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Abstract: Out of the many lessons quantum mechanics seems to teach us, one is that it seems there are things we cannot experimentally he
to. There is, indeed, a fundamental limit to our ability to experimentally explore the world. In this work we accept this lesson as a fact and we
a general theory based on this principle. We start by assuming the existence of statements whose truth value is not experimentally accessi
is, there is no way, not even in theory, to directly test if these statements are true or false. We further develop a theory in which experinr
accessible statements are a union of a fixed minimum number of inaccessible statements. For example, the value of truth of the statements
not accessible, but the value of truth of the statement "a or b" is accessible. We do not directly assume probability theory, we exclusively
experimentally accessible and inaccessible statements and build on these notions using the rules of classical logic. We find that an int
structure emerges. Developing this theory, we relax the logical structure, naturally obtaining a derivation of a constrained quasi-probabilistic
rich in structure that we name theory of inaccessible information. Surprisingly, the simplest model of theory of inaccessible information is the
in quantum mechanics. Along the path for the construction of this theory, we characterise and study a family of multiplicative information me:
that we call inaccessibility measures. arXiv:https://arxiv.org/abs/2305.05734

Zoom link https://pitp.zoom.us/j/91350754706?pwd=V1dVdGM3ZkOMNkp4VIpCYUoxbXg3UT09
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A Theory of Inaccessible
Information

The consequences of seriously accepting that some statements
cannot be directly proven or disproven experimentally.

Can I check
what’s in here?
He thought he had finally

found what was hiding in
the ultimate room... Little did
he know he would never
have known the real secret.
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There is just
this box :)
Thats all!t

Jacopo Surace October 2023
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There is something
Quantum mechanics —— we cannot
experimentally
know

There is something
we cannot — ?
experimentally know



Lattices of statements

Everything we can talk about can be expressed as a statement.

Statement 5, =“Everything we can talk about can be expressed with statements.”

We denote statements with letters in circles @

One may consider many statements
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Lattices of statements

One can play with statements to form new ones

J

SIV52=SIV52VS2=S1VSZV52=...
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A world with just two
statements

53 := s, = "The apple is not blue",
s, =5, = "The dog is not red",
ss := 5, Vs, = "The apple is blue or the dog is red",
s¢ :=s; Vs, = "The apple is blue or the dog is not red",
s, := s, Vs, = "The apple is not blue or the dog is red",
sg := s, V s, = "The apple is not blue or the dog is not red",
59 := 5, A s, = "The apple is blue and the dog is red",
S0 = 8; A s, = "The apple is blue and the dog is not red”,
$11 .= 751 A s, = "The apple is not blue and the dog is red",
815 := —§; A s, = "The apple is not blue and the dog is not red",
13 := (81 A sy) V (78 A s,) = "(The apple is blue and the dog is red) or (The apple is not blue or the dog is not red)",
s14 = (8; A 18y) V (15, A s,) = "(The apple is blue and the dog is not red) or (The apple is not blue or the dog is red)",
515 1= 8, vV —5; = "The apple is blue or the apple is not blue”,
16 := 8; A s; = "The apple is blue and the apple is not blue" .
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Lattices of propositions
Build or discover nice structures within of the algebra of statements

fre
TR ,
DOOOOE
o=

Atomic statements {g

Boolean lattice of statements
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Truth or false

Every statement has a truth value label attached.
A statements can be true or false

Tables of truth are the rule of propagation of truth values when composing statements.

a|bllaA b a|bllav b
T|T| T T|T| T aj|—a
T|F| F T|\F| T T| F
F|T| F F|T|| T F| T
F|F| F F F|| F

Table I. Truth tables.

We talk about propagation because the truth value assignement to a lattice is
completely specified by the truth value assigned to its atomic statements.
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Composition of statements

a|bjlan b a|bflav b
T|T| T T(T| T aj|ma
T|F| F T(F| T T| F
F|T| F F|T|| T F| T
F|\F| F F F| F
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Truth assignments compatible with the lattice

Not Admissible
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Accessibility value

We differentiate between two kinds of statements

Accessible statements (A) Non-accessible statements (N)
These represent statements which These represent statements which we can
we can formulate and we can verify formulate, but we cannot directly verify

experimentally. experimentally.
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Accessibility value

We differentiate between two kinds of statements

Accessible statements (A) Non-accessible statements (N)
These represent statements which These represent statements which we can
we can formulate and we can verify formulate, but we cannot directly verify
experimentally. experimentally.

Every statement has an accessibility value label attached.

alb|laAn Db a|bilav b
AlA|| A AlA|| A a—la‘
ANA/N ANA/N Al A
N/A[|A/N NA|A/N N| N
N|N[|A/N N|IN|A/N
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Composition of inaccessible statements

Accessible statements (A) Non-accessible statements (N)

-------
ot *s

) '

» -
[ *
- .
" »
) »
- .

