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Abstract: Anticipating the launch of several next-generation gravitational wave (GW) detectors in the 2030s, we will be able to more pre
measure spacetime ripples from binary black hole (BH) mergers in a larger parameter space. The forthcoming data will require us to develc
accurate predictions of GWs not only in General Relativity (GR) but also in theories beyond GR and diverse astrophysical environments. Bla
perturbation theory is a cornerstone for making these predictions. In recent years, there have been extensive studies of perturbations o
theories beyond GR, but only for non-rotating or slowly rotating BHs. In this talk, | will present a new formalism, based on Teukolsky's sel
work in the 1970s, to study perturbations of BHs with arbitrary spin in beyond-GR theories and in more complicated astrophysical environm
will first discuss how to derive a modified Teukolsky equation for BHs deforming perturbatively from their counterparts in GR due to beyond-C
environmental effects and the necessary techniques to evaluate this equation. Subsequently, | will discuss some applications of this for
Specifically, 1 will prescribe utilizing this formalism to investigate the isospectrality breaking of quasinormal modes (QNMs) in beyond-
theories, compute the QNM frequency shifts in some specific theories, and efficiently extract these shifts from observation data. Furthermore
also show how to apply this formalism to study extreme mass-ratio inspirals beyond GR.

Zoom link: https://pitp.zoom.us/j/99282316326?pwd=REtBSFUxdIgxUGVWZFFVWEVBVNFTUT09
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Beyond GR effects
O Incompatibility between GR and QM = Unified theories, e.g., loop gravity, string theory

[ Observational anomalies, e.g., matter-antimatter asymmetry = Modify GR

Lorentz-violating
‘----------------------s

vd ~
Lovelock’s theorem:

In four spacetime dimensions,
the only divergence-free symmetric
rank-2 tensor constructed

solely from the metric and its derivatives

up to second differential order,
and preserving diffcomorphism invariance

1s the Einstein tensor

plus a cosmological term.
(Lovelock 1971 & 1972; Berti et al., 2015
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Most (Least) Stringent

Theory Parameter Current bound Fscaratod P
Generic Dipole oF 1.1 x 1077 [44, 45] 105 ()
- o 1 km [16 _:
Einstein-dilaton-Gauss-Bonnet W Oaan 3.4 km [[4,;], 1072 (1) km - 1 N
Black Hole Evaporation M 10-% (10%) Mg /yr (Perkins ct al., arXiv
Time Varying G & 1077 107 yr =T [48 52] 107 (10) yr T 2010.09010)

107V [53-56]

Massive Graviton m, 10-2%ey [3, 57]° 10726 (107%) eV
1
dynamic Chern Simons V0acs 5.2 km [58] 10=% (10) km
Non-commutative Gravity VA 2.1 1, [59]* 107% (1071 1,
Einstein-dilaton-Gauss-Bonnet Combined p L3 T < \!!alldity!cutoff i
0.5 T 7 T T LI T T T T L I T T T T T ] GW190728 F [ 3 4 » 90% Bound 4
C i GWI151226 1 GW190707 ¢ L | 3
04 ; ; GW170608 GW190720 ¢ [ | 3
r | rl i ] GW190924 F >« E
& 04 L T *Lj ] Better GW170608 | >« 5
= Y | B 2 § GW151226 F ; LR G , ] 3
E L LH 1 ConStralntS‘ o6k | 1 GWI151226 [ 1 GW190720 ]
ne_ 02 5 - - ‘ ) GW170608 GW190707
: ‘ h ] 2 04l L1 GW190924 GW190728 ]
N L ] g
- i . — =1
Bl ¢ e | ] & 0.2 .
& R ]
£ I rema, i <
0.0 I W [ 1 | ddl iy S e e S 0.0 P
0 2 4 6 8§ 10 8 10 12 14

V @eace (km)

(Perkins et al., arXiv 2104.11189)

iy [km]

(Nair et al., arXiv 1906.00870)
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Non-vacuum environment
O Ordinary matter, such as gascous accretion disk, plasma, other compact objects

W Dark matter, such as ultralight boson clouds, dark matter spikes, primordial BHs

BH. Star

Dynamical binary
formatlon

Gas-capture
binary formatlon

Binary-single
mteractlon

AGN disk P
( Disk capture ; ’

f ——
’ g = .
Py _ ; Ki LLH b g
/ % L/ y ‘f” .\3' 0 Blnary \ ‘Ll\ \"\,\\

\ (. y j circumbinary
" .. disk interaction

o

Binary disruption

(Tagawa et al., arXiv 1912.08218) (Baumann et al., arXiv 2206.01212)
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Example: ultralight scalar
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Detect nonzero mass and charge (Barsanti et al., arXiv 2212.03888)
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: Black Hole Perturbation Theory }
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\ Black Hole Perturbation Theory :

g s et S A ]

I Insplral Me.ree}' Bifig: : :

: [ ! - 1 Up to 10 highly

I ' ‘ : CoaitF . coupled PDEs!

