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Abstract: In thistalk, | will present three algorithms that address distinct variants of the problem of testing quantum states. First, | will discuss the
problem of statistically testing whether an unknown quantum state is a matrix product state of certain bond dimension or it is far from all such states.
Next, | will demonstrate a method for testing whether a bipartite quantum state, shared between two parties, corresponds to the ground state of a
given gapped local Hamiltonian. Finally, | will present a scheme for verifying that a machine learning model of an unknown quantum state has high
overlap with the actual state.

Zoom Link: https://pitp.zoom.us/j/992501274892pwd=UCtX Ui9zM zJZamppT29DbWtJcWU3Zz09
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Testing quantum states

Mehdi Soleimanifar (Caltech)

Based on joint works with

Anurag Anshu (Harvard) , Aram Harrow (MIT),
and Robert Huang (Caltech)




1. Testing matrix product states

2. Testing machine learning models

3. Two-party testing of ground states




of n qudits
is a vector in tensor product space ((Cd)®n

_wd = :
= Zil,...,inzl ail...inlll) o |l
a;,.i. €C |l|Yllz=1

can be product or entangled:

= Y1) Q [P2) - & [Pn)
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Questions we can ask:

Is a state entangled or product?

How entangled is a state |1/)?

Long history in quantum information:

Bell test or quantum games Quantum cryptography
Tensor optimization Hamiltonian complexity
Quantum many-body physics
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Questions we can ask:

Is a state entangled or product?

How entangled is a state |1/)?

Long history in quantum information:

Bell test or quantum games Quantum cryptography
Tensor optimization Hamiltonian complexity
Quantum many-body physics

Statistical theory of testing many-body entanglement
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Property testing model

is an algorithm .4 such that

1. If has at most certain amount of entanglement
Pr[cﬂ accepts given ] > 2/3 Completeness

2. If is far from states
with at most certain amount of entanglement

Pr|A accepts given | <1/3 Ssoundness

What is the fewest number of copies
needed for entanglement testing?
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MPS(r): Matrix product states
with bond dimension r

Reduced state =tri41.n
;ggzzzzzzgzz:z:zrirﬁ ““““““““““ ]
qudlts 1 L |
rank( )Sr for 1<L<n
If , any state can be written as an MPS

Bond dim limits the amount of entanglement
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Let’s go back to testing entanglement
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Property testing model

is an algorithm -4 such that

1. If then

Pr|A accepts given | = 2/3 Completeness
2. If then

Pr(A accepts given | £1/3 Ssoundness
What does it mean for to be far from ?

Overlap,.(|)) = |¢)IEII}/IE}’)§(1~)

Dist,.(|1)) = min = min

|p)EMPS () |p)EMPS(r)

Dist,.(|)) = /1 — Overlap,(|))
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Property testing model

is an algorithm -4 such that

1. If then

Pr|A accepts given | = 2/3 completeness
2. If then

Pr|A accepts given | <1/3 Ssoundness

Goal: Finding the smallest

for a given{
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Product test ( )

[Mintert, Kus, Buchleitner]

Accept Reject
[Harrow and Montanaro]

I+SWAP I-SWAP

2 ! 2
Pr[SWAP test accepts ] = % n %
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Product test ( )
[Mintert, Kus, Buchleitner]

Accept Reject
[Harrow and Montanaro]
I+SWAP __ I-SWAP

- 2 ! 2

Pr[SWAP test accepts | = % + % <= Purity
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Product test ( )

HM13]:
[ ! Product states pass this test

with
States o-far from product fail this test
with

Why?
Entangled |/, ,,) means some mixed subsystems with

Pl'[f‘:"- WAP test accepts ] — E + E
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Product test ( )

HM13]:
[ ! Product states pass this test

with

States o-far from product fail this test
with

Rejection probability can be boosted to 2/3
by repeating on pairs
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Product test ( )

