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Are all EFTs allowed?

With typical assumption that:
UV completion i1s Local, Causal, Poincare Invariant and Unitary

Answer: NO! Certain low energy effective theories do not
admit well detined UV completions

Positivity Bounds/S-matrix Bootstrap

* Place constraints on and magnitudes of irrelevant
operators in an EFT - Particular fruitful for EFTs of higher
spin particles and EFTs in broken states (i.e. for Goldstone/
Stuckelberg modes)

* Most constraints are double sided (compact bounds!)

* Bounds broadly consistent with naturalness/EFT power
counting arguments
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Non-relativistic Causality/ Analyticity

Causal propagation:

Groa(t.') = 0t — ') A(t. 1)

In momentum space:

Gret(w) = / dt e Gy (1, 1)

— 0

:/ dt e"TA(t,0)
Jo

Analytic in upper-half complex plane

Causality implies analyticity!!!!
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Lets add relativity!

Suppose we have a scalar operator O(x)
Relativistic Locality tells us that ......

(O(2),0(y)] =0
if (x—y)* >0

Unitarity (positivity) tells us that

(W|O(f)?|) >0 where O(f) = / | d*a f(2)O(x)

Pirsa: 23100059 Page 5/45



Kallen-LLehmann Spectral

Representation
Together with Poincare invariance these imply:
HOIFO@OWNN = [ 42K eike-ngp (k)
] )(x)O(y | (Qﬁ)d 10K
; Z e ) 5 2\ N N [)(f()
i — - o — Kiag ) LLL s
Golk) k2 +m? — ie eSS el ,_/4,,,2 dﬂ;_t.f\' (k2 + p — ie)
N -1 .
(k) = ST (k) lim p(p) ~ p 2 I = [A —d/2
S(=k?) ; L(—k?) ;Hm/(ﬂ) L N =[A—-d/2+1]

/A UV Conformal weight
Positive Spectral Density
as a result of Unitarity p(pe) >0
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Analytic Structure

Define complex momenta squared 2= —k* + e

Pole Branch cut

Z , v o[ p(1)
+5(z) + 2 d
m2 — z (2) f4,,,ng i Y (e — 2)

(;() (:,) —

Physwal region

Im(z)
o= N e R
m? 4m?
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Analytic Structure
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m2 — z (2) f4,,,ng i Y (e — 2)

(;() (:,) —
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Region of Validity of EF1T

Physical region

Im(z)
r'y
= S Re(2)
m? 4m? A2

LEEFT valid here, can calculate pole

and LE part of cut .
S UV completion

- unknown?
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AI]&IY[iC Slrllctllre_ 2: de Rham, Melville, AJ'T, Zhou 1702.0857

Bellazzini et al 1710.02539

Move the branch cut! de Rham, Melville, AJT 1710.09611

Physm‘al region

Im(z)
Re(z)
o=
A?
| | 7 £ (1)
. N PLH
70(2) =Go(2) - —— — 2 / G
: m2 — z b W2
@)= 500 N - / f’(ﬂ') \ .
Tol2) =5(2) + 2 1 e Calculable in

EFT
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Linear Positivity Bounds

p(1)
uN(p — 2)

GH(z) = ,s'(,-;)+,-;“"/ dyu
JAZ

M >N

1 dM > p(pe)
) Ne =& = .

| )
Dixel ) = dpp—r—
m(0) /A~ N’uﬂ-fﬂ

Dr(0) >0 Dar(0) > A2Dar41(0)

Positivity of these integrals enforces positivity of combinations of
Wilson coefhcients for Irrelevant operators
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Nonlinear Moment Positivity

\1L1t|1\ by \[!L;H]L;\ In 1800s. ;1}\}\]!0] to \g';itlg‘{lng ;1m[\||[ur|g\ }N)\l[l\l[}' n ]t)*j\‘_? ]\,l.']U\k'”LILUI

111

Du(© = [ a2 _ (L,

\ ‘,."\.‘"

)0, 4 M ¢ ) )\ 2 -

> Dapspeqy”y" = (MO yPu?)?) >0
P.q 0 P 0
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Nonlinear Moment Positvity

\Lﬂlh h\ \[l(;][p;\ In 1800s. ;1}\}\]“;(] to \ui[[uln m[\h[ut]L\ }Nl\l[l\l[\ m 197 ” ]\g]Ll\gll 1[U|

In: Arkani-Hame ].Hu_m‘.”nmgl FT-Hedron 2020
Bellazzini et al, Positive Moments .., 2020
p(1) 1
DAI(O) = . d L#ﬂf-l-l (Z}'\T)

Simply example Cauchy-Schwarz:
.\[ N . D 2 .‘"\‘I D ::\'r * .\[
(7 4 A% 20 Dnyne Dapg

Doy Dan > (Dnaar)”

‘positivity of 2 x 2 Hankel matrix’

Repeated use of Cauchy Schwarz:

DQN 2 [))*I\ [
D
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What does this tell us about EF 17
e.g. Suppose scalar field in EFT with tree level action .......
D‘E D:}‘, .