Ly i P :

Lt 1 e I X\

P4 o5 | ‘ I 4 WA !

: S . ‘_ I f N |

I c 00N : KN Seraa, j i
(Image Creldit: : §,0_5 iy \\7__7 oW 4 _ : (Image.C;redit: N.
Leo C. Stein) - 2 Lo | _ “ :{‘ “i N ) i : Franchini)

1 e Reconstructed (template) A I o I

N e e P PEIPAIRY e e e e o ’

Also works

Non-rotating Regge-Wheeler and Zerilli-Moncrief eqns (perturb metric) for slowly
BHs U 2 decoupled separable PDEs (Regge & Wheeler, 1957; Zerilli, 1970) rotating BHs

Metric can be

reconstructed

Teukolsky eqns (perturb curvature, based on NP formalism)
Rotating Q > 50 PDEs = 2 decoupled separable PDEs for ¥ & W4 (Teukolsky, 1973)

A VA

BH
S Modified Teukolsky eqns (first-cver extension!)
U Petrov type D = not necessarily for bGR BHs, e.g, dCS (Yagi et al., 2012) bGR
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r~ * ;

Event M M 1 ma Xeil Dy z M; xe 1 AQ SNR

Most remnant BHs are fast (My)  (Mo) (M) (Mo) (Gpe) (Mo) | Kdep?)
GW191103 012549 20,0757 8347000 118103 707 0217000 009703 0207008 19.0tf;$:0.75tﬂj{’,§.’,|2500 80109
rotating! GWI191105.143621 185121 782405 107157 7.7hld —0.02¢93 1157042 0231097 17.65{1;:0.67?,;;33640 9.7t
GW191109.010717 112722 475728 65t 47ty —0.207057 1207008 025701 10718 :o.mtgtﬁnﬁoo 1737%

. . ; ¥ e

d 65% of their maximum (Abbott et GWI9113.071763 345557 107505 20717 5.9%1  0.005035 1377043 0.26705) 347, 1045¥531 13600 7.9%07
GW191126.115250 20,758 8651028 121455 83410 0217017 1620074 030012 196435 10754008 11400 83102
al., 202]; Buonanno et al., 2007) GWI191127:050207 8okl 299t ll makil  odbil  pusilds  Surllooisyrel e :0.75j§;;;3= 980 9.2407
0 Atl i d 0 the s GWI191129.134029  17.5573 7317035 107550 67512 0065058 0797035 0165008 lG.SffgID‘GQfﬂ'_ﬂﬁ:SSO b bl B
t least 5™ order in the slow- GW191204.110529 47.2%32 19.6+39 27.37140 10.3#58 0057028 18+17 0.34%9%% 45.0%38 10.m1+21203700 88404

T i 3.0 1 :I K ]
GW191204.171526 20.211170 g pE+038 11,9142 goatld 016¥00% 0667010 0.13400 lQ.ELf},'_Z;.‘,I[).T.’ifﬂ;ﬂ;t: 350 17.6%9%

i 1 1 2 , s : i -
rotation expansion (P ani, 201 1) GW191215.223052 43.3%33 18.4%22 249771 1817385 —0.047017 1.93%089 0.35+013 41.4%51 406872070 530 11.2%03

D,D’i’l —0.4

> C i £ ] degl GW191216.213338 19.81130% 8.33101% 121435 77415 011308 0.3470:13 0.074003 13.3’?t§;,",§|0.70t:’,;2;;=490 18,6102
Oup lng 0 many ( ? ) mO eS - 9 o o+2.2 go+0.12 +2.2 +0.07 +0.07 rr+0.25 +0.05 : .+2,2| 40.06 | 4k 4+0.5
GW191219.169120 32.3%57 4.32181F 311155 11725580 0000005 0.55107 010 322157 yo.ratehis00 0.1%5%

GW191222.033537 704, 83.8703 45.1700° 34750, —0.042055 3.0277 051705 75.5t,‘,§,—,“:u.67t:’,;‘1’7:zuoo 155553

GW191230.180458  86%18  36.57%3 49.41340 37tll _005%03¢ 43%31 0691030 s2tll :0.681?,;1}.:1100 10.4%03
GW200105.162426 11015 342+008 go+17 191+033 (g+018 (g7+0.12 0 06+0.02 10 7+1.6 bp 434008 990 13 7+02