., ’o‘

.
------
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Inaccessibility models




True
or

TIF Assumption 1: Maximum resolution 2

Our experimental knowledge is limited to be always uncertain about a fixed number of statements d.
We call d the resolution of the model.

= Accessible statements are constituted by a minimum number d of inaccessible statements.

TIF assumption 1 example for d=2:

Statements composed by less than d atomic statements are not directly experimentally accessible. For example, for

d=2 the value of truth of the statements a and b is not accessible, but the value of truth of the statement “a or b" is
accessible
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Two parameters
for TIF models:

d: the resolution.

Grafically it is the level in the graph where
we can find the first accessible (purple)

statement and it can take values from 1 to D.

D: the number of atomic statements or
fundamental statements is a free parameter.
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Examples: D =2

d = 2, a useless model

3 -
-------------
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Examples: D =2

d = 2, a useless model

A lattice of this form
does not contain any
experimentally relevant
information

Only two experimentally
accessible propositions.

d = (Number atomic statements) corresponds ALWAYS to a useless model
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Examples: D =3

We choose d=2

d =13 — useless
d=2 —?

d=1 — classical
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Examples: D =4

The first interesting lattice for d = 2 has 4 atomic elements.

aVch avbvd a'_';mvd"_'g {.chvd.:: o
T It has a boolean lattice of distinguishable
elements as sub-lattice.

---------
"""""""""

Py 28 .

» + B . e 2N

+ s B . B s
» ] . s D .
u . « 3 . .
H - - ) H .
F : F 5 H H
) 3 . . : .
! - - > . -
., . s, 3 ) i

. - L. -~ . o . o

--------- Tupast Cugant

This is a strong property as other
configurations are not allowed by
compositional rules.

Try to transform any other statement to accessible
and the configuration becomes not admissible.
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Structures compatible with a
world with resolution d = 2

Useless

Useless

A lattice of this form
does not contain any

experimentally Forbidden!
relevant information

Four atomic elements is the minimum number of
atomic elements for a lattice with resolution d=2
to convey meaningful physical information
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With similar methods and nice tricks Every classical model with dimension D
other properties can be proved one of inflates to an inaccessible information

these properties is: model with dimension D>

Inflated model

Classical model

ibvevd:

favbvd:

EaVch_E

\ 4

----------

2 elements

4 elements
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More or less

now you should know about logical lattices

Let’s relax a bit
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Examples: D =4

The first interesting lattice for d = 2 has 4 atomic elements.

aVch avbvd a'_';mvd"_'g {.chvd.:: o
e It has a boolean lattice of distinguishable
elements as sub-lattice.

---------
"""""""""

Py 28 .

» + B . e 2N

+ s B . B s
» 1 . s D .
. . « 3 . A
H 4 H ] = >
F : F 5 H .
] 3 . . : 3
. 3 - x . 3
s, . s, 3 5 i

. - L. -~ . o . o

--------- Tupast Cugant

This is a strong property as other
configurations are not allowed by
compositional rules.

Try to transform any other statement to accessible
and the configuration becomes not admissible.
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More or less

now you should know about logical lattices

Let’s relax a bit
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More or less

now you should know about logical lattices
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From logic to (quasi-)probability
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From logic to (quasi-)probability

Using the methods of Cox, Jaynes and Knuth one
relaxes the label association of the lattice from
binary to continuous and naturally obtains a

(quasi-)probability model. favbve!  lavbval  favevat ibveval
Quasi-probabilities and probabilities are

derived from logical principles and not
assumed. " | 4 '

- *
- - . .
Fanan® Toggut? aguast

-------
""""""

The systems are described by ¢ s.t. Z q; = 1. e

. » .
) - - . . 3 -
. v L3 . - d L
[ * . . . ‘s v .
. . .
Taagn®” Taguet
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From logic to (quasi-)probability

A valuation Q of statements with the following properties
o(T)=1,
Q(L)=0,
O@s) € R,

D 0 =1,

sEHA(S)
Q(s; vV Sj) = Q(Sj V) = 0(s;) + Q(Sj) — 0(s; A Sj),
O(s; A s) = Q(s; A sy),

0(5; A 5) = 0(5)0Gs; | 5)

The values assumed by O are completely characterised by the values that O assumes on the atomic
elements of the lattice. We denote these values with the vector g.

Pirsa: 23100110 Page 29/45



From logic to (quasi-)probability

We ask for O to be a P on the distinguishable sub-lattice o
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From logic to (quasi-)probability

We ask for O to be a P on the distinguishable sub-lattice o
T

probability lattice we find out that these can be
described by Ps function.

Fs b F 3 r 3 F 1
tavbve: tavbvd: tavevd: thvevd:
E 4 . r E 3 " 7

""""""""""""""""""""

0 behaves as a different P function for every
couple of complementary elements.

R
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