f finite tension T=F/L

A. Penin, U of A oxford 2022
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# Vortex topology

o ite tension &> ¢ — ne*> at |z| —= oo
& continuous fie a( + 27) = a(8) + 27n

= winding number n

S| 95

0< 8 < 2% — A= Py
polar angle phase
$ V grc T30 )= £,
= fields with T < co represe omotopy classes
A. Penin, U of A oxford 2022
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#® Magnetic flux quantization O _LomvF,, —=e(V x A), =eB]

® = [ B, d%r = 27n/e I

® Universal vortex features

» outer n

@

A. Penin, U of A oxford 2022
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® Axially symmetric vortices

o(r,0) = f(r)f.-i“'g. Ag = —na(r)/e, A,.=0

I
® Abrikosov-Nielsen-Olesen vortex equations (e # 0)

__ (,ﬁ) = [A(fﬁ —)+ 2 -2 =0

r dr dr

=5
1 [/1da :

p— (—fi) +9(1—a)f2=0
dr \ r dr

® newunitsenr =7, f/n— fLAe2 2 dADe=n=1
# boundary conditions a(0) = f(0) = 0, a(co) = f(oo) =1

® Ginzburg-Pitaevskii vortex equation (e = 0= a(r) =0\ = 1)

] aSSIeSS C 1€ DOSO/
Inciarithmicallvy cdivvaracant rotatinnal enaroy/ ¢ L2 2 2 g D
» Jogaritl caily divergent rotational energy |0,¢|° — n*n*/r
A. Penin, U of A oxford 2022
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® Famous solutions

» type-Il superconductorsn = 1, A — 0o = approximate solution
! A. Abrikosov

» critical couplingA=1,n=1 > useless Taylor series
H. J. de Vega, F. A. Schaposnik, Phys. Rev. D 14, 1100 (1976)

# critical coupling, hyperbolic plane, all n = nice analytic solution
E. Witten, Phys. Rev. Lett. 38, 121 (1977)

#® What about flat-space vortices with n > 17

® ‘giant” or “multi” vortices observed in real BECs
# crucial for observation of “Majorana fermions”

.

A. Penin, U of A oxford 2022
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# Quite nontrivial to cook up

# Currently observed
on=4
CoIa atc BEC up to n = 60
» superfluid *He up to n = 365

# Suggested experiments

.

oxford 2022
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® Mesoscopic superconductors
T. Cren et al., Phys. Rev. Lett. 107, 097202 (2011)

©

Zero-Bias Conductance (a.u.)

Lateral Position (nm)

.
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® Cold atoms BEC
P. Engels et al., Phys. Rev. Lett. 90, 170405 (2003)
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A Theory of Giant Vortices

.

enin, U of A oxford 2022 -p. 13
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#® “Find a small parameter” (Lev Landau)

RN (,»ﬁ) - P)(f2 —1)+ (_11‘)“)"] =0

n2 r dr dr n? r2

ri Gd—“) L2(1—a)f2=0

dr \ rdr

# Expand in 1/n, but how?

& singular perturbation, asymptotic series

= Boundary layer theory (Ludwig Prandtl)

$ expansion parameter = dynammical scale ra

B MY+ T Y Y. v AN ITFEAS vt P Lo P e
2 e - 1IN Al - Y11T1ereapnt realons
’ AT AT T CUN ST IATTTICULUT IO 1T Uil il e\ Iiviino
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# Expansion in inverse powers of n

® Universal vortex structure

r ¢~0, B, ~const | boundary layer | 6| & const, B| = 0

# Scales hierarchy (= o(1))

# range of nonlin

1ear interaction (BL depth) 1/m 4 4 = O(1)
® core size r, x /n o accommodate the fl

TUX & x n

= ratio of dynamical scales (r,mas)~' x1/vn

A. Penin, U of A
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# Example: critical scalar self-coupling A =1

A. Penin, U of A

(D1 4+iD2)¢p =0

Fio — \r_‘)l2 +1=0

ion o topological/central charge T = 2mn |

E. B. Bogomolny, Sov. J. Nucl. Phys. 24, 449 (1976)

.
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# Vortex equations df n

— ——(1—=a)f=0
dr ey
o (2 -1=0
dr n

# Regions with different dynamics (r,, = v/2n)

o i

Y\

"n
s boundary layer: r —r,, = O(1)

s tail: r > r,

.

A. Penin, U of A oxford 2022 -p

Pirsa: 23110048 Page 18/36



Pirsa: 23110048

# Vortex equations df n

# Core region

® r — 0 asymptot

i L A

dr T

la e
—+=(f2-1)=0
dr n

Fir]ce 7, alr]) o ;-'—’/;-'i

® core solution

i'2
alrl = J_ZI
T

= accommodate all vortex energy and flux

A. Penin, U of A

.
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' d n
# \ortex equations Tf ~ 21— =0
% +Z(2-1)=0

dr n

# Boundary layer
# nonlinear dynamics at the scale r» — r, =« = O(1)
e =) pand in x/ry,

# Y - P L F | ” 1] g } .
- - - b ] (Il VWAl SCL)cadlcaliricd (vwve) L) ' ol v

w' +y=0, 'ﬁ—1+3”:0|

where f(r,, + ) = €@ ~v(z) = n (alrn + ) — 1) /s

a1y it A = el R A 2 D .
w witl-—e*=0 I WItn tne Tirst integral w's —e*" 4+ 2w = —1 ]

A. Penin, U of A oxford 2022 -p. 19
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# \ortex equations A

dr r

la s

e )
dr n

# Boundary layer

# boundary layer solution w(x) a
0 & = LI-‘
/“-0 (e2w — 2w — 1)1/2

Ya) = —(*) — 2u(z) — 1)

B

where wp = —0.2997174398 . ..