] 2

I
% . : 2 % atd.d 5 A5 A +0. 3l . E
GW200112.155838 63.9%537 27437 s66tl osatis 0063013 1257042 0.244007 ﬁo.sﬂ_;In.'ntﬁ’,_gg:dsoo 1950
GW200115.0423090 74173 2431002 59130 1441083 0167035 0.2970-10 0061503 72718 :Dl-utﬁ;gg: 370 113792

GW200128.022011 75415 32.0%%% 42271 826755 012703 3.4%%) 056%0R  T1ti) Joratgifi2eo0 106705
GW200120_065458 634757 272750 345750 280730 0117010 0.00705 0187002 60.37 45 10734000y 130 26.87)2
GW200202.154313 17.58+178 7494028 101+358 73411 (04+013 0.414015 0.09+003 IG.TGfQ;QQD.GQi’ﬁ'_Eﬂ 170 10.8%5 7
GW200208.130117  65.4178 277439 378402 2748 —0.0710 2 2234000 0401013 62,5173 Io.ﬁﬁtﬁ‘,;fﬁi 30 108%33
GW200208.222617  63130° 19.611%7 s1F35¢ 123109 045308 4.1tiy 0661055 61132 lolsaiﬁ;.;;:moo i e
(Abbott et al., arXiv 2111.03606) GW200209.085452  62.6%1%° 26,74 3-5.63‘.,",;-‘5 2L —potl i 3.41}?; 0,570 59.91&‘,2','!0.66151‘,13! 730 o.st:}f,}
GW200210:002254 27.01%% 6.561038 241476 2831047 002102 0.941042 019109 267113 |{).34tg;,1,i,1soo 84103
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Most remnant BHs are fast

rotating!

d 65% of their maximum (Abbott et
al., 2021; Buonanno et al., 2007)

O At least 5" order in the slow-
rotation expansion (Pani, 2011)

- Coupling of many (I, m) modes!

4

R D N N N N N NN N

Need a formalism dealing with
arbitrarily spinning BHs, which
may not be algebraically special!
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(Abbott et al., arXiv 2111.03606)
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Event M M i ms Dy z M; } X IAQ_ SNRR
(M) (Ms)  (Ms) (M) (Gpe) (Mo) Kdeg”)
GW191103.012540  20.0%57 8347080 118782 7947 0217018 0.997930 0.201000 19.0tf;;{0.75’:3;3{3,i2500 gigths
GWI101105.143621 18.5%21 7.82%05 107137 7.7tid —0.02t932 1151042 0231007 17.6tf-_.1_,:0.67t3;3g= 640 9.7102
GW191109.010717  112+32 475728 65+l 47718 _0.20%042 1 297018 . 257015 107F18 :o.tiltgjﬁ:moo 173138
GW191113:071763 306110 107kl 2ot petit oo0rldl 1aviliBoagsili  satll :0.45t§;;2'$|3600 dehatt
GW191126.115259  20.7+33 8651020 121455 53+1% 0217018 1627074 030012 m.(stgjﬁ:n.ﬁﬂ’,_gﬁhmn 8.3102
GW191127.050227  80%32 2097107 53T 24%17 081030 3.4%11 05700 761l :0.7513-_&3{930 9.2807
GWID1120:134020 175LFE 7313098 1071551 67HE 006105 0991020 0061307 168775 10691003 ) 850 131703
GW191204 110529 47.2%32 19.6+3% 2737140 10.3458 005020 18+17 0.34%9%8 45.0%38 1011401213700 8.8+04
GW191204.171626 20.21*1170 g pE+0-48 11,9132 gotld 0163008 0651012 0.13+5-01 19.2Li},;3§.;=0.73t3;:{{= 350 17.6%93
GW191215:223052  43.3%53 184713 240377 181137 —0.047057 1.93%5:5 0351517 41.41%] :ﬂ.ﬁsi'.;;f;;: 530 112453
GW191216 213338 19.81%347 8.331335 121755 77415 0117058 0.343533 0074503 13.8?tg;5ﬁ,’:0.70t:’,;5‘,;= 490 186103
GWI91219:169120) 323737 4321032 m1ptde 1a7t007 000207 055020212 32282 =0.141‘3;33=1500 9.1t%=
GW191222.033537  70%17 338170 4510090 34705 —0.047058 30517 0517058 75.5t,‘f';,“:u.07f:;;??:2000 15192
JW191230.180458 86712 365732 4044340 artll _005t0% 4.3%3l 0601036 sl h.ﬁ&tﬁ%}},}uoo 10.4%93
GW200105_162426 11.0%15 3.42490% 9.0+17 191493 0.00791% 0.27+012 00609 10.771%5 10.43+003 07900 13.7433
GW200112.155838 63.9%57 27.412% 366157 283733 0061013 1.25%042 0.241007 60.8733 :n.nt:‘,-_gglmn 198t
GW200115.042309 74715 2431002 59130 1441053 —0.167035 0297010 0061503 72113 :D.qztﬁ;ggl 370 113702
GW200128.022011  75%1]  82.01%% 42.2%14° 326755 012703 34%1l o056%0R TS loratdidizeo0 10.6%03
GW200120_065458 634747 27.27%51 345759 28073 0117010 0907030 0.187002 ﬁu.sitjﬁ:u.mtﬁ-:;g: 130 26.8792
GW200202.154313 17.5811-18 7494024 10 1+3-5 73+ll  q+013 (9 414018 g +0-03 16.761;2;:0.35)’:3;32. 170 10.8%92
GW200208:130117 654478 vt aretl? omattt 00703 2estl 0 aq0t) ] 625173 Io.ﬁﬁtﬁ‘);‘l‘ﬂl 30 10817
GW200208.222617  63F73° 19.601%7 s1fi0t 123709 045108 41Fid 066705 6115° lo.sstﬁ;;:*zﬂoo Y
GW200200.085452 62.611%° 26.7+%9 3561105 271078 0124028 34419 057792 50.9+1% 106613100 730 0,604
GW200210.092254 27.01%3 6.56%038 24173 2.831047 0021022 0941048 0.191008 26.7172 |3.34’:S:h§,'1800 8.4+035
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Black Hole Perturbation Theory beyond GR