S = / d*xO(2)[0 + a 12 + az Al +...]0(x)

Tree level Feynman propagator 1s

o 1
('f()(:) - 2 3 o4
2z + aj ﬁ + (?QT + (]’;‘;."\T + ”’IT o

|

9 ‘ - . 9 ‘ 9
() = (1 + (a2 —ay) + ”'l; —2ayay Y ag 5 ay — 2ayaz —as + 3ajas —a II 3
'{) & _— ) - &
A A4 AY A®
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What does this tell us about EF17?

2 3 e B 2 0 2 1

~ (1 > — ay) ay, — 2a1ao + ay 4 (g — 2a1ay — a5 + 3ajas —a, .

GhH(z) = ! : (a2 s+ 2 e ;‘_'+ ! S = - I:"+O(:1)
o A2 A? A® A® '

ASSUming no j\'r ()

sll])tl';u'nuna

. 2
: a >0 ao > a3
Linear i 2 =
Positivity Bounds: a;, — 2a1as + az > 0
L ay — 2ai1a3 — aj; + 3ajaz —ay > 0
NonLinear )
L 9 . B -
Positivity Bounds: DsDy > Dy — aaz—a3; >0

DsDS = Df H ‘2D§(D2D0 - Df) >0 — (14(1-? - (13 > ()
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Al particles are elementary, but some are more elementary than others. (Abdus Salam 1960)

S-Matrix lore

1. Unitarity Stg —1 |A(K)| < ael Ik

2. Locality: Scattering Amplitude Polynomially (Exponentially) Bounded

3. Causality: Analytic Function of Mandelstam variables (modulo poles+cuts)
4. Poincare Invariance

5. Crossing Symmetry:  Follows from above assumptions

6. Mass Gap:  Existence of Mandelstam Triangle and Validity of I'roissart Bound

Added Ingredient: Crossing Symmetry
s-channel u-channel

A+B—>C+D A+D—-C+ B

q\/ﬂ/pg s=—(p1+p2)° R\{//R

t=—(p1+ps)

- .
Pant N
R R

U = —(pl -+ p_,)" — P4 —P2

Pirsa: 23100059 Page 17/45



S-matrix analyticity
Punch Line:
[n a theory with a mass-gap, the 2-2 Scattering amplitude A(s,?)

. . - . - -~ _ 5 .
1s an analytic function of s at fixed t < 4m* with poles and
branch cuts in physical places.

d/'Im[A(s,t)] > 0  Unitarity of partial waves  Im[a;(s)] > 0

Jin and Martin bound (1964) |A(s f)‘ < g° 0<t< 4m?*

We can write a dispersion relation with two subtractions!
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1970’s Positivity Constraints

Positivity bounds first developed around 1970 - many
different statements and difterent methods - including
ones that emphasise use of full

Positivity refers to restricted requirement

[m(a;(s)) >0 s > 4m?
. - 111 ’ (as used for example 1n S -matrix
as opposed to full unitarity! 13.,‘,“'..,1-1 I{\I?“wn_‘
0 < |ay(s)]* < Imay(s) <1 s > 4m”

Focus mainly on bounds on partial waves a;(s)
in ‘unphysical’ region () < s < 4m
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Partial wave expansion

Partial waves can be inferred from amplitude by
orthogonality of Legendre polynomials

t)f
= 1067 _)/ P |14+ —— ) a/(s
. \/s — —lm~ — 1 ( i s — —lm-) ai(s)

(1[ \/S — 4”3‘ z=cosf =1 + Zf/(,g B 4.”?.2)
]()Tr
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Froissart-Gribov representation

I
fi(s) = = / dz P(2)A(s, 2)

A

and dispersion relation

-~ -~

A~ ~

- - / <] ‘I r) ::,
Using Q;(z) = > / d>' d 2
2 )1

- w(dm?2 —s) | 4m? — s

4 »00 “ A7)
L — / dpe Q) (—l -+ L) ImA(, s)
0

[=2.4.6... Odd partial waves vanish by t-u crossing symmetry

[ =0 determined l)}_' subtraction function so no obvious positivity

Pirsa: 23100059 Page 21/45



Froissart-Gribov representation
Using integral representation:

—1l-1

Qiu(z) = ] / d6 (a + (22 — 1) cosh 9)
0

One can prove:

4 oY e ) p -
fi(s) = ~ / djt / dO(z(pe) + (z(p)” 1)(j*(_')sh(_))_’_'L.l_m‘-l(;f..«)
m(dm= —s) Jy J0
[ =2.4.6 (1) = —1 + 21!
, = 4.4,0... ) = — - o
l 4m? — s
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Stieljes argument

-.)
(j) = —1+ —=
n n ) dm= — s
S8 frpeaty =
p=0 qg=0
4 h N (N2 —1—1
— dyt dB(= () + (z(p)” — 1) cosh f) |
m(4dm= —s) J, Jo
{Z w / dO(z(p) + (2(p)? =A) cosh @) 7| TImA(u, s)
p=0U v U
Positive for s < _1]))2 Positive for s > 0

Totally Positive for 0 < s < 4m?
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2000-2020’s Positivity Constraints

Key difterence to 1970’s

* Greater emphasis on constraints on Low energy
eftective theory Wilson coefhcients rather than partial
waves themselves

* Primarily interested in physical scattering region
rather than Mandelstam triangle

* Application to theories without a mass gap (assuming
weak coupling)
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Scattering Amplitude Analyticity

Im(s)

F 3

Complex s plane Physical scattering

region is S > 4m-

. N _ R Res)

. 9
crossmg: y =4m= —s—1

At ALl @ Iml AT e Im(A i
Ay(s,t) = .;() - .,(') + (eo(t) + e1(t)s) + S__[ dithS ) + = / du—m.g (b.1))
m= —s§ m® —u T Jam?2 K= (p’ = S) T Jam?2 Pb“(ﬁ oy ’U,)
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‘Improved’ Scattering Amplitude Analyticity

Im(s) \ . . : :
i Complex s plane Physical scattering

region 1s S > 4m-

_MI{O( s)

. 9
crossmg: y =4m= —s—1t

2 Im(As(p.t 2 Im(A(p.t
-’41("” =co(t)+ 1 (t)s + — f}f)( s 1) + il ”’J)(_ s(ps 1)
T Jaz (g —s) T Jaz e — u)
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Fixed t Stielgjes Positivity Bounds

1 dM ). 1) = 1 /'3‘ ImA (. t)+ImA(p,t) 5 0

— A (2m* —t/2. . ‘ ‘
M) dsM 3 / J a2 “ (11 — 2m2 + ¢/2)M+1
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‘Improved’ Scattering Amplitude Analyticity

Im(s) \ . ) : .
A Complex s plane Physical scattering

region 1s S > 4m-

o N Re(s)

. 9
crossmg: y =4m= —s—1t

2 Im(As(p.t 2 Im(A(p.t
-’41("” =co(t)+ 1 (t)s + — f}f)( s (1) + il ”’J)(_ s (1)
T Jaz (e —s) T Jaz e — u)
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Positivity of Goldstones and Pions

[ N. Pham and Tran N. Truong (1985)

I | S .
Consider Goldstone EFT £ = —;(()cyf))‘ - #((.)(p)*

Positivity Bounds: P2 A — S
) 07 A A > ()
Consider pion chiral Lagrangian
o= 5oz Tr((8,MM", 8, MM' 1) + L5 (Tr(3,M 8,M")

790 (s,0,u) =

f; l[(s—Zm,..z)gf(u 2m,2)t=2(t— 2m,..’)‘]+—%f—f: 2mgt)?

T8 (s, t,u) = ;21f]"[(sflm,,?)“r('thm,,’)?ﬁ—(u 2mg)?]
€ Ja

Positivity Bounds: L ~ () v >0
o __) - -
f)’_l
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Fixed t Stielgjes Positivity Bounds

1 dM ). 1) = 1 /'3‘ ImA (. t)+ImA(p,t) 5 0

— A (2m* —t/2. . ‘ ‘
M) dsM 3 / J a2 “ (11 — 2m2 + ¢/2)M+1
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Positivity of Goldstones and Pions
[ N. Pham and Tran N. Truong (1985)

