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Abstract: In this talk | will present recent results about the computational complexity of determining homology groups of simplicial complex
fundamental task in computational topology. In arXiv:2209.11793 we showed that this decision problem is QMA1-hard. Moreover, we showe
a version of the problem satisfying a suitable promise is contained in QMA. This suggests that the seemingly classical problem may in
guantum mechanical. In fact, we were able to significantly strengthen this by showing that the problem remains QMA1-hard in the case of
complexes, a family of simplicial complexes specified by a graph which is relevant to the problem of topological data analysis. The proof con
a number of techniques from Hamiltonian complexity and homological algebra, and is inspired by a link with supersymmetric quantum mect
In this talk I will focus on how the link with supersymmetry inspired the result, and explain the intuition behind the proof.
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Supersvmmekrj LA quahkum complexitj:
clique Homol.ogv s QMA1-hard

Joint work with Marcos Crichigno (Imperial. College
London & QC-ware)

ATXLV:RR209,11793
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The komotogj Probl.em

Does some manifold have an L-dimensional
hole?
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SEMPLECLQL l«omoi.og'j Frc}bl.em

Does a si.mpi.ici.at compl.ex have an L dimensional hole?




Iv\depehdev\ce homolo Probtem

Griven a (si_mpl.e) graph & = Lﬁijpzﬁi:&

sets

B—E.v\depehdeh&:

Does the independence complex of a graph &
have an L-dimensional hole?
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Why is this problem
interesting?

o Clique homology has applications for

topological data analysis - a Pracl:ucai.hj ﬁ-
useful FrobLem (LL et al, 2015)

o There is a quantum algorithm for a
closely related Probtem - cawn that .
algorithm be dequantised? (Lloyd et al, fe" &,
2014) 5 C =
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What was known aboub iks
camptexi&j?

The question of the complexity of
simplicial homology was first defined €—NP-hard
formally in 2002 (Kaibel-Pfetsch, 2002).

Clique homology was showh to be
classically hard in 2016 (Adamaszel-
Stacho) a\&kougk itk wasnt lknown
whether this held in the regime where
the quantum algorithm performed well
(u,nl:a. Ltojd-Schmidkuber 2022),

6
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Cur main resulks

retains its hardness when restricted to €~ QMA;-hard

cases where the quantum algorithm for a
closely related ProbLem performs well

Clique homology is quantumly hard, and \
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Cur wmain resulks

Why should this (seemingly classical problem) be
related to quantum complexity classes?

Y Homology

-

Quantum Computing SUSY QM




Outline of talle

Overview of gquantum complexity theory
The homology Frobl.em

Supersymmetric quantum mechanics
Overview of proof

Fubture directions
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Quankum comptext&:j Ekeorv




Comptexi:&j class QMA

QMA is the class of problems that can be checked
efficiently on a quantum computer

7
> 2/3 4 yes

w> —» ‘P(YE‘S){

<1/3 ¥ no




Comptexi&v class QMA:

A common choice of universal qate set is:

¢ = {H,T,CNOT},

1 00 0
7 1 0 . 01 0 0
] ) T‘(U eq ) GRGED = 00 0 1

00 1 0

However any set {CNOT, Ut is universal f U is basis changing.
We choose {jC.NOT,U,To-ffoLL} with:

U=l 3 & "Pythagorean gate”
S\-4 3
(Rational coefficients -
-+ important for proof)
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What sort of problems are characterised by QMA?

Local Hamiltonian Probtem

Given a k-local Hamiltonian acting on n spins H = Z h,

X

|
Fol.j(n)

Promise: either Ey<a or Ey > b where a—0b >

Decide whether E, < a or not

14
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What sort of problems are characterised by QMA.?

Quantum satisfiability problem

Griven sum of k-local projectors acting on n spins

H= Y18

1
Pol.v(n)

Promise: either £, =0 or E; > b where b >

Decide whether E; =0 or not

1s
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How do we define holes rigorously?

o holes are cvcl.es

o holes arent the bouhclarv of
anything
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Introduce the boundary operator 9,

o CjCL?.S dont have
boundaries d(c) =0

o the boundary of a boundary
vawnishes 0, 0, =0




How do we define holes rigorously?

@ holes are cvd.es: ch —

—  C € ker(dp)

o holes arent the bou,tr\clarv of
anything: ¢ # 0, v

—— i U0 S
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Supersvmmekric Quanbtum
Mechawnics




N=2 SUSY quamﬁu,m
mechanics

Hilbert space # = Z @ #f

Supercharge Q : (X'p, X' ) = (K, # p)
where 0% =0
Hamiltonian H = {0,07} = 00T+ 070




Hamilkonian H = {0,07} = 00T+ 00




Hamillonian H = {0,007} = 00" + OT0

SUSY ground states satisfy H|ygysy > = 0
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Hamillonian H = {0,007} = 00" + O'0

SUSY STOUVKd SEQEES SQELSfj Hl WSUSY > = O

— Olwsysy > = Q' lwsysy > =0

l

SUSY ground states correspond to
elements of homology groups

o eno
Im(Q)
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Is the homotog-j group
ker(dp)
Im(0p+1)

Is the SUSY Hamiltonian
H= {0, ()T}

satisfiable?

H(K) :=

nown krivial?




Fermion hard core model

© Defined on a graph, &

o Hilbert space given by
confiqurations of fermions on
G such that no two fermions
occupy adjacent sites

o Supercharge O is given by the
boundary operator of 1(@3

2§




Does the ihdepev\dehce Is the fermion hard core

L et

complex of a graph G model defined on &G

have a hole? SQ&&S‘ﬁ.Qb le?

(Equi.va\Lev\H.j , does the

cligue complex of G
have a hole?)
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Overview of Proaf




Theorem:  [Brawi 2006] [Gosset-Nagaj, 2013]

Quantum 4-SAT is QUA-complete

Griven o QMA: verification circuil Ux construct a Hamiltonian:
Hy = 2 I1,(Ux)
(4]

Such thak:
N L'F X € LYesl HXll//hist >=0
- if X € Ly, <y|Hy|ly > 2> eVy

£ &

Exactly zero /zs,v JES
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