PERTURBATIONS OF A ROTATING BLACK HOLE. I. FUNDAMENTAL
EQUATIONS FOR GRAVITATIONAL, ELECTROMAGNETIC,
AND NEUTRINO-FIELD PERTURBATIONS*

SauL A. TEUKOLSKYT
California Institute of Technology, Pasadena
Received 1973 April 12

ABSTRACT

- - -
l° Ba’Slcs mn TeukOISky forma[lsm (GR) This paper derives linear equations that describe dynamical gravitational, electromagnetic, and
neutrino-field perturbations of a rotating black hole. The equations decouple into a single gravita-
tional equation, a single electromagnetic equation, and a single neutrino equation. Each of these
equations is completely separable into ordinary differential equations. The paper lays the mathe-
matical groundwork for later papers in this series, which will deal with astrophysical applications:
stability of the hole, tidal {riction eflects, superradiant scattering of electromagnetic waves, and

gravitational-wave processes.

I1. Modified Teukolsky formalism

Perturbations of Spinning Black Holes beyond General Relativity:
Modified Teukolsky Equation

Daongjun Li ,"” Prauk Wagle ,:: Yanbei Chen -,' and Nicolds Yunes®®
"Thearetical Astrophysics 350-17, California Institute of Technology, Pasadena, California 91125, USA
“Hinois Center for Advanced Studies of the Universe and Department of Physics,
University of Hlinois at Urbana-Champaign, Urbana, Ninois 61801, USA

M  (Received 14 July 2022; revised 10 April 2023; accepied 19 April 2023; published 25 May 2023)

The detection of gravitational waves from compact binary mergers by the LIGO/Virgo Collaboration
has. for the first time. allowed for tests of relativistic gravity in the strong. dynamical, and nonlinear regime.
Outside Einstein’s relativity, spinning black holes may be different from their general relativistic
counterparts. and their merger may then lead to a modified ringdown. We study the latter and. for the
first time, derive a modified Teukolsky equation, i.e., a set of linear, decoupled differential equations that
deseribe dynamical perturbations of non-Kerr black holes for the radiative Newman-Penrose scalars ' and

DONGIJUN LI (DLLIGCALTECH.EDU)
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NP Formalism
» A special tetrad formalism adaptable to BH perturbations

» Four null tetrad basis vectors satisfying certain orthogonality conditions

Fundamental relations

& complex + 2 real) Bianchi identities 12 commutators
p
Rn,’ﬂ_"},ﬁ‘,ﬂ] =0 [(:: 4 (:'.;f] = ("‘f}‘.bu = a)"'r:ab_) ceH
'o;::::: :::::::::::::___‘::::::::::::_ _::::::\\‘
: 1 1
Petrov classification 1 5 Weyl Scalars: ! : 4 Tetrad Basis Vectors: ¥ f ;‘ee t(I) l;;tated tllif)tetrad
1 -y . _ e L II, an ,e.g.,
:: Ca'de = CG»BT‘SGE:GE 6263! : ZH? nu’ muv m” EE Hyp +bg
1l |: 4 :n—)n,_m.—>-m n:,
\4> EE ‘ | ' * L [ =1+ bm+ b+ bbn
Type I (Wo = Wy = 0) 1N Uo = Ciz13,- ’} X D, A, 4§, " "
g U s e S S S Sy —— T ————— - - L i
El ------------------- YN [’ ------------------ “1:
v ) 11 16 Spin Coefficients: | | 10 NP Ricci Scalars: :E
11 11 I
a Yeab = ea,p;uegeg : : (bgj ~ Rab = Rwegeg :i
Type D (W 0 B I ‘
ypeD (2 #0) 18 Ricci || ‘ ;] \ EE
identities K = Y131 » " Qo9 = 5R11, H
‘::::::::::::::::::::__:::::::::::::::::::::’l

