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Overview

* Introducing QPV + INQC

* Warm-up: Clifford group protocol
* INQC for circuits with low T count
* The garden-hose model

* INQC for circuits with low T depth
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Position Verification
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Prover convince verifiers he is at a particular position

Assumptions:
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nothing faster than speed of light
verifiers can coordinate

disregard local computation time
(for now)

Page 4/49



Position Verification
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Verifier 1 Verifier 2

Prover convince verifiers he is at a particular position
Assumptions: . nothing faster than speed of light
verifiers can coordinate

disregard local computation time
(for now)

attackers are a coalition of (fake) provers
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Verifier 1 .@ Verifier 2

What to do?
Switch perspective:

INQC
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Verifier 2

What to do?
Switch perspective:

@ INQC

Verifiers check that they received
the correct quantum state in time
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INQC pES(HyQ Hp)

Good protocol means:

IPC) — (A2 @ B)(A1 @ BI(® 0. <€

Pre-shared state n

Alice and Bob perform an operation
with only a single round of simultaneous communication

o= ®(p)
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General protocol: port-based teleportation
* Harry’s Monday talk

8n
* [Beigi Konig 2011] O(n 26—2) EPR pairs

Ishizaka-Hiroshima [2008]
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* But what if we want to

do a simpler operation? . .

- n gubits cost ~2" EPR-pairs
oo T

complicated
measurement

s,
M
—

—
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Teleportation = Naz( )

1 0 0 -1

. 1 Y
EPR palr.ﬁ|00)+ﬁ|11)

O O

Teleportation transfers quantum information using classical bits + EPR pair
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The Clifford group

. 11 1 1 0 010 0
Generated byH—\/E(1 _1),1’ (0 1) CNOT—<3 00 1

* Commutation maps Pauli operators to Paulis (normalizer of Pauli group)
e.g. HX =7H, PZ =7P, PX = XZP

Interaction with teleportation corrections:
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The Clifford group

. 11 1 1 0 010 0
Generated byH—\/E(1 _1),1’ (0 1) CNOT—<3 00 1

* Commutation maps Pauli operators to Paulis (normalizer of Pauli group)
e.g. HX =7H, PZ =7P, PX = XZP

Interaction with teleportation corrections:

Pz a7deRp
HXxezb = xbzaey
CNOTX®zbixazzb, — xaizbi+bz yai+az 7zb2CNOT
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The Clifford group

. 11 1 1 0 010 0
Generated byH—\/E(1 _1),1’ (0 1) CNOT—<3 00 1

* Commutation maps Pauli operators to Paulis (normalizer of Pauli group)
e.g. HX =7H, PZ =7P, PX = XZP

Interaction with teleportation corrections:
Pz a7deRp
HXxezb = xbzeq
CNOTX%1zZb1 X% zbz = xa17b1+bz ya1+az 7b2cNOT

* Not a universal gate set
Classical simulation possible
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Warmup: clifford group protocol

IS Clifford unitary C
l@&_/(« 2n qubit input [1)
n qubits n EPR pairs

1" @ X170 @ - @ X Zbn|yh)

G

CI®" @ X120 @ - @ XU ZPn)[y) =
(x24 @ - @ X Z%n)Cly)

Send Bob’s n qubits back
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Warmup: clifford group protocol

/ Clifford unitary C
l@&_/« 2n qubit input [1)
n qubits n EPR pairs
®" @ XUZV1 @ .- @ X ZPn|yh) Send ¢y, ..., Cp, dq, ..., dy

G

CI®" @ X120 @ - @ XU ZPn)[y) =
(x24 @ - @ X Z%n)Cly)

Send Bob’s n qubits back

Locally apply Locally apply
X175y X e XCnZ0n X Cn+174n+1 (%) oo XCangzdan
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Extending the gate set:
1 gate

T gate (also known as g gate) isgiven by T = (é ei,%)

Clifford+T can perform all guantum operations (universal set)

T gate on an uncorrected qubit:

TX = PXT
TZ =27T

TXAZP|Y) = PEXAZPT|y)
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Extending the gate set:
1 gate

T gate (also known as g gate) isgiven by T = (é ei,%)

Clifford+T can perform all guantum operations (universal set)

T gate on an uncorrected qubit:

TX = PXT
TZ =27T

TXAZP|Y) = PEXAZPT|y)

Handle the unwanted P gate in some way
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Overview of results