® asymptotic behavior (z — o). w(—z) ~ —22/2 —1/2, w(z) ~ weoe™ V22

.

A. Penin, U of A oxford 2022 -p. 20

where waeo = wg exp [.['{l:“ (\/E/(f‘z”‘ —2w—11/2 4 1./“‘) (lu'] = —0.331186. ..
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# \ortex equations A

dr T

la T

S 2
dr n

# Tail region
> expand in f —1 and a — 1
» free massive fields  (f—1)"+(f-1)/r-2(f-1)=0]

$ tail SOUtion  j(ry m 1+ ZKo(V2r),  a(r) ~ 1+ 2=v/3rKi (Var) |

the field of scalar charge » and magnetic dipole moment ;.

.

A. Penin, U of A oxford 2022
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.

® Boundary layer ;) =ev®,  a(r)=1-— \/E(Ezw(.r) =) |

()]

-)T_

® Tajl f(r) ~1+ _f—jKu(ﬁr'). a(r) ~1+ = V2rKy (v2r) |
2T T

® Matching at 1 < |z| < rn;: E=1Ve, v =p=dwey/me?Vrtnm/ |

.

A. Penin, U of A oxford 2022 -p.22
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# Core and tail regions

$ |
b=p

# Boundary layer

® Write r = ro, (1 + 2//2n), f = exp(w + dw/v/2n) xpand in 1//n
= /inear inhomc geneous equall tion Sw' — 2e2Vdw = —w I

» next-to-leading correction sw(x) = w'(a )(( +f /OO = ::Ey; dydz )I

where C' = [7__ ('~

T ‘W(l,,) dz = 0.529935 . ..

.
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= leading )
= next-to-leading
—exact

A. Penin, U of A
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# Vortex equations (- # o)

9
1d (rﬁ> — [)\(f2 — ) - ”—_)(1 e =1n)
r dr dr e

d (1da 5
IR 2(1 — A —
] dr (r dr’) el a)f

® COre SiZ€ r, = vZn/\\/4, String tension T = 2xvxn

.

A. Penin, U of A oxford 2022
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= G = [ =0
7/l =2y /=10

® [arge scalar self-coupling x > 1

® expansion in 1/x

® Small scalar self-coupling X <« 1

# expansion in A

.

A. Penin, U of A oxford 2022 -p. 27
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® ., — co NOnpropagating scalar field => expand in f”
® scalar field asymptotic solution

b=

flrn +2) = (1 — 2sech (\/5(‘1? +1)+ arcsech(l)))

® finite-n energy correction

T = 27V Ann? (1 -~ —l(\/z_ D )\\L/:_f - O(l/ﬁ)) |

® expansion parameter (rnma)=' o« AY4/\/n
> breaks down at n < v

.

A. Penin, U of A oxford 2022 -p.28
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® decoupling of gauge field outside the core r > r,

® scalar field asymptotic “half-kink” solution

f(r) = tanh (y) I

ere y = \/)\/2(?'— i'n)

® finite-n energy correction

: 2 4
JR QW\/X.PU] (1 + m —FO(I/\/;)) |

P ,;. ans v n :E rameter (r”,“o)—l o (Al/] ﬁ)—l
> breaks down at »n < 1/vV\

.

A. Penin, U of A oxford 2022
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® decoupling of gauge field outside the core r > r,

® next-to-leading scalar field solution

f(?) — tanh (y)

B 1 04 12y — 82V — ¢—¥
V2nAl/4 64/2(2 + €2 + e—2v)

nere y = \/)\/2(?' - "'H)

® finite-n energy correction

5 4
] = 27T 2 e —
T = 27V Ann (1+3A1/_1ﬁ+0(1/\/§)>|

® expansion parameter (rnmy)=! o< (A/4y/n)~!
> breaks down at n < 1/vV\

.
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# Topological insulators
# Bogoljubov quasiparticles with linear dispersion E = vp|p|
= effective Dirac fermions
# TI/SC heterostructures
& topologically protected by index, self-conjugate
= effective Majorana fermions

#® Elementary vortex

o tiny gap, difficult to distinguish from non-zero mode

Cl
w

= experimental controversy

.

A. Penin, U of A oxford 2022
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#® Zero mode equation R. Jackiw, P. Rossi (1984)

Dl Z}I'iDQ)zljv:I: L Oc‘*ﬁz =0
(

® N normalizable zero modes (0 <1< n/2—1)
£+ — i ‘”Hi'+ 1S i(n—1-01)0 _;+
T \/j - ) : SO
+ t 8 )+ i(n—1—1)6 ; +
I}I - ﬁ (flf l"f —e!n : i‘it—l—’)
» partial waves ¢} are rez

= real or "Majorana" bound states

A. Penin, U of A oxford 2022
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# Asymptotic solution

v 2l /1y
V(2/3)(2 = 1/n)ry

O B
e—(r=71)"/4 Lamid. =

+
i e=3 i w2,

——

—-;(f'—FE)

ol

S two

# Scalar charge = 2 X fermion charge, fermion orbit encircles

® zero modes = warped lowest Landau states

‘he core => magnetically gapped

[
(
(
1
[
(
L ¢
[
D
D

.

oxford 2022 -p. 33
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9 n =4, 16, 64, 256
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#® EXxpansion in inverse topological charge

9
=

#® An elegant theory of giant vortices
= capture universal properties for large n

cf. ADHM construction for 3d magnetic monopoles

a small parameter does not have to be small!

.

A. Penin, U of A oxford 2022

® New way to observe 2d Majorana fermions.
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