HM13]:
[ ! Product states pass this test

________

with
States o-far from product fail this test
with
This implies for k > 2 [HM13]
-1 {Prover 1
i;lerifierjl - ﬁ;r_o_\;e_; EJ

—— e

________ 3
'Prover k|
~

e e e e S,

irsa: 23050151 Page 16/67



Product test ( )

HM13]:
[ ! Product states pass this test

with
States o-far from product fail this test
with
This implies for k > 2 [HM13]

With applications in hardness of tensor optimization problems
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Result 1

Improved and simple analysis of

product test
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of product test

Schmidt decomposition

= /21 |a)|b1) + 23 [az)|b2) + - + A4 |aq)|ba)

M2h 22420 g e ¢l |by) € (CHE T
).1 +ﬂ.2 =+ Ad =1
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of product test

Schmidt decomposition

= /21 |a)|b1) + 23 [az)|b2) + - + 24 |aq)|ba)

M2h 22420 g e ¢l by € (€HE T
).1 +Az =+ Ad =11

Suppose is far from product.
If 1, is
~ |a1) ® |by) and
But for to be far from product
|b,) has to be far from product

with high prob.
(by induction)
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of product test

Schmidt decomposition

= /21 |a)|b1) + 25 [az)|b2) + - + A4 |aq)|ba)

M2h 22420 g e ¢l by € (€HE T
).1 +ﬂ.2 =+ Ad =11

Given that is 6-far from product states,

8% — &4 6<.1/2
Pr[Product test rejects 1= 132

1 .
= 62 — = 6% otherwise

Our bound in tight forn > 2,8 < ,/1/2 as shown by

P) =1 - 6% [1)|1) + 8 |2)|2)
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MPS(r): Matrix product states
with bond dimension r

_________________________________________

qudits 1, ..., L
rank( )<r for 1<L<n

A-n- -algorit.hr.n ”to test |f
or pis from rank- r states

using m = ©(r?/¢) copies
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Testing MPS(r) withr > 2

Our MPS tester requires m = 0(nr?/§%)
Proof relies on

1) 3Cut (A, B) where p, is from being

1¥aB)
copies

[¥aB)

2) The rank tester projectors
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Testing MPS(r) withr > 2

Our MPS tester requires m = 0(nr?/§%)
Proof relies on

Can this analysis of be improved
to show copies are sufficient?
Can’t be done for general states!
MPS tester requires m = Q(y/n/§?)

and its random local rotations
where is 1/\/n-far from MPS(r)

n/2 copies
—
”~ Ty
) N N/ N (W] N\
|1I)) — |¢)®n/ 2 _ w\ifﬂ; s a,%ﬁ% W%i% {‘“%’z“f:& fwi‘ﬁ;%ﬁ
N N N N N N
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Developed algorithms for testing matrix product states
1) and improved analysis of the
2) for MPS testing with

3) for MPS testing with
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Setup

Suppose we have

1. Representation R: {0,1}" — C for state

= le,...,an{O,l}n le) |xn)

Such that
R(xq,...,x,)
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Setup

Suppose we have

1. Representation R: {0,1}" — C for state

= le,...,an{O,l}n le) |xn)

Such that
R(x4,..,x,) =cC-

R(xq, ..., Xy) _
R(y1, - ¥n)
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Setup

Goal:

1. Perform few single-qubit measurements on

2. Query representation R of |/) a few times

e

}m copies
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Some applications:

- Benchmarking quantum devices

is prepared by a quantum device

is the ideal state given e.g. by classical simulation

- Verifying ML models of quantum states

is an unknown quantum state

is an ML model with parameters 6
that allows query access to

Pirsa: 23050151 Page 29/67



Pirsa: 23050151

Setup

Goal:

1. Perform few single-qubit measurements on

2. Query representation R of |/) a few times
And verify that is large
¥E - %
}m copies

Page 30/67



Our test

Part 1

Measuring p




Our test
Choose i € {1, ..., n} uniformly at random

Perform these measurements:

- Z-basis on all qubits but qubit i

on qubit i

f } Z-basis |

N —
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Our test

Part 2

Querying representation R
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Our test

Query representation R twice

R(z'?) |0) + R(zV) |1)

(IR + R

z(®) = string z € {0,1}" 1 padded with 0 on i’th bit
z(1) = string z € {0,1}" 1 padded with 1 on i’th bit

Pirsa: 23050151 Page 34/67



Our test

Query representation R twice

R(z'?) |0) + R(zV) |1)

(IR + [RG))

z(®) = string z € {0,1}"1 padded with 0 on i’th bit
z(1) = string z € {0,1}" 1 padded with 1 on i’th bit

Compute and return overlap

Pirsa: 23050151 Page 35/67



Claim

T ~ mixing time of certain random walk
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Claim

T ~ mixing time of certain random walk
This random walk

- is on Boolean hypercube {0,1}"

- transitions defined by %
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Claim

T ~ mixing time of certain random walk
This random walk

- is on Boolean hypercube {0,1}"

- transitions defined by %

- stationary distribution is |y (x)|?
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Claim

T ~ mixing time of certain random walk
When [1h) = =3.,(0,1n €"°® |x) T = 0(n)

When [¥) is a state T = poly(n)
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Claim

T ~ mixing time of certain random walk
When [1h) = =3.,(0,1n €"°® |x) T = 0(n)

When [¢) is a state T = poly(n)

poly(n) sample complexity as long as T = poly(n)
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We can achieve

Goal:

1. Perform few single-qubit measurements on

2. Query representation R a few times

And verify that is large
—————— i
¥ 3 - B

}m copies

e
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2. Two-party testing of ground states

Joint work with Anurag Anshu (Harvard)
and Aram Harrow (MIT)

Nature Physics 2022
arxiv: 2004.15009
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Testing bipartite states

Alice Bob

L VV V.V V.V.V. V.V

()W lag T — ¥l as)

Two-Outcome Measurement
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Testing bipartite states

EPR Pairs

Alice | | " Bob

VWV V. VVV.V.S
L)

{1Y)Wlap. I — Y)Wl 4B}

Two-Outcome Measurement
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Testing bipartite states

EPR Pairs

Alice | | | Bob

L =

YES NO

{1Y)Wlap. I — )Wl 4B}

Two-Outcome Measurement

C(Yag) = Minimum # of exchanged qubits
to perform {|Y) (Y45, I — [P)(P |48}
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Testing bipartite states

EPR Pairs

Alice| | Bob

L) =

YES NO

{1Y)Wlap. I — )Wl aB}

Two-Outcome Measurement

C.(Y,p) = Minimum # of exchanged qubits
to perform £ approximation of {|{)(¥|4p,I — [¥)(¥|45}
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Testing gapped ground states
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Testing ground states

PR
& D

A a1 B
HAB= HA+ + HB
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Testing ground states

& [

A A B
HAB= HA+ + HB

What is the communication complexity
of testing the ground state?
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Testing gapped ground states

Measure energy (Y|H|y)
- Yes: (Y|H|yp) < gap/2
- No: (yp|H|p) > gap/2

Energy ¢

®
F

€1

€p

|lex)

le2)

le1)

|GS)

Ground State |GS)

3020
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Testing gapped ground states

Measure energy (Y|H|y)
- Yes: (Y|H|yp) < gap/2
- No: (yp|H|p) > gap/2

Quantum Phase Estimation

hb) eitH
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Testing gapped ground states

Communication Protocol

jom) —[em P — /,\7&. /\7&

hb) eitH

Alice 54 Bob
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Testing gapped ground states