Fundamental variables

DONGIJUN LI (DLLI@CALTECH.EDU)
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—————————————————————————————————

E 2 Bianchi identities & 1 Ricci identity \}
1
L FRYy— J1P 35T, =0, i U =00 4 ep®)
I |
o, F1 =6 —4a+
L Byl - Ll =300, =0, | AT
1
:\ EQU-Elh—qJU:O :

i Teukolsky’s original approach i i Chandrasekhar’s approach i
| Additi Ganthis : | Type II rotation with b ¥ Mdirectly |
| Additional 2 Bianchi ids and 1 commutator to decouple | DUy = 350, | ype Il rotation with b ~ O(e) to remove W, “directly !
! [j .4 - a 1 1 i 3 s 0
| R A oWy — 37w, | Yozsa — Yoasas VI - ) 43007 |
1 ]
E (EQGRFQ o E?RFI = 311;2) \I]é ) =) ; : (SQFQ — 81F1 — 311’2) ‘Ijéll) - ,i
=' -------------- § (;l-ll-t:(;l;; ------------- 2 Leaver’s method (Leaver, 1985)
1 ; [ Folarah \
EIII((]I) = e_‘(wt_mqb)gR;.mw('r)g@m{i(_f?_)’i E Spin-weighted spheroidal harmonics
\
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From Petrov type D to non-Petrov-type-D
» Teukolsky’s approach versus Chandrasekhar’s approach (Petrov type D)
L Equivalent approaches «——— W is gauge-invariant at linear order
 More subtleties for non-Ricci-flat backgrounds (e.g., dCS, EdGB, ...)
(D= p)¥s = —(A+4p—2y—27)P0 + -
0 No need for additional Bianchi identities and commutation relations
» To non-Petrov-type-D
 Many Weyl scalars are nonzero, may not be able to decouple NP quantities, e.g., (A — 4 + ,u) Wy

(0 Really non-Petrov-type-D? bGR theories cannot deviate too much!

DONGJUN LI (DLLI@CALTECH,.EDU)
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An EFT approach:

( — bGR expansion

e — GW expansion

DL, Wagle, Chen, & Yunes,
PhysRevX.13.021029 (arXiv 2206.10652)

Background spacetime in GR, type D always! GWs in GR

W =000 (o) + (0 () +Hew O (e, 1) {cew ™D (x, 1)

Leading correction to GWs due to bGR

DONGIUN LI (DLLI@CALTECH.EDU) 13
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» Modified Teukolsky equation

L4
] 0,0) 1,(1,1) 1 1) 1,1) 1,1 \ ,
i Htg )q’( S * Sc(l saie T S:E,nol?l-D + 801 E Follow Chandrasekhar: rotate away \IJ&;,I)
i Hy=(D—p+ )(A — 4y 4 )+ i Works for any linear deviation
1 .
l‘ H=(D-p+---)(6—4r —28) + '} of a type D spacetime!

' \
! 1
! . 1
E Sfl 1)D ~ H'E( 31)\115150) ~ /,[U.] ]lIIE]-aO) Non_type_D :
1 non ’l
- 1 122 ‘
» Theory dependent source terms (effe(,tlve I ) Extra fields h{0:1) needs metric reconstruction, but

S T8 £18 ~ KD OOy o

Ea=Wo(D—p+-- )5 - Sy =(6—28+27)Pp1 + -

1
1
1
(0.1) ( 7 7 7) v 1)
i /f,m-* — (L)m_' . a L)!”_.—( ) lljn
U

(DL, Wagle, Chen, & Yunes, arXiv 2206.10652)
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An alternative tensorial approach
» Wald’s formalism in GR (Wald, 1978)

———————————————————————————————————————————————

/ - — b .
; HT lhed = H 5] = S€u hea) )
I
i H : Teukolsky operator Eap ¢ Einstein tensor | ; i
' — 4 L
i T : convert metric to Weyl scalars i hay =2 Re (Sa.blI’H ): Pi¥y = -2
I‘ S : convert EE to the Teukolsky equation j Nietils teoonstuctiang]

———————————————————————————————————————————————

» An extension to bGR theories (Hussain & Zimmerman, 2022)
» The same S? operator can be applied to the EE in bGR theories
> S§20(0.9) converts EE at O(¢!, €!) to Teukolsky equation at O(¢?, €t) w! naturally decouples
» §eb(0:1) converts EE at O(¢!, ") to source terms (similar to S, S{11D),

Similarly for Sab(l’o) Needs metric reconstruction!