I | N
Consider Goldstone EFT £ = —;(()cyf))‘ - #((.)(,{))J‘

i . C
Positivity Bounds: (‘_-);’4_4“;, — — >

A4

Consider pion chiral Lagrangian

Lo= 1 Te((8,MM', 5, MM' 1) + 25 (Tr(8,M 8,M") 2

790 (s,t,u) = I—;}—ql[(s —2m, ) (u—2m, )= 2(1—2m, )] + —e%#n—zm,?)? ,

Tg)(f,f.u)z:;zlfl‘[(S*ZH!,,Q)Z'JL(-ifzm‘,z)?"’(tf 2mg)?]
€ Ja

Positivity Bounds: L ~ () v >0
o __) - -
()’—-
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Positivity Bounds = (Sub)luminality

Adams et. al. 2006
For Goldstone model:

, | R C i
L — _;(()(,)) + F(()(,))

e

Positivity requires: c> act >0

: : _ 2 C 90
(Sub)luminality requires c;=1- FO < |
Positivity of scattering time delay: c>0

Makes sense since positivity derivation relies on
Analyticity=Causality
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de Rham, Melvill AJl Zhou 1706.02712

Scattering of all spins

I\-t JT;iH\L’l‘ 105

Helicity Transversity

N o— N
P/V\ P/'\

T, = N\ u u % Hl 2 H
TIT2T3T4 — ._J \ 1 Unor Ursag Urgag TEALA2A3 )4

Change of Basis 'u,f.r = (S, )\|€7z2 ‘e Jy@igjzwa T)

T e ) —e TN EgT (u,t,s)

T1T273T4 =) =Ty =Ty=~T5
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Scatteringe of spin states produces compact bounds!
he)

(,ln;un::' and Remmen 20106, Alberte, de Rham, Momeni, Rumbutis, ;\_]']' 2020

(1) 2 (2) 4 2
Yy = (e h,m*] s Yy = (M .!;u']
9 9 9 9 9 9
ym=Mp, ym=Mp, ym=Mp,
L. E ki 5 SR APV ihiniiat' 3 TR OO VRN il 32 5 ] M
int — 9 | ~hh{ 9 25h ] / hhff
02
T
2 6
0.1 5
! ¢ =0 5:4 c;x hh—hh
dy 0.0 p K4 : PR 3 o ff
0 =3 2
1
~01 ey =35 H
1 . €8¢ um 5 10 15 20
=M
my
=0.2
0.0 0.1 02 0.3 10 15 20
€y 2 4
0.2
3
01
2
1 ¢ =0
‘ X3 hh = hh
d 00 | . Ka . € =021 1 hf = hf
0\ ¢y =026
~0.1 ¢y = 02907 0
1 v €y = Cipax
-02 lﬂ(] 02 0 06 08 10 5
00 01 02 03 10 15 20 ¢ 4 1 1.2
=Y Ky €
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Crossing Symmetry

Mandelstam
triangle

AY

u= (m+ .Ul"\\

Physical

\

threshold
region

s-channel

N

u-channel

a9 o

. T 11 (s — pp)® 1p)*
a(t) + / = — [ M b M ] lmA(pe.t)
Jamz Tt ,{l,,]" U s Jz il

2

= 1t (t— )% 1p)?
— a(s) 4 / | y : { Hy . U — [y ]|lll_1t’/i..~]
J4m?2 ’Tt.," lr“p.}_ I t M [
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Partial Wave Expansion

Partial wave $(s.t) = Fla) 5 i 20 4+ 9¢ )(.-,{n] 080) ) . D-3
B \
(Gegenbauer polynomials
Positive \pm‘tm[ Pralpt) = 3 3 s 5 (.2( - 20 _)IIH(I; (p1)C ': ;( 1)
Density (e — pp)” (pe — dm=)"
> ()
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NUll-ConStI‘alntS AJT, Wang, Zhou 202

Caron-Huot, Van Duong 202

’ QH ) pst(s? — t2
0= A(Hf) - A(f H) — Z / (//!/)LH(I!) ! Dt '( 5 ) + .. ]

(

0 Hpe=({+D—3)4—-5D—2(3— D)t +2°

' Hr
5 [ o et 122

2
-

/

From Cauchy-Schwarz:

e 3 )2_ 2D — 3) + 202 2(-\- 2D :Hn’+2("')3
(_,r-mm 21 (D —2)p ( (D —2)p )

ZERO!!
BUT!!
(2(D = 3)0+20%)? = (5D —4) [2(D — 3)( + 2*] +2Hpy

hence: Flo.0 G . 5D —4 /2D - 3)¢+ 26
£(0,0) o+ —}_t” = ey (D — 2) 2
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Two-sided bounds!!!
given: <<2([()D:3)é);22z2>><;((2([)([)3);;2@)

then:

,f(-u.il.) 3 2 ) 'fm.'_l.) 3
(f{[}‘ll) + E ) ~ (D* 2)4\_) (f(l].l]] -+ ‘::); )

3 _fOY  5D—4
2A2 ~ (000 T (D —2)A2
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Weakly Broken Galileon

1 m? 1 1
Al(s.t) ~ -T + — —1c 4 ...
&8~ 3P (A?; BEVE v )

3
/#
not Supprcsscd SLlpp[’(.‘SS(‘C]
\\ Contradiction!!!

