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Soft theorems

» The behavior of scattering amplitudes when the momentum
of a particle is small is often universal

lim An+1 — SAn
q—0

® Earliest example: Soft photon theorem  [Low; Burnett, Kroll; Weinberg]

“leading”  “subleading”

lim An—l—lzz da [E'pa+€'Ja'Q]An

q,_Y_H:] Q.pa

a

similar for soft gluons, gravitons, pions
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Perspectives on soft theorems

Symmetry Effective field theory
“Soft theorems are a “Soft theorems are EFT of
consequence of symmetry” long-wavelenght modes”
£ eaasyinpieticl(photons, 50 e.g. factorization, ultrasoft

gravitons), spontaneously
broken (pions)

decoupling in SCET

Geometry

This talk
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Soft Nambu-Goldstone Bosons

» Spontaneous symmetry breaking implies existence of NGB
- 2
¢ — 1 4+ v® + O(1?) Jp = O + O(7%)

® Also current algebra constrains their dynamics via soft theorems
. .b b :
0 - j*(@)in(y) ~ F*0(x — y)iu(y)

v

lim A,11 =0 “Adler zero”
qr—0

Sac = Sbc (450 1b1ie R
S +8 [X 7X ] JCA’!’Ll j
Cootp ac be
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Soft moduli?

Many of our favorite theories have moduli spaces of vacua,
parameterized by v.e.v of massless scalars

e.g., N=4 Coulomb branch (@)

Protected by symmetry but not always spontaneously broken
(e.g. SUSY moduli spaces)

Q: What is the general meaning of soft limits of scalar moduli?

A: They encode the geometry of the moduli space!
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Outline

® Amplitudes & geometry of moduli
» Geometric soft theorems

Beyond scalars
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Review: Geometry of fields

® Scalar fields take values in a target space manifold

® Lagrangian can be organized by derivative order

%QIJ((I’)au(DIa”(I’J -V(®) + i/\IJKL(‘b)au@I@“@Jav@Ka”@L + -,

OBK 9Pl , P

99T §b'J grrL(®) d’

» Field redefinitions = changes of coordinates &! = ®(&)

oo
o’ Ou®

9, 0!

' Couplings are tensors in the target space

e.g. two-derivative = metric

grs(®) —

Familiar from world-sheet, but more general for EFT of moduli in D>2.
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Geometry of amplitudes

» Amplitudes defined by expanding around VEV ~ &! = ¢! + ¢!

® Do not depend on field basis ¢ — ¢+ ef()

65 - )
S(p) = S(¢) + ﬁgf(gb) e equations of motion

o<p2—m2—|—---

but on a choice of frame (p*|p7 ()]0) = €' (v)eP®

\
wavefunction ren.

Must be a function of geometric invariants on 722 |

_ _ ijkl
e.g. curvature of metric connection on 12 R (v)
[Volkov; Dixon, Kaplunovsky, Louis] VmRijkl(v)
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Examples at tree level

. 1
» Two-derivative  59:0(9)9,2'0"®’

A141%2%314 — R%1%31214334 + R112213%4324’
A?‘Ez%'&m%s — v?':s R311432’55 845 _|_ VMR'&N:;W%B 835 + V14R31%213%5 S95
= V%5R11%3’62%4S34 £ viaR’&l%z@sM (824 =5 545)’
...... L R il N e
212213241518 o 1 11231 11121 1gl524 151624
Ag == 75 (R"% 510+ R12615) — (R 46 + B; "M 505)
123

+ 108 (B*%% (512 — §s128) + B9 (513 — gs123)) (R, ™™™ + R;™™%)

+ gl_ORh%s%sj‘ Rj %21314813 L %v%a \VAL R%11213%4813 + perm.