Measure energy (Y|H|y)
- Yes: (Y|H|yp) < gap/2
- No: (yp|H|p) > gap/2

Quantum Phase Estimation

P
0™) : H FT! —:—
1
t=0(-) : |~ |GS)GS]
)y — gl !
| |
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Hamiltonian Simulation (Performing e't!s)

HAB: HA+ + HB

Depth of Hamiltonian simulation algorithms is O(t||H 4z||)

Communication cost of e'*48 js O(t||H g
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Hamiltonian Simulation (Performing e't!s)

HAB: HA+ + HB

eitHAB = eitHA . eitHB. eit

Interaction Picture: Time-dependent Hamiltonian
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Hamiltonian Simulation (Performing e't!s)

HAB: HA+ | + HB

eltHap — ity . pitHp, it when H,, H Commute

¥ 'y ¥ A y
Wwiicri g?‘(o} P ¥ ?’;z

Interaction Picture: Time-dependent Hamiltonian [LW18]
H;(t) = e it(Ha+Hp) . . elt(Hyt+Hp)

eitHap — pitHy . pitHp. ef;o iH;(7) dz
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Hamiltonian Simulation (Performing e't!s)

HAB: HA+ | + HB

[ [ [ | sarls s ¥y Ty a e
eltHap — ity . pitHp, it when H,, Hp, Commute
AR F =

Interaction Picture: Time-dependent Hamiltonian [LW18]
H;(t) = e it(Ha+Hp) . . elt(Hyt+Hp)

eitHap — pitHy . pitHp. ef;o iH;(7) dz

OCtllH ) = ot 1D
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Testing gapped ground states

Communication Protocol

0™) H®m T A D
& >

) e |

h———l

Alice

Overall Communication Cost: 0(|dA|/gap -log 1/¢)
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Our protocol gives an upper bound on C.(GS,p)

0(%-10g7) > C.(GSp)

But there is also a known lower bound on C.(GS 45):

Communication Complexity > Entanglement Spread

x \AIZ b’ N2
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Entanglement spread

ES(pa) = log(riy)

i A
= aif
N Pa = Dh=1 Akl k)K]
\
Y
\
,_\
\
W—\
1 r k
()
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Testing Bipartite States

Alice

EPR Pairs

(W V.V VV V.V )

[W)ap = Yi=1/Aklk)alk)p

1112122"'2/‘lr>0
A1+/12+"'+lr=1

Schmidt Form

Bob
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Entanglement spread

ES(ps) = log(riy)
= Smax(P4) — Smin(P4)
~ log(ll/lr)

- A4

Pa = Xi=1A1|kXK|

\
=

\
,_\
\
WAM%,_)
- k
0
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Entanglement spread

ES(ps) = log(riy)
= Smax(P4) — Smin(P4)
~ log(ll/lr)

Some examples:

Maximally entangled state’«}
|#)ap = 22"’" V172141 |k}, k) 5
ES(pa) =

ﬁ'ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ

r=24k
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Entanglement spread

Some examples:

or more exotic

ES(ps) = log(riy)
= Smax(P4) — Smin(P4)
~ log(ll/lr)

A A

|w)ap = 1/V2 (1Y) ap + |P)as)

ES(p4) = O(|A])

DN =

Alﬁ""-«

1
2|A|+1

RORRRRARRAARAAAS

|

1

r=2M k
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Our protocol gives an upper bound on C.(GS,p)

0 (% -log ) > C.(GSyp)

But there is also a known lower bound on C.(GS 45):

~ (14| | 1
o (ga—p -log ) > Entanglement Spread
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Our protocol gives an upper bound on C.(GS,p)

& (lo4] 1\
0 (a : wa?j; g) = CE (GSAB)

But there is also a known lower bound on C.(GS 45):

A

0 (_l‘Ml 1o

10U %j; ;

g a p ) O £

) > Entanglement Spread

Compared to area law: 0 (M) > Entanglement Entropy

gap
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1. Testing matrix product states

2. Testing machine learning models

3. Two-party testing of ground states




