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Abstract: EMRIs are one of the primary targets of spaceborne gravitational wave (GW) detectors and will be ideal GW sources for testing
fundamental laws of gravity. In a generic non-Kerr spacetime, the EMRI system is non-integrable due to the lack of the Carter constant. As a
result, chaos along with resonance islands arise in these systems leaving a non-Kerr signature in the EMRI waveform as proposed in many previous
studies. In this work, we systematically analyze the dynamics of an EMRI system near orbital resonances and we have derived an effective resonant
Hamiltonian that describes the dynamics of the resonant degree of freedom with the action-angle formalism. We have two major findings: (1) the
chaotic orbits in general produce unique commensurate jumps in actions and (2) the EMRI orbits driven by radiation-reaction in general do not cross
the resonance islands.
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Motivation
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EMRIs are ideal GW sources for testing fundamental laws of gravity.

1. Incremental effect in the waveform
kerr — Skerr + eh = lP()‘) - \P(f) e G\I]h(.f)

2. 0-1 effect in the waveform

¢.g., no chaos in Kerr v.s. chaos in non-Kerr




Integrable systems and KAM theorem

Integrable system: # degrees of freedom = # conserved quantities

e.g. a test particle in the Kerr spacetime:
I‘ \ E _J‘.- :3 .LVA:/:-:‘J T_\I‘.-._,\_, \\/
& o= P, LaeBy

. : £,z Lla B By ¥
e.g. 2 d.o.f. Integrable system: orbit wraps on a 2-torus ¢

(t,r.0.¢) — (H.E.L.C)

(Cardenas-Avendano+2018)
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Integrable systems and KAM theorem \”>

KAM theorem: when an integrable system becomesnon-integrable due to a perturbation,
the trajectory torus in the phase space will be slightly deformed instead of being broken if
the perturbation satisfies the two conditions

1) the perturbation 1s small . : Az o BN oaa : Oy tu, 4%
s Hg 64 U LT3 s 2o =

(2) the perturbation contains no component of commensurate frequencies. B
—_ be_'\)_ 4 U\‘g‘(_)_w _—

Chaos can occur otherwise.




Poincare map and rotation number

a 2 d.o.f. system as an example : (r, theta) + conjugate momenta (pr, p theta)

Poincare map: (7, pr)lo=n/2

Q@) N,
T Q% TN,

Rotation number:




Integrable systems and KAM theorem

KAM theorem: when an integrable system becomesnon-integrable due to a perturbation,
the trajectory torus in the phase space will be slightly deformed instead of being broken if
the perturbation satisfies the two conditions
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(2) the perturbation contains no component of commensurate frequencies. B
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Chaos can occur otherwise.




Poincare map and rotation number

a 2 d.o.f. system as an example : (r, theta) + conjugate momenta (pr, p_theta)

Poincare map: (r, ]),-)|H:ﬂ.;3

Q)Y N,
QY Ny

Rotation number: Vv :




Kerr (integrable) — Perturbed Kerr (non-integrable)

Quadratic Gravity as an example Donoghue+2021

1
Squad — /dll 7 [—R - _Rz C‘“wl 3_Cv;u/u 5}

. . 6./5 2¢°
Spinning BH solution

Wy TNEERRETT | g R Y ¢ — ?
g (r.0) =g (r.0)+ el (r,0) H: 2. L. ¢ )

. . v
Hamiltonian _ -
H{ .\*JAP-; ) = T;gm f‘)p‘}”r 2 HKL‘I‘I + EHHH L H , s l— )




Near-resonance orbits : phenomenology

1le—5+6.6660000000e—1

/,.

. e .