(Hussain & Zimmerman, arXiv 2206.10653)
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Metric Reconstruction (vacuum)
» Direct reconstruction (Chandrasekhar, 1983; Loutrel et al. in 2020)
» CCK-Ori (Cohen & Kegeles, 1975; Kegeles & Cohen, 1978; Chuanowskl 1975; Ori, 2003)

Q Relies on IRG ({*h,,, =0, h = 0) or ORG (n“hm, =0, h=0)
O Reconstruct NP quantities (Campanelli & Lousto, 1999)

———————————————————————————

I1. Spin coefficients

I
1 1
7’ -~ I I e ——————— ~
i I. Tetrad \= E Commutators i { 111 Rotate the tetrad \:
] 1
P eh(OD) = 4, b(0) (00 O = 15,0 o bt + i | p(%Y =0 |
] ] \ 1 ¥ 1
1 S S R —— s’ 1
E OrthOggnaht}’ : T et e e e \ E a©b =~V /(30,) |
]
- r(0.1) _ h%ﬂnl]lp ! ! Ill.-\N(:‘:y-fl scalls‘lrs : : p(0.1) — —@5“’”/(3\1:2) '
! 2 ; : Ricci identities : | ;
1
1
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Higher-order (modified) Teukolsky formalism
» 2" order in GR (Campanelli & Lousto ,1999): (1) x p(1.0) emp [R(0:D)]
» Nonlinear in bGR: iterate the steps at O(¢?, el) to O((™, €")

2

S S S S W S

{ )
EH(SU,O)‘II((Jm,n) - S(m,n) +S(m,n) i

geo
e R S ———— -

Campanelli & Lousto, 1999

(DL, Wagle, Chen, & Yunes, arXiv 2206.10652)
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Isospectrality Breaking
» GR (isospectrality): Both hjj; have the same frequency
» bGR: QNMs of h'© get shifted differently

e g

» Example: for non-rotating BHs in dCS, only odd

modes are modified (Cardoso et al., 2010)

: =3
I=1p ]
o
g g=32 L£=2 |
n_z‘ng‘ F_l S’ G
L S T F=1 ﬁ C.UO
glr=12 & : A
pre—— Fa0 L g it
: . I
& E w0}
:
) s5r
-1 2S =1/2 F=1 &
n=1, J F=0 |

L L L 1 L
-1.2 -0.8 -0.4 0 0.4 0.8 1.2
Re(w)

(Leaver, 1985)
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Isospectrality Breaking
» Definite-parity modes
O Metric perturbations (RW & ZM): Phﬁ_f = j:(—l)lhﬁf under P: (0,¢) — (7 — 0,6+ )
O GR: definite-parity modes of curvature perturbations (Chrzanowski, 1975; Nichols et al., 2012):

W, = Wiy £ (— 1) P Uy, PF(0,9) = Pf = f(rr — 0, + )
d bGR:

* Type D: the same definition still applies
* Non-type-D: U, is not invariant under O(¢?, e') transformations

Similar to 2" order Teukolsky equation in GR (Campanelli & Lousto, 1999)

(DL, et al., arXiv 2310.06033)
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Corrections to QNMs
» Eigenvalue perturbation (EVP) (e.g., Mark, et al., 2015; Hussain & Zimmerman, 2022)
Q HOwO =g, HOgO 4 gOHgO) =
O Motivated by QM and Poincaré-Lindstedt method
VO 4 ) x5 exp [—i ( ,(fn) + Cw};)) t+ -imd)] [wlﬁ) (r,0) + C?,bl(,i,z (r, )
Q Make H© self-adjoint
(Wim HOD)) = (HOW, [45)
O Contract Qpl(??q) with the equation

HO) + 0o, HOy) + AWy = 0
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Corrections to QNMs
» Eigenvalue perturbation (EVP) (e.g., Mark, et al., 2015; Hussain & Zimmerman, 2022)
Q HOwO =g, HOgO 4 gOHgO) =
O Motivated by QM and Poincaré-Lindstedt method
WO 4 U v exp [—i (wfy) + ol )+ imo| (vl (r,0) + Cul)) (r,6)
Q Make H© self-adjoint
Wi HOBR)) = (HOD, i) fmfr]
O Contract 7,0}33 with the equation
ﬁ“’“a 9 =10
AT 4 MWy, HOyp® 4 gy — g
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Isospectrality Breaking
» Schemetically: HU\II((]I’I) = oM (OW + OW@) \P((]O’l)
> Ansatzz 910 — oMY 4 ppwtY