Py

m,
{I1---|
- -

lp | . B )
\ ; J | Y J
T-count k T-depth d
Entanglement 0(n2%) Entanglement 0 (n%)

(No error, exactly simulates the circuit)

Also see: Monday’s talk by Anne = with PR-boxes we can do INQC of all poly-size circuits efficiently
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— LG 5. MURRRECR & 5. G |—

— I — _T_ I

(

v
k times

Step 0: Bob teleports his n/2 qubits to Alice, holds XPx Zb0 z|Yo)
Step 1.a: Alice performs C1XbOZb0|l/)0) = XbleZClltpO)
Step 1.b: Alice performs T on some wire wy
T, XPEZP2Cylipo) = PO XPXZPTCyipo): = Ry XP¥ZP2 i)
with b the w, entry of b}
Step 1.c: Alice teleports all qubits to Bob

Bell measurement
——
Y
—-— e -

e o e o e o Ee Em ww
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— LG 5. MURRRECR & 5. G |—

— I — _T_ I

v
k times

Step 1.d: Bob undoes old Paulis and applies (P,f,’ll)
1
(RE,) X%=ZRp |,) = 24P XU 2% i)

-1

Step 1.e: Alice corrects extra Z if needed. Now one of the groups is back to starting invariant!
=>» Alice holds the qubits and Bob the teleportation corrections
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Step 1.d: Bob undoes old Paulis and applies (Pvfi;)
1
(RE,) X%=ZRp |,) = 24P XU 2% i)

-1

® \
w @ ®

Step 1.e: Alice corrects extra Z if needed. Now one of the groups is back to starting invariant!
=>» Alice holds the qubits and Bob the teleportation corrections
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— LG 5. MURRRECR & 5. G |—

— I — _T_ I

v
k times

Step 1.d: Bob undoes old Paulis and applies (Pvfi;)
1
(RE,) X%=ZRp |,) = 24P XU 2% i)

-1

s By )

@Y
Q@Y

Bell measurement

M o — — e —— —— —

Step 1.e: Alice corrects extra Z if needed. Now one of the groups is back to starting invariant!
=>» Alice holds the qubits and Bob the teleportation corrections
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Step i: same as step 1, but Alice acts on all 2!~ groups in parallel!
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. T . . T .

- - - T -

— Co HTCi— -+ —Ca-1HTCq—

o T — — T s

- T . - -
T-depth d

INQC with entanglement 0 (n%)
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Main Lemma

Local
operations

X9 YO ZhC YD 1y, ! y'

Consumes ebit dependent on garden-hose complexity of f
Garden-hose complexity of g, h is linear in garden-hose complexity of f
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The Garden-Hose Model
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The Garden-Hose Model
£:{0,1}" x {0,1}* - {0,1}

f(x,y) = 0 if water exits @ Alice
f(x,y) = 1if water exits @ Bob

(
(

(

y € {0,1}"

(

(

( )

= based on their inputs, players connect pipes with pieces of hose

= Alice also connects a water tap
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The Garden-Hose Model
£:{0,1}" x {0,1}* - {0,1}

f(x,y) = 0 if water exits @ Alice
f(x,y) = 1if water exits @ Bob

y € {0,1}"

= based on their inputs, players connect pipes with pieces of hose
= Alice also connects a water tap
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Example: Inequality on Two Bits
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Some facts about Garden-hose complexity

* Inspired by attacks on routing QPV protocol
* Every f has GH(f) < exponential

* f inlogspace = GH(f) is polynomial
* Using Barrington’s theorem (see Harry’s talk)

* exists f with GH(f) exponential (counting)

* for g € {equality, IP, majority}:
GH(g) =n/logn

* using techniques from communication complexity

irsa: 23090021 Page 31/49



The garden-hose complexity describes how much entanglement we need
to undo a correction. Example:

Apply

B
P =
9 Il
I i
)

Q000
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The garden-hose complexity describes how much entanglement we need
to undo a correction. Example:

y=0 y=1

e==0 &

x=1 O

x@®y="0 O )
@

Apply \x Py=1

One of these equals -
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Observation 1: Previous attempt would lose track of qubit,
but we can repeat the protocol in reverse to find it again

b
2
=3
-]
&
b =
& @
= -
Il Il
= [==]

One of fhege equals

¥ on
& & = =
4 4 1 |
Il B F €
-
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Observation 2: the garden-hose complexity of computing the Pauli corrections resulting from
teleporting a qubit back-and-forth k times is linear in k.
“The garden-hose complexity of executing a garden-hose protocol of f linear in GH(f)”

Olv)
Qr 1,0z
EPR pair 1
O O
" b.r.bbz.l
EPR pair 2
O O
aJ‘.Q- 02.2
EPR pair 3
O O

- * 7. tap
( ]1 ’J,-.1=” ()_,\1:1
.'\’l

g, o0=0 a;os=1 I )

I
( : (out if az,1 ® by1 B ax2 =0)

(out if az,1 € ben B az2 =1)
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Correction to observation 2: The protocol is not just teleportations, but
also involves some inverse phase gates if f(x,y) = 1 —what about the Z

correction?