L}

7.2156

7.2164

0.10 4

0.05 +

0.00 +

=0.05-]

~43.10

0.010

0.005 A

0.000 A

—0.005 A

—-0.010

7.215




)ap and rotation number

an example : (r, theta) + conjugate momenta (pr, p theta)

3 Riwds &31 U bt

(r, pr)lo=n/2

(') N,
= =
(QF) Ny




» map and rotation number

m as an example : (r, theta) + conjugate momenta (pr, p_theta)

(7, pr)lo=n/2

_ Q) N,
T Q%) N

er: Vv
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Near-resonance orbits : phenomenology
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A\ction-Angle variables

lerr spacetime J. = 50, pgh), 4" = (l“‘({ips pgl) -
H : I v aa aa 7 HH” i (.JH"" i
H{](\ s ]Jl) = _;g‘;’.errpﬂp" — H{) - H(} (\7(}) ;f-:r — ('jq'i' — (J. q = (} (]-. = gl

. - | ,
on-Kerr spacetime  H(¥*, py) = =" pupy = Ho+€eHin — Ho(To)+€Hin(Ta» ¢)
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d:]n‘ E)(Hint dC{” &Hinl
— E 5 — Q(i + E -
dt dq® dr '/ by (8
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Ile variables

T = Tl 02D, & =¢'dx®, pul).

" i ool i _OH _, o Hy _
Kerr PP 0 0 Ja . Ag” 0T

L

g _
H(, p,) = 58" pupy = HoteHine — Ho(Jo)+eHin( T o, )

d7s _E(?’Him dq" _ o , IHin
dr Aq® dr = 97, "’
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Perturbative sols and resonance as a singularity

d([ = () dH” Mo i(nrg" +nag") = __ O l (()H”f i(n.q" +naq"”)
7 at € P e ; g =q" +e¢€ - .
o n,ng Ja I_f =R n, Q" 09,

' A ; i o f = Ny i(n,.q" +nyq")

- = —ie E Nl @S T Jo=Jo € § O Hye :
dt n, Ny ne€R ¢

2 ()H " OH, |
We have J,=--—=0, §=-—=Q° But Resonance : E n, Q" =0
r)q” 87,

Q
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1ance — Reduced d.o.f

l HH";- ei(nrq’ +”“qﬁ) (IC?‘Y aHkN} ik.’\'r '(j
T : =Q, +e) ——LeN,
Q jaf dr o= 8\70
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angle variables Y

nt d® 1 dJ, 1 dJ, |
— = —— = —— =0(¢)
dr N, dt Ny dt

I
%(N,.z;’ + Noi®) = NaQ2 + 0(e) := Aw |
C
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Near-resonance — Reduced d.o.f

e " 1 aHH ;  » r N/
q(}f — qa e Z ~ !e‘z(n,-q +ngq },
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Not all action angle variables
are independent

g
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Near-resonance orbits: regular orbits
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Near-resonance orbits : 1 d.o.f effective Hamiltonian

/ 1
9O _ L NG + Nog®) = NuQ® + 0(€) = Awked>
dr dr

d® 1 dJ, 1 dJ,
pt— — = O(E)
dr N, dr Ny dt

Heg = f Awd® + 2 Z Re(H,x)cos kQ — 2 Z Im(H,x) sin Q..

k>1 k=1

Aw(@) ~ Qo t+ 2ﬂ()®




esonance orbits : 1 d.o.f effective Hamiltonian

N:g" + Nog’) = NoQ® + O(€) := Aw@

17, a 1 dJy
dr Ny dr

= 0(€)

)42 Z Re(Hx)cos kQ — 2 Z Im(H;x) sin kQ .

k=1 k>1

xw(@) ~ @ + 230@
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Summary
1. Large perturbation (h res > q), adiabatic limit O ~ 6J/q ~ \Vhies/q

— Nno resonance crossing, only transitional circumventing

— ensurate jumps in the two actions and large phase shift in the waveform

2. Small perturbatign (h_res < q),

i o ~ o /9
— resonance crossing —  small phase shift in the waveform ¥ ~ 6J/q ~ hres /g™~




Radiation dissipation and resonance crossing

Adiabatic limit: t cross >t res (h_res > q)
Area conserved as an adiabatic invariant. fG)dQ

Circumventing resonance via transitional orbit.

0J,/6Jg = N [Ng = =3/2,0J = 60O ~ e

O ~ 0J/qg ~ Vhres/q

18—5 1e=—11




Perimeter-A
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Perimeter-A
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