Title: Spinors and geometric structures

Speakers: Kirill Krasnov
Date: May 01, 2023 - 3:30 PM

URL: https://pirsa.org/23040164

Abstract: | will describe a construction that allows to understand spinors in an arbitrary number of dimensions, with arbitrary signature. | will
describe what pure spinors are, and how in low dimensions all spinors are pure. The first impure spinors arise in 8 dimensions, and "purest”" impure
spinors are octonions. | will describe how a spinor in an arbitrary dimension defines a set of geometric structures. The easiest example of thisis how
a pure spinor defines a complex structure. As one increases the dimension, the types of geometric structures that are described by spinors become
more and more exotic. If time permits, | will describe some examplesin 14 and 16 dimensions. Almost nothing is known about spinors in dimension
beyond 16.

Zoom link: https://pitp.zoom.us/j/947764990527pwd=RGV URIRnaEX6REJwWV E10V X hgalQ52z09

Pirsa: 23040164 Page 1/43



SEQ‘kE\C)fS omé\ Gaomo_in-\c Srwuc}rum

i\ QR Krosnod

( Nokwt ﬁgQNCi m}

Pirsa: 23040164 Page 2/43



Pirsa: 23040164

fgn) {) { [ \ \
\\ 1A '.’:' oLt C Wat.Talrailns 5 P N p
VICTOLMNGTICOs (¢ LTy J riJo (0

-
—_— — —i 7 —

Riemannian cgmmz¥gu~ mehic — 18 & feductkion ga W GL(n, R)
Pﬂf\d\@:ﬁﬂ &(Ctmil nd0g o an O(ﬂ\ @-LUI\CQOQ,

O%m ona & ‘msro_mSM 0 Q&&\® Ow)af %QOmp}uc SM&&R&

GPQXST (S‘@m e mehic — 2.g. Od}ongonoQ c_‘omeQx: S&w@(—uw
or Sewesol sudh shuclestos (@prﬂmﬂ!&r)

Tn ﬂ\&f\\j Q\(GNPOQ% gu& wadm&s a1 Qgﬁl th_od&cg (o} Sp\nor

on W m@m&chl) and Qﬁ\qn\ Uho S\\ucinue S W kgragleo

— PQTQQQQQ gp\f\GT_ E‘%g QO.QOQ)\'\ECLU
—@QFGQQGQ puse Q/P\i\or

So, 002 s c&fu\ okecested o | So}up
Wﬂnm —+ g@‘kmr

Page 3/43



%\@ G}uf&aOSR % @m ag-eD?L i jfﬁ* Q}(PQO'm L&aﬁ
J&MQ O an Qqu\UOQQu&\ U\QUJPON\&‘

W R&MC . g@\mer — CGQQQQ\—[QQ %

&J%MQ[\L&QJ (}\OW\S an M_ "':
gomQ_L\W\QS W&fe S JuS}r & S\m@@z o@Jch &J&a
QOQ\QackLQI\ on W\SJ FE%EARF QAGr\CQ Ade .

mos q& Ul'is MQL S @Q}Qu Q@r@ B&L \0 d-QQ thom»n
QY\&\“‘\QQQS é Gne LMCN\XVS Uu q,QOmﬁl’khQ Q(\’UAQQCQIFQ Cﬁigd}@Qcﬂ;

Wy gpinor fo Ge mf\ﬁgr&@QQ =D CQ%@W«\L\OD é\ams are closed

Pirsa: 23040164 Page 4/43



irsa: 23040164

(-}

: \ t % . :
0 S [ L N\ , .
\ N © A Favst alatL AT d, \ aaTalh! g W ip= .
A .‘ WS AL LEERY an )] At vuakions

(sz{rz ave L_L d\&&a(&’_ﬂt’ é’jp&&ﬂ JKQQCQS w\c} are  used
ng] @%ﬁ\gwgﬁ fo Qosonkée Vil m:cglﬁ