No local UV completion
for weakly broken
(Galileons
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Al(s t) = D cpqult!

p.q=0
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Compact positivity bounds and causality

Carrillo Gonzalez, de Rham. Pozsgay, AJT ‘Causal Effective Field Theories” 2023

For Goldstone model:

. o 8 ( .
L = ;{(.)u_}') :m"u" | J_\{(.)”}_; | &((‘)t}]_)

_\l _\h

) . g12 .
(@) (U”}JJ T \S((“.,rw]-)}-) ."/umllvr“‘/

Causality /

Bounds /
/
/ Causality
Violation

/
J

\ Higher

Multipoles

Causality =
positivity of Eisenbud-Wigner
scattering time delay

Positivity
Bounds

£ Monopole
(.)(5 {

Ow 1

ATy =2
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Including massless gravity
- (-
Caron-Huot et al, Sharp Boundaries tor the Swampland, 2102.08951
Key 1dea
Construct quantity which is not obviously positive, but 1s well
defined for t < 0 such that the two subtraction dispersion
relation can be used

Find functions f(p) such that where t = —p?

'ﬂl
. 1 5 .
/ dpf(p) [;(‘);A(s. t) + .. } > ()
{ e

J0
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Positivity of Goldstones coupled to Gravity

Caron-Huot et al, Sharp Boundaries tor the Swampland, 2102.08951

Mt

LET

D=6
D=7
D=8

100

D=9
50F — D=10
D=11

n M? D=12
S &

Caron-Huot et al. .‘\|1Lu'p Boundaries for the Sw Lll'l]}'rldllf]‘ 2021

In 4,]_) C> — II 5 -]T]Ug(_]-’rﬂ[bmnx)

) PR R e - e '
Prey l”US[»\ conjec tured form in Positivity Bounds and the Massless Spin-2 Pole

Alberte, de Rham, Jaitly, A]T 2000
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‘Causality constramnts on corrections to Emstem gravity’

Poqlll\flty Of EFT Caron-Huot, Li, Parra-Martinez, Simmons-Duffin 2022

‘Graviton partial waves and causality m higher dumensions’
Caron-Huot, L1, Parra-Martinez, Simmons-Duffin 2022

al ‘\1 L
()‘[’ CI r‘clV] ty ‘Crossmg Symmetric Spinning S-matnx Bootstrap: EFT bounds”

Chowdhury, Ghosh, Holder, Raman, Sinha 2022
‘Constramts on Regge behaviour from IR physics’

1 [ — 1 ’ ot de Rham., Jailty, AJT 2023
— rfl_r'\/—rj[fI’—— (fl;qli’t'“+n;;!’f['”)
67 (s ' 3! y

L

/ 2).9 = (9.9 . 2 5 (9) .
l(nl{_]?[‘J}‘ 4 r)’l[R[')]' t -_)“l[]a[-J}?E-J) 1 ‘ + Smatter

1(2) 1 pa H(2) il po r — 1 af
R = Ry PP ') = Ry PP Ruvpo = Seuw P Raspor
B®) = Ry P By O Ros™ . RO = Ry Ry P R
_;;-;—4\-t——ﬁfl-; 91 —-‘*W(rr(lll-%ll’l), 4,‘1 —“\I';'(.;lw"ll—n,l—f—u.ll]
- s ——— _— . . s . A SR
§ Caron-Huot, L1, Parra-Martinez, Simmons-Duffin 2022
B a
s 0 & '
iy = ‘\‘
L \“ "
'.' -5 \‘\‘ o f:
. k A N
" LY .
. | " -2
o -10 ~
v 1 "\,
/S s 4
!”
[— remre o p— 0 5 10 15 0 2 4 6 8 012
0 2 4 6 8 0 12 P VB ol M

G M /(87 oa( M mm)
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* Positivity Bounds are very powerful at constraining
irrelevant operators in a low energy EFT

* Full crossing symmetry implies on
Wilson coefhcients

* Strong constraints on interacting massive spin theories and
supersoft theories

* With some assumptions can be applied to gravitational
effective theories

* Results broadly consistent with expectations of naive EFT
counting/naturalness arguments

William Blake, from “T'he Marriage ot Heaven and Hell’
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