'Four-derivative  Arxr(®)9,2'0*®79,9% 0" o"

i1i0i31 1 112131 1 2113191 1 taigilt
A41,)\2 3ta _ 5312834)\ 128384 | 5813824A 1fat2ta 4 5323314)\2 atita
A‘Eliz’ﬂsm’is — %312334V15 Nétatsta | %313324V15 \itstzia %323314V"5 )\i2tstiia
H

1 ; e 1 i A 1 ] et
+ 5823345V“ A?.z't.g?..:ﬂ,‘ + 5824535v21 A'Ez@gﬂzt + 5334825v11 /\1'3?.4!.2?,
1 s 1 e T 1 SIS
+ 5813845V%2A%1%3%4% + 5314535v%z)\1124@.5%a + 5834815v’62)\?«334%1%5
1 13 V81122415 1 %3 Y 11741225 Ik 13 Y 1214215
+ 2812845V A + 2314325V A + 2324315V A

+ %Smsgsvu)\hwlsls i %813825V24)\11131215 4 %823815V14A12132115
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New soft scalar theorem

n

lim A%t = VIAR i 4

g—0

VZ'V%.“ " 0 G e eeed
(Pa + )zi 2 (1"'9“3 u)Anl Jarin
—~ (Pa +q)% — m; j

subleading leading

Intuition:

2
lim Apiq ~ (v + l) A,
g—0 p

/ \ \V _
“Derivative w.r.t. VEV” “on-shell connection”
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Examples at tree level

. 1
® Two-derivative ~ 5915(2)3,®'0"®’

A141%2%314 — R%1%31214334 + R112213%4324’
Agl‘izmmls — v?':s R311432’55 845 + VMR'&N:;W%B 835 + V14R31%213%5 S95
= V%5R11%3’62%4834 £ viaR’&l%z@sM (824 =5 545)’
...... L L il o L
212213241518 o 1 11231 11121 1l524 151624
Ag == 75 (R 510+ B2 615) — (R 846 + B; "M 505)
123

+ 1og (B (812 — §s128) + B9 (513 — gs123)) (R, ™™™ + R;™™%)

Iy gl_ORh%s%sj‘ Rj %21314813 L %v%a \VAL R%11213%4813 + perm.

'Four-derivative  A\rskr(9)9,2'0*®79,8% 5" ¢*

Azl’;\z@sm — %512834)\3112%3%4 i %'913524A11’6312%4 JL %323314)\22131114 ,

]

Alit2tstats l312834V15 Nétatsta | 1313324V15 \itstzia 182 S14 V'8 \i2tatita
5,A 2 2 gl

1 ] e 1 i Sl 1 ’ et
+ 5323345v11 A?.z't.g?..:ﬂ,‘ + 5824835v21 A'Ez@gﬂzt + 5334825v11 /\1'3?.4!.2?,
1 g 1 L 1 SIS
+ 5813845V%2A%1%3%4% + 5314535v%z)\1124@.5%a + 5834815v12)\?«334%1%5
1 13 V81122405 1 %3 V11741225 Ik 13 Y 1214215
+ 2812845V A + 2314325V A + 2324315V A

i %Smsgsvu)\hwlsls I %813825V24)\11131215 4 %823815V14A12131115
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New soft scalar theorem

n

lim A%t = VIAR i 4

g—0

VZ'V%.“ " 0 G e eeed
(Pa + )zi 2 (1"'9“3 u)Anl Jarin
—~ (Pa +q)% — m; j

subleading leading

Intuition:

2
lim Apiq ~ (v + l) A,
g—0 p

/ \ \V _
“Derivative w.r.t. VEV” “on-shell connection”

Pirsa: 23070019 Page 13/31



Examples

» Two derivatives

Aiﬂzzam — R?f1%32214834 4+ R*1t2%3%4 S04,
0 0 0
Aglizisi”g, _ via Ri1i4i2i5 3/15 -+ V3'4R?51’£3112i5 ‘{35 + Viz;R’im'zis’is 555
+ Vs Rf¢1131224834 + Vs Rhataiats (324 RS 5)