3 f"';_‘ﬁ{}'g_gj'__g || . gQO‘QQ‘S 6‘90&5 (Qﬁgomo% W*S@SD

8 \hc}rOf \QQCQS kQQQC%'(’OfM%A\QLC KDOJan&rLCIQ,
g Mote gened @Q@ G &\0 Qd)g)

o« Mohie = 8“1\}\%
® gP\hGTS — ms\ok'lro_r (@af(iCQQ) (Y“QCDS

Page 5/43



Pirsa: 23040164

KTQ\Q_ o iun\élc_ﬂhor\, n ks S\meQSJr Cgorm, % do g\md]

Q. prinepta Wk coafises &\&Qfgnk Q[an&g ag oompomszrg
ﬂ some ol (Etchag

ﬂ:of Q‘)oscm\c AWQCQ) gu&Qr\ an b@JO S Qmowf) %0? Q Uu\j Q@\mj Qﬁ\mg
— dvmersionod daction

Ef} % J\T\-— XK*A ﬁi‘-\( . GomR CghQQcﬂs, on M\ are

gomgr 6uQQc95+ Saalass on K

6 mQ,[r“LEQ oN M IS

ma[mc on X £ 30&%12 &hQQCgS
coalan on

Page 6/43



S@‘m@fs also Qolhaue Un_r\j mo&o\j undes e dmensiond)
R_QCQ,UQP\OF\

S@\r\(&n\ ) S- Sp\not TQP"QS%J&L\OF\ = 5+® Y
‘K& &GQLQ SP\&\ (&\L\K SF\“ Ul(n-bt% = %\;\ (Qﬂ)

+ t B B
W % - Séﬂ@ g&l(twe\ © g&“ S gq—m'@

S@m@cs MG SP\HOYS andar &\m@ns\omo
2 duaation

SO appees fucd  on 'j“SL needls G enalkie and o
3@\90( W ?w&mwn&@ ﬁ\gb r\um@u &ﬁ) Aenens g
© oncode 6 @nown g\QQ&S

Pirsa: 23040164 Page 7/43



irsa: 23040164

In &D\\s 8—&991 E NOI\)I &0 Q\CPQQ'D L?\O.JF A‘B\MQ |\ e QCWQ& C‘_OQQD_Q(-nﬁ
(3) Q_KO(T\I?QQ_.S \JJQ\Q-YQ

mdm + g‘)\ naC G"_:"‘) COQQD.C.\‘LOU\ Ctg'
08n chggzmn‘r jad d’ofmg
o | on (RN
T—\'C)N s Q‘ao\r\x % Jia) 8 U.n\AiC_GJY'[O{\
— K,LQ'\'\GT\OJYQ U\h%xco\mﬂ n o@“}qc[@ %{u Same Vlij(PQ

@OGQO\!Q,V, '\kr Q@Qzats Uok Wis anod‘hiﬁ s a@ua\,jg (pos.gkfg(?@

Page 8/43



SQ\'\GB ) CONPPQ); s&rucig(_?
Yo L 31(5)& consuac kon W\ e mece

farilior fuclory - Sowan) od complic shraddennes
Qa.g\mlt}ﬁon’k) U.(ﬂ\ — SP\n(an\ QLSS A one 02100523 a

CQM'PQQh S\INQ!-u)‘Q on OO

jtl'—'—-—'ﬁ ‘Qa::.: :E+®E-
JEt o i"\Et
Q\SRuS(PQQQS é eigznucﬂm T\
™ are Sdallly nal® (. <)=0

irsa: 23040164 Page 9/43



Uxmw a com?qtzh Shuclure \ues a Uﬂ.\lj atneafie  Quad

asefo, modlof i cggm wd” S
S*.: [-\-(C“) \UQ\&(Q. C —~ E-\—

\ne OT,Q\ =10

8@'!‘\\0:\\& R Q. ,Q‘.‘ E - g‘]

ereakion - anni A\Qadion
oprrodols

Do fo= at+Q Qo= \(o{‘"—-o-.)
EQGSJ lo chach (.lnox gu,calq CQl&“&n)
‘61'63*— 656-{ = &'CS\T-S T=1,,-,8