WD HCUE & exp [ =i () + Gl ) t+ime) [0 (r,0) + Coly, ) (0, 0)
» Evaluation of QNMs:

1 ( (S Opu) <8“”@Mu575>) (1) (1 (1>
7 A R A = _|=w _
R \(PS™)0,uCP) (PS™)0u)) \1) ~“m A

» Solutions:

» P ﬁspv — SHv

“(n=1w)
i B Y i > U
L 72 (870 CP) + i ([0 — (PS*)| O ) — ((PS#)0uCP) =0 i
i L (S (O +71: O CP)) | (n=—1,ws)
y Yim T (0. o) J '

——————————————————————————————————————————————————————————————

Even and Odd modes

(DL, et al., arXiv 2310.06033)
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Example: dCS Gravity

» dCS Gravity (convention in Yagi, Yunes, & Tanaka, 2012)

Q Action: S = [d*z\/—g (5o R+ $9Ruupo "R¥P7 — IV, 9VHY), *RHPT = 2P R gP°
4 EOM: R,, = —2Cuw + inV (Alexander & Yunes, 2009)
09 = = Ryups™ RHP?

O Expansion parameter: ¢ = %{ (dCS), x = ;7 (slow rotation) ., ¢ (GW)

0,0,0 ILommn o0 . m,
G = G550 4 50 CXEE, 9 = T e

[ Stationary solutions (Yunes & Pretorius, 2009; Yagi, Yunes, & Tanaka, 2012)

01,00 _ 5,3 2 cos 0 oM |, 18M?
POLO) = 32 \y2cost (1+T+W)

hil 1,0) _ '5}\1' (1 n 1‘>M 4 2;_({\,:’_) sin6 | h(l ,1,0) _ =0 stlispFwise

Petrov type D up to O(x), but Petrov type I beyond O(y)
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Isospectrality Breaking
» Schemetically: HU\II((]I’I) = oM (OW + OW@) \P((]O’l)
> Ansatzz 910 — oMY 4 ppwtY

r 3

WD HCUE & exp [ =i () + Gl ) t+ime) [0 (r,0) + Coly, ) (0, 0)
» Evaluation of QNMs:

1 (8" Opuw) (80, CP)\ (1) _ (1
0.Ho) \ (PS*)O0,,CP) (PS)0,,)) \i) ~ “im 4 ,\
( i L » P 7_')8;;.:/ = SKuv

» Solutions: P

v

Isospectrality 1s broken

A

lﬁz <SMV@P»VC‘75> + ﬁ < [S,uu o (738“”)} Oﬂ,v> o <(ﬁ8#f/)@uuéﬁ> = ()
z(l) _ (8"(Ouv 4710, CP))
\ m (0uHo)

~ P v

------------------------------------------------ Even and Odd modes

N -

—
=
=
-
€
()

—

(DL, et al., arXiv 2310.06033)
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Example: dCS Gravity

» dCS Gravity (convention in Yagi, Yunes, & Tanaka, 2012)

Q Action: S = [d*z\/—g (5o R+ $9Ruupo "R¥P7 — IV, 9VHY), *RHPT = 2P R gP°
4 EOM: R,, = —2Cuw + inV (Alexander & Yunes, 2009)
09 = = Ryups™ RHP?

O Expansion parameter: ¢ = %{ (dCS), x = ;7 (slow rotation) ., ¢ (GW)

0,0,0 ILommn o0 . m,
G = G550 4 50 CXEE, 9 = T e

[ Stationary solutions (Yunes & Pretorius, 2009; Yagi, Yunes, & Tanaka, 2012)

01,00 _ 5,3 2 cos 0 oM |, 18M?
POLO) = 32 \y2cost (1+T+W)

hil 1,0) _ '5}\1' (1 n 1‘>M 4 2;_({\,:’_) sin6 | h(l ,1,0) _ =0 stlispFwise

Petrov type D up to O(x), but Petrov type I beyond O(y)
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Example: dCS Gravity (Metric)

odd.even

» Step 1: Decompose metric dg into dg
O Regge-Wheeler Gauge (10+1 =2 6+1):

|5gfb§d tho = heo s hegy hi = Regy Reg

§gSe™ : Ho — heg; Hy — her; 9 R .
Hy — hpry K — hgg hqbq.‘) o

All decomposed into harmonics (£, m)
» Step 2: 10+1 equations to 2+1

I["