- st (R7»1%312%4834 _|_ R%1%2%3%4824)

® Four derivatives

A’Z;ﬂsu - 512834)\%1%223%4 o %313324/\2133%2%4 + %323514)\%2%321%4 ’
A;;ﬂsuaﬁ — S19834 VB \M11203%4 %813824Vﬁ5)\m3%2“ =1k %,923314V“5)\“333”4

|_

’I:l i2i3i4'é5 \_/'.’;1 \i2i4%3is
AVAZS | VX

1 ity bty
T 5534525V A ozt )

_|_
lJI»—\ 4:“—\ IJM—\ l\‘M—\ b= B
pf
45}
n
i g
g

+ 5523545 5572535

v’iz}‘i1i3i4'é5 | %314035\7'59 /\\',ifin'-ﬂ': + %834815'\7"5‘ /\;d;z};l i 0
e TITTIPAVAD AL LIRS PRSP ISA v Bt e 7 vy W
ST ITY A VALD GLEL RS PR SS e bl %b23b15'\754)\"“604li5’0
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Examples

' Two derivatives

1142131 91%3%2% 11%213%
A41234 — R1324834—|—R1234824,
A%ﬂz’tsu% = B RUunR S45 + V4 RY1tat2ts S35 + V4 Ri1t2t3%s So5

+ Vs R11131224834 + Vs Rhataiats (324 L 345)
- st (Rh%s%z%cx 834 _|_ R%1%2%3%4 824)

Four derivatives

i iniai 1 1 1
A41’)\2 34 — 5512834A?’1323334 _|_ §513324A’&133'327"44 _|_ §!5.23514A7"42'£331"’r4 ;
A%li\Q@SM@S — %812834V15)\1”213ﬁ4 = %813824Vﬁ5)\m3%2“ It %,923314V“5)\“333”4

+ 5523845 VPN | 159,535 VP AI2M419% | Lgg, 595 V01 NI
+ 5513545 V2ANBMS L L1, 555 V2N 1 Lgg, 515V 2 NN
+ 5512845 VBAM2MI | 151,555 VPN | Lgo4515 VB NI NS

+ %812835V24)\%1321325 + %813825V24A“231215 + %823815Vz4)\2223?’”5
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Some comments

® Precise encoding of the intuition: “Soft scalar = shift of VEV”

® Proof is simple by treating VEV as a spurion
'Valid for any massless scalar, not only NGB
® Challenges common lore = soft scalar theorems iff SSB

® No symmetry required! soft theorems move us around
space of vacua instead.

(Celestial interpretation in: [Kapec, Law, Narayanan])
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Double soft measures curvature

» Consecutive double soft

11 tntaty _ ) 5] A1 tn E Talbic | i1 Jer-t
An+2 _[Va,v ]An n — Ra c A c n

lim , lim je A
c#a,b

[qa—>0 gp—0

» Simultaneous double soft

. IRy P | 1 ac C 7 7 GqereFanee 7 7 veeq
lim A" =3 E : Riatete; Alr-derin 4 yliayzin) gir-in

a4 >0 S + S
b L ,l ac be
\"(}

» Difference: which path in field space
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Exploring moduli space

» Geometric (multi)soft theorem lets us move around moduli space

XX -
» Requires knowledge of all amplitudes at given point in moduli space

' Converse enables soft recursion relations (ask me later)
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Geometry of symmetry

Symmetry = Killing vector F
|
-, -
Q_f\’,‘,, ‘_ -
o - o+ KNP o
R EePE
\{“‘k_r.—‘t‘g’

gri(®) —  g15(®) + Lixcgrs(P)
» Ward identity
EKA:_:‘?'W’ — K%VZA:{LZ” . ZVJG}CZGA:::‘?G’Z” . O
a=—

» Makes soft theorem multiplicative

n
lim KiAp 1™ = > Vi K AfTerin
a=1
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Example: non-symmetric NBG