Pirsa: 23040164 Page 10/43



irsa: 23040164

Cnt\omc.og cnoﬂ\so}(\m a GT,G'. S

Y= ¥ A A--md2
G % = dray
oY = \ ?S}_'\ Y Presecvey S :f_\f@ﬁ'
SV (3n) L\e oQSGQﬁO B %Q\'\?.(QA'E& et'j \61.6'3'
a(R) o graerabed @y Aoy
Presecves (s gmdlta é S= A(@) e’\‘j dig‘ de d:igcq.q

Rorge_corysgalian. | & o ogekon
L}_ = ’R(‘ﬂt: %I 6’1 --'Bn Y Elac eoml\u&q ot
O.A‘\- camu\uﬁtb wlly of UI

\\ﬂ\mn P\ g+ =S4 (\'\ Q\l'w) SO Qomﬁ\u&b mh- :P\U('Zu\

SQuates ) \ﬂns of e \&m\\'\b

Page 11/43



u.lob::\u a com‘pqtzh auclure \ues a Uﬂ.\lj ctneaide  Ouad

aselod, modlof i cqgm wd” S
gi: [-\-(C“) \UQ\&(Q. C — E-\—

\ne OT,Q\ = 1,.n

8@'!‘\\0:\\& R Q. ,Q‘.‘ 3 = g‘)

ereakion - anni A\Qadion
oprrodols

D fo= at+Q Qoen= \la?—o-.)
EQGSJ lo chach (.lnox guxalq CQl&“&n)
‘63‘.'6:3*- 656-{ = &'CS‘T-S T=1,,,8

Pirsa: 23040164 Page 12/43



irsa: 23040164

CQ!\QI\\QOD cnoﬂ\so}(\m a GT,G'. S

Y =2 ¥ A A--rd2
G % = dray
oY = \ ?S}_'\ Y Presecvey S :f_\f@ﬁ'
SV (3n) L\e oQSGQﬁO B %Q\r\qcﬁ.sm(g et'j \61.6'3'
a(R) o geaerabed @y Aoy
presecves (s gmaluﬁ 6 S= 1\-(@“) e’\‘j dig‘ Jdm d:igcq.q

Rorge_corsgalian. | & o opgeken
L}_ = ’R(La'.: %I 6’1 --'Bn Y Elac eomu\u&q ot
O.A‘\- camnuﬂtb wlly of UI

\\ﬂ\mn P\ g+ =S4 (\'\ Q\l'w) SO Qomﬁ\u&b mh- :P\U('Zu\

SQpates ) \ﬂns of mias \&on\kb

Page 13/43



irsa: 23040164

(S_nuo.:\au\\ wnn et M w S

—~J

A A AT

=

P &%\g.mn\\oﬂ (an wls o0

Jamany usiv q—aom mct“nm uwn
<\t 2 O“CD&{
(*?0

R =&
drndn = ~drndin
M‘L = - dn-'ﬁ&:h_s&%s

c —
dandinn Ban-dha = Ohix dancRyndiy

Page 14/43



irsa: 23040164

@uw_ SP\noes

Bqéiin\k‘\on M k\\_‘) . \Q(: 3&9,1;)0&2
bﬂ)ﬂt‘“d &3 o) @\}é«c& %!)ur&l-og (Qmpb

kn&mMogauwg

\}&(A Q““\Q\\QQLQ “\;_ d%_dq‘.m)
EXQN\'PQQ o % =3B annthvloked l\:) o) ami@ilolio.

opecios
& = K+ e
ad <o NQJ) = SF:p( '6; £ 6\44\ _ E-'r

Whena j&ht\ = "?S'Hn
:SKELH\.\ s 61

Page 15/43



irsa: 23040164

’D_ é\“\hcm l.'._ R 5@“‘\0( Nt\osq annt Q\Qﬁl‘(}( SU%S@Q\Q Q!.‘lg,
We mavea Avmrasiow P«ss\@e - n —

v cold o - pose spnof

p(o S\S"tenl\ . L\n (1{3 nogs R'g.q. alR S?ncrb uP J'o
= N 3 f ¥ Soolb)

oS W one- A‘O— one o_orrtsrn'\&’uce N\ Gl-[ﬁoa()noj
meQﬂN S&MQLQM‘?—!:
('_“M one Oicackion Wy © ecouse ane can dselace M(\kp.uo.)
o e TF D(S bes complon fuucfue, s Pofe  Spinoty