LAY [I8T1]
—1LIHE [l
o 1Ak
i S
A na
1Ak

118 [T}

i‘ D\IJ + I’f e— S [‘Ilka({) \Ijk] E d) §Im(uwy) e) Alinfus) F) & (™
1 ¥
! odd . even ] a/M of/M*
| Of 2 ‘I’RWa ogo ™ Uzm | R /T -
LR A k€ (w2 i) 1 -
Only Ygw and R are coupled R.e(w_q) i ! (Wagle et al., arXiv 2103.09913)
» Step 3: Evaluate QNM shifts Im(w,) T~
. . Re(wf™™) t  ~
U Direct integration e ™)
Im (wy polar) 1 ~

DONGIJUN LI (DLLIG@CALTECH.EDU)

Pirsa: 23100095 Page 30/39



Example: dCS Gravity (NP)

HéU,U)\I,él,l) _ Sé‘}(;l)(\ligo’l)) + 5(1,1)(19(1,1),;7){0,1))

' Metric Reconstruction

i Scalar equation (IRG): ‘}
. . AxymM3w . '
i [T‘(T — 2]\[)63 +2(?‘ —_ ﬂf)ar - m — ()Ag.m] @g.m(’l“) i
! il o o o wrkR £ o ekl 2 |
: = g M (I"Z‘f-m('r) + Nem LF —m-(?‘)) - (Lﬁm(r ) + Nem "F —'m(r)) : .
 Driven by ¢(1:1)
R > ive (0,1)
Teukolsky equation (IRG): Driven by A
C(r) dmyM (i(r — M) — Mwr) B

_I_
r—7 r(r—rs)

[r('r — rs)a;? +6(r — M)3, +

= =202 [Sg2(r) + (Sib ) + emS}2 (1) + (SE() + T1emS] (1)

g e o iy

QNMs can now be computed!

(Wagle, DL, Chen, & Yunes, to submit)
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Example: Higher-derivative Gravity

» Action: S = - [d*a\/—g{R+ *Ls) + OLz) + ...}
L) = )‘ERWWRPU&TRJTW + )\ORHUPJRPJM "Ry

» Upto O(x'), the results are valid for x < 0.7

» Matches well with metric perturbations (mismatch < 5%)!

Gl o5t
| fi 1+ ] 0.3 fhu.l.l
dw,, e "--\isl:bs;,
L)

0.2 si——a L 1
= - K \ |
— 7 ] = 0.1 \ "‘-\ 1
> | __C" '\‘ |
3 3 \ \
=, ' = 00 | \ \ |
— =051 | = \
= - = \ \ i
= B \ \<
_0. . . 98 ’ /
=11 0.3 i M ;
—0.3 0w qa
-2.0 -15 -10 -05 0.0 -04 -0.2 0.0 0.2 0.4
Re(dw,) Re(dwq) (Cano, et al., 2023)
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Modified
Teukolsky
Formalism
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QNM Filter
» Invented by Ma et al. (Ma et al., 2022; Ma et al., 2023) s

Ree “'Q(t)

= After filter

» Rational Filter: aof (Ma et al.,

arXiv 2207.10870)

f 1
1 w Wimn I
:]:lmn— Wt ’ ftot‘HEmn}
: lmn Imn |
S S S S S S S ————— L4

» Useful for revealing nonlinearities, overtones, etc.

# FallFltes @ ===z
(Pound & Wardell,

f hY
I out '
DESt (Wipnn) = 0 = | FP = Bla |
: mo arXiv 2101.04592)

» Stable against perturbations to BH potential
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Spacetime Matching via Filter

Deformed BH

Modified

Filter
Teukolsky

L. : } o
Formalism 1 /L%
Spacctime Deviations '\
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Sources

L

Extreme-mass-
ratio inspirals Pulsars, supernovae

10°

Wave Milliseconds
frequency

Radio pulsar timing arrays Space-based interferometers Terrestrial interferometers

Detectors

(Image credit: Bailes et al.)
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EMRIs beyond GR _ L . o
B=<(BE+E%), L,=<(1Z+I®

]

(E, L:) (B, L)
Geodesics in a deformed BH Radiation Reaction Corrected geodesics
: H,co |2 s 2
H,oo N H, ) i
EHoo o To 1 [Hioo o B2
S W W - W S W V- W S N W S W S W W W 0 N - - - - - - - N

- ——— -

Vacuum: h’gg/,l) - (Ou-u + C-)#VCA)‘IJE)O’I)

Non-vacuum: hfﬂjl) P \P(O’l)

(LaHaye, Weller, DL, Yang, in prepare)
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