Unique-output GH protocol

for f(x.y)

(Lemma 1)

Compute correction using
7 outcomes

tap @ —
f(z.y) =0
flxy) =1
() &—
() &

. T z
Compute correction using

X@PZ outcomes of first part

e = - - s s e s e s seesEs e EmEEEm- - - -

Compute correction using
Z outcomes of the rest
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Lemma proof

Alice starts with P& |y, x
Bob starts with vy

* By observation 1: Alice and Bob perform the protocol to undo P,
using 2GH(f) EPR pairs

X9 YDz D 1), & y'

* By observation 2: GH(g) < 4GH(f) + 1, GH(h) < 11GH(f) + 2
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- - - T -

— Co HTCi— -+ —Ca-1HTCq—

o T — — T s

- T . - -
T-depth d

INQC with entanglement 0 (n%)

We now know how handle T gates, put it all together
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Proof sketch (INQC for T-depth)

* Every step, Alice holds qubits of the form ®; X9i(¥¥) zhi(x.Y) |1)))
with x, y teleportation corrections of Alice, Bob

e Clifford step: permute and sum functions
* GH becomes approx < ».,; GH(g;) + GH(h;)
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Proof sketch (INQC for T-depth)

* Every step, Alice holds qubits of the form ®; X9i(¥¥) zhi(x.Y) |1)))
with x, y teleportation corrections of Alice, Bob

e Clifford step: permute and sum functions
* GH becomes approx < ».,; GH(g;) + GH(h;)

* T layer step:
* For each qubit, GH(g’L.) <4GH(g;) + 1and GH(h';) < 11GH(h;) + 2

* Together (with some extras): complexity (68n)%
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INQC overview

Cratope  [Res

— 1) H0(m)
General circuits [Vaidman 2003, BCFGGOS 2011] 2'°8@ 2" EPR pairs
8an
[Beigi Kbnig 2011] O(n 25_2) EPR pairs

Two qubit circuits [Gonzales Chitambar 2019] 8 log(%) + 22
Clifford + T-count k 0(n2%)
[Broadbent 2016] O(n + k) with PR boxes (Monday talk)
Clifford + T-count d 0((68n)%)
Small light-cone circuits [Dolev Cree 2022]
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Bonus application: distributed computing

* Quantum computation over
spatially separated locations

_._
* Normally executing U .
takes time 2d v
(send relevant qubit
back and forth) — wmB [
i - o . .
* Improved to ‘B I_

time d, since we can make the
communication simultaneous

* Trade entanglement for time

* Faster intelligent routing More room for speed up

with more parties /
repeaters?
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Bonus application:
Homomorphic encryption

Classical case

Encrypt data so that another party can perform calculations on the

encrypted data

Many
applications

Pirsa: 23090021

CHILD

Tagging

CAT

u Google DeepMind

CHAIR
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Quantum Homomorphic Encryption

Encrypt quantum state, instead of classical data
p — QEnc(p)

Execute quantum circuit on encrypted data

B

(p]

e

H

Quantum one-time pad < uncorrected quantum teleportation
We can use the main lemma as a starting point

[DSS 2016]
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Open questions (many)

* What about other circuit classes?
* Fermions / match gates, CV, qudits...

. Neva/ tlr_;cks such as code-routing [Cree May 2023] better than garden-hose
model:
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Open questions (many)

* What about other circuit classes?
* Fermions / match gates, CV, qudits...

. Neva/ tlr_;cks such as code-routing [Cree May 2023] better than garden-hose
model:

* Resource-bounded version with more parties? Extending [Dolev 2019]

* Optimal error-dependence for INQC? Most protocols grow lc, is this
fundamental? Exception: [Gonzales Chitambar 2019] ¢

* Lower bounds?

* (Details:) (68n)% is clearly not the right number. Proper gate teleportation easy
way to reduce this.
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