“ﬂ)momt&l\hstld Qcmppnh MWS

Page 16/43



irsa: 23040164

?m@es‘é\on'. pu(t SPhnois  axe m’-&ﬂ Sp\nm ('\-.Q. ‘.E,Puge &S-,r_)

Duw. 5@“\:5(5 W S+,S_ encode comem- M"{S 9\\1\1:9
d%um}( actendohions 8 Qe

@mpoc.l&mn : \h-ﬁ‘l S’P\notb 1) d\mnns\oms 8«\ = &.‘L: e

QR aﬂsmas (Pue.

%5\(&* \mpure Spywony QKise &0{ S‘p\n(%.)
(ond ose wleted o oc&‘m\ons)

Page 17/43



(Seomeknic ®ap
(o( 8QhQrGQ_hSQd (;Qop{l W\QP)

h \Deaﬁ Schnoc Y can @ wseded Qokwen o sef g b’— makuicsy |
8@\9_@&"\3 omanks 8 f\,@( ‘an)

4%'6',& Tt Zf".[u.(f') = 6 T--Te = @)V‘Kkt)

¥ an
One can odso use N énf Oass G)u(\:)oy{ € bC( © )

é—q;\ '6'3“- - 251'\*(&.'>
The ARSI 8@0‘\‘1}"5Q c%“d's e .sq:fo.(z; \C’ ‘t' S

—

and s © \Jla &;ggacm@




irsa: 23040164

Mt B Spne Y s puse 80»(9 onb 9
(arded) g, «(f) =0 Yk<n

Owndh @JI\UQ 1) do.c.omposog(’n ad Given
Qﬂ bas @rcm»d: 8 dicectione \n M(EE)

Tmc‘td&h\ﬁqnj, (h\b 8&\!!5 (a7 u.ﬂ:j &Q Cee U.-Q[— Qﬁ)ﬁhaﬁ 'i'\ Q|LL|G

dwnansials QS uie

Qn= 9, can onQ:j coushmak L Y1 ED
C5,S-2#0

du=§ (S«S+> F# 0O Qasa m&r—-&dmduc,
So LEET™> =0

£ShSD # O lud §maus
L fre? =0 - Symametue

Page 19/43



irsa: 23040164

% ARKS\' \l\’cll’aS&‘\U'S cose S Quz %
R adior bo paedy & 2%,%> = GulY)
Grconse  <HJrfa¥ D =0 Wahoolly

U= @ ad s puie spwen — i quodsie . C*

Example 3 Spwull) mow &osg?éj Y=ok +PAdTa + 6@1
3 Qg 18 = SU{L\ Kgg('l) Si < -
Sy — Auo- cm.ﬂwnlul ool
}Andau\:u“a" (ﬂ.@ d Sl{(&\
LN
SFB\E*K@\ Lpe R:S¢ =S,
LSH, S22 # O
(M G.»Ll— Qdmm'ti‘uc)

¥ N> = [t

Page 20/43



(wxo_ 8¢omz‘n\c CQSVQ&S one QCouw o.cws&\mic (Y'tom ﬂf

C_C.E. ‘6’1‘63‘&) = ‘!it\lt
Vi (30 (). ATe(Pp), ol (gl
T'= adad Lel@uad Sl

- aoil\\s

S‘ \)“ E\Lis Squarel (¥0 -"\

J
K:IE ;o \\l\

<":‘:,ﬁ’iﬁ3‘i> — dQCONPcsGQQQl SB\Q\A
@:j Oes ﬁ)roouc.\ 6 &mu QJQQMQIWCHCDS d J—Y:

irsa: 23040164 Page 21/43



Pirsa: 23040164

—c M ~ =
W Y il o \ 9

| -,
\‘) 1o \C | SO A (T 5 / \ VA C O\ VY
W INT LR R ANQOV S -~ = s f{\' N AN A RN AN
s — — A

K}JQQLOMQ S %o}( G Sq)\noxr (gor SxmﬁlQ\db assame A ) = on
ol e St )