[Kampf, Novotny, Shifman, Trnka; Cheung, Helset, JPM]

® Spontaneously broken global symmetry

® Coset space G/H [7;’7?) = fab" Te,
[7:1,:%' —fm V)

[X’ia Xj_ = fija% = fiijk

mn
i SOft theorem ]-1m A::"‘l — ._% ija%azA:ll”.Ja"”En
N
VX
® Symmetric coset (¥ — — X’ ) = Adler zero lim An—l—l —0

qg—0
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Example: soft dilaton  cien

Spontaneously broken spacetime symmetry - scale invariance

2
® Dilaton (NGB) = flat direction in moduli space Vo, = 6(10

New proof of soft dilaton theorem

- 0
(ﬁpa(@) o ;pgﬂ) A=(D—-nA)A

1 - 0
: _ _ _ _ p
;m% Apny1 =0y An = i) (D nA GEZIpa apﬁf) A,

also works with masses!
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Beyond scalars
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Review: Coupling to matter

Fermions specify vector bundle over moduli space Vf — 2

_ i _
hpg(®)pT v 0 9@ + Qpor (@) v#4p95, &7
f 1

fiber metric on Vf connection on Vf
® Similarly, vectors live in }/,, — . with a metric %th(@D)FA/\*FB

Supersymmetry, among other things, can imply Vf ~ VYV, ~ T

Do soft moduli realize this geometry?
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Soft scalars with matter

Soft theorem works!

lim A,+1 = VA, = (V+Q+Vh) A,

q—0 '
connectionon 7Y ¢ Vs &V,

» Charged scalars more involved: gives a version of Goldstone boson
equivalence theorem.

E.g. dipole coupling in D=4 DPQA(@) (IZPU”UQDQ)W,?V

ABI® =(13)(23) DP3°,
ARI%e —(13)(23) V¥ DP22,
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Photon as NG boson

®» Modern perspective: photon NG boson for U(1){V x (1))

e.g. electric 1-form symmetry

A, — A, + A, A, Flat connection

» Just like for pions, conserved current interpolates photon

I = 04y + 0(4?)

® Symmetry is broken by charged matter
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Soft photon

In the absence of charged matter there is indeed an
“Adler zero”

» A bit boring, because higher-form symmetries abelian,
and often only emergent

® Double soft gets interesting for two-group

9 -7%(x)3% () ~ f(z — y)iS(y) + fL0 8(z — y) I (v)

Ngr

Pirsa: 23070019 Page 26/31



Soft photon

In the presence of charged matter

i — da . : .
quE}O An—}—l = 9Pa [E Pate€-Jg Q] Ay

' Both masslessness of photon and usual soft photon
theorem stems from robustness of one-form symmetry

5L = A, 5" o+ g = 5

® Intuition: Space of vacua still parameterized by /f_lJu
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Geometric soft photon

Geometric proof with ‘Zlu as a spurion yields

lim A, 41 ~ V—l—I‘

qg—0

D=9+q¢4 / \ Three-point vertex !

M_ _ . €PDg 0
S A ane Qaqz (1+pa'a_q)

\ /
Y fe-pate-Jo-g v

a

Note: space of vacua flat in this case
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A general soft theorem?

Generalize the intuition:

lim A, ~ (V+T) 4,

q—0
“Soft particle = derivative 3pt-vertex “on-
w.r.t. flat background” shell connection”

Does this work?
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Conclusions

* Geometric perspective gives new and general soft
theorems for scalar moduli beyond NG bosons

Hints of general organizing principle for general soft
theorems. Can we make this precise? Find new ones?
Soft fermions beyond goldstino?

* Could enable new on-shell perspective of non-
renormalization theorems

» Geometry perspective useful for SMEFT, soft recursion?
[Helset, Trott, Alonso, Manohar, Jenkins, ....]

* Important question remains: Systematic way to move a
finite distance in moduli space? Infinite? Massive
amplitudes from massless amplitudes?
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Thank you!