&g&\mg o wt 3 @h%@aznhoﬂ &om\g Cﬁ:)\é 'ﬁ YO
LE H-f LD

(SQ\O_SQ_ ol ot Ga %SLY\Q_FC&, od %Ojf\gg:j GQQ,Q%?Q&Q QOI\SMQM\%
Q:j Waon o \Jmﬁ SEIENY

do ohhat  Qagree H’\SL mmobic W W

and  We  Spinor Y ase Rareckerised Qg\Jj (e

&\&Qi-@(\’\\&o OTeNS U*ij QDW&B—*U&

(mm CLLXQ-S.'L‘\OI’\ (B

Page 22/43



(_\ih W\@ Q}(Q(U\PQQ_ Dn cﬁ:[j, QLLQ Comemo swvej can Qoz

_ Tecoyered, A1om
O bhec C"t.'@‘:‘_‘ﬁ) oc 8'19«1\ (ﬂ:,ﬁt‘o’a&>
Rguben ¥=() I =T =i
LERYED = (THIY) = §L

(‘a‘ssxus UDse wndex 3 53 S\\s@s :)_ Girnd'%a

O.%-Qmo&-\uOQa ‘:‘.{.-\2‘2 5 dQ.CONG)QSCQog_‘ osd) 83\,..5
Voo ngmuac&os.é J

(h.«.us,un ?mow@»&gn 3 c\slﬂm e (.IM&NB and
lhe mn&-\\c caotrls (s prmyl—) ak Qmol (Pfdjmhueg

irsa: 23040164 Page 23/43



Pi

IIIII

: 23040164

piQIm'nGr\\uer, ofen hrow &y <% EK}]:) oud 4‘{156&5
Can crcoves ol (o \nal ond (oo mQ}llc

Tn&neo\ we bowr gam\er 5&30 8

(2Auious 5 G- Stvodhacey
@ U&Q A’B\WQ

%\\IQ e [&uc\
- QBw)
\TL‘—'DQS\_ &)Toxo_deng Ty

Page 24/43



Pi

IIIII

: 23040164

piQI(tmar\\uer, ofen hrow &y <% EK}]:) oud 4‘{156&‘:5
Can cecoves Gollt (o \nar ond (oo mQ}llc

Tn&neo\ we bowr gam\er 5&30 8

(2Auious 5 G- Shvodacey
@ U&Q A’B\WQ

%\\IQ e [ﬁuc\
- QBw)
\TL‘—'DQS\_ ET@\Q_CANng e

Page 25/43



(_\ih W\@ Q}(Q(U\PQQ_ Dn cﬁ:[j, QLLQ Comemo swvej WeTy Qoz

_ Tecoyered, A1om
O bhec C"t.'@‘:‘_‘ﬁ) oc 8'19«1\ (ﬂ:,ﬁt‘o’a&>
Rguben ¥=() I =T =i
LERYED = (THIY) = §L

(‘a‘ssxus UDse wndex 3 53 S\\s@s :)_ Girnd'%a

O.%-Qmo&-\uOQa ‘:‘.{.-\2‘2 5 dQ.CONG)QSCQog_‘ osd) 83\,..5
Voo ngmuac&os.é J

(h.«.us,un ?mow@»&gn 3 c\slﬂm e (.IM&NB and
lhe mn&-\\c caotrls (s prmyl—) ak Qmol (Pfdjmhueg

irsa: 23040164 Page 26/43



irsa: 23040164

lmpu(q Sﬁ:)\nor;:,

Whese Jkrsi Qrise 80( SP\a (8).
Tu\ Wiy Aimension e olso Bowe Q S.l. -~ 9(. a..& QE=+1

Da, mmn\ns&& ({0 impOse R4 =9  Mojomna

ﬂ'{d)omno. SP\(\G‘.S 8 SP\u (8) QO 89- \dﬂu-‘ylgtpd

el oe*en\onj
ST = ©

nan- bﬂ‘o MO)OTOI\G\ "%Q 37“\055 8 %j’m(%l) afek neved G)ug‘e)
G—m& = T- oc_lron\csn_s q\un Un ‘Pu(z_v“" ‘(umQ SP\“N')

qQ & b oolenon fzpfesmk\ns N

Page 27/43



irsa: 23040164

foc Majorana  sginocs R(Y) '5_‘5'-.‘ =
so (e on‘i:) %ﬁomz(mc 0@)1& W aQw QQ"SAWCJ' R\

<5 (YD
T e oas 8 Spwe @) e nou- vants@igy OQ)uczQ ar

iz <> ond  CRFRTEYD = By

Rccor&\ o ocaf 99mrel (Pf‘hnekppp, (os h.ua».oacl
e (ot Fould eovec Gl g mq&?jgld

o spunec
%\5 ‘wdgod bAds . Wea é—éorm Pmd-n-cnd @3 an \mpme 5‘9“""'
® 5 o speciad  ofge@mie fype — CQSO,U Cform w Q8
Ths aholilisec v G—L(&“Z) S Spm (})

Page 28/43



Confny fJoms = QLEB/o, o

AMmosion = Q4 -Al = 42

Mehic w \V_% L and \Mca')oranq SouASC

29 _
_-8-:+? = 42

Wh\s cose © @ﬂha&ﬂ% ng\?l\“j, & canse Ch.o wzl-uc + Sphaal
\u&o(ﬂ\D\\w W oscoded %j o single dﬂ(mnha() (@fm

@l Wan a coQLo.cRond sucly 0(0"\‘05

irsa: 23040164 Page 29/43



irsa: 23040164

lm@u(q Sﬁ)\nog

Whese Jkrsk Qrise 80( SP\M (8).
Tu\ Wiy Avmension e olso Bowe. Q S.l. -~ 9(. a..& QE=+1

2a), mmn\nsSn.-Q ({0 impOse R4 =9  Mojomna

ﬂ"d)omno. SP\(\O‘.S 8 SP\u (8) QO 89- \d&u-&lgtpd

el oe*en\ou
ST = ©

ncn- bﬂ‘o MO)OTO(\G "%Q 37“\055 8 %j’m(%l) Al neved G)ug‘e)
o..-..& = 1- oc_lron\csn_s q\un Un ‘Pu.(z_v“" ‘(umQ SP\“N')

qQ & b oolenon fzpfesmk\ns N

Page 30/43



irsa: 23040164

uh%( @\me_ns\ong

|\ %m:d Uhj’l sp\nec  can o.Qu)at}s Qe repi'nseml-‘zco og Q@
Suen 6 Puse Sﬁ)\mts ( non - un\c_lu_qQ\,j)

Con deé\nn ‘l,PudL:jqas Mo ®wimal ‘ﬁ-ﬂ Gauu s&)\nus
teadad o c.eps‘nsgux' o %\h\!m Cp\no(‘
e rohas Usa dimansion, the (ighar pasihies one gofs.

CompQax Spinows CB Spm (84\,@) ose undealed and
CQG&S\g\eA up & and \!\M\l& &n — \li

“qwa =g , Nase W am agan

Majpran— el spnors A Spwa ((6)  presents
hasd &%«m%@ m.&dm@ pachially undscstood

Page 31/43



r_\J{ [ ﬂkﬂkc& 'kﬁ!\'QfQQ-KGLr\\(j 3@ CD'\%\&QG- Spm %s‘oa"bg QC Q_;JQ\}Q%

Ceal SPLNOFS Qxisk |

rL\ s case Phese s a Swalleg numnbes ﬂ

dk&%afszﬁlc\og 50”“3 %@& onR  can Qonquuc_L

Foi Exgmeof% gF\r\ (\(3\

(\_;6 S+ - Wmto_ are Man Cﬂ%@ﬁzn[( OT@\XS nNawd
) (ordls (e cose 9 Covo m)

@)u\% &Q“JGOS Q9ﬁlS

W@ WPy
QQ% - Aol
% Aécﬁm

Bo=CEntD R CEENIER Y BeCEW ) D
2 enes

Pirsa: 23040164 Page 32/43



® _Tn ad® &nown sacame;z_g (wlese s&r:w Wes OCCeSS q[o
%L %Jr QO pufe gp\morj)

P\Q& & unk\.GD a .
s ié:o&»md > Mef C+ Sgner
% @ SPWweK

Con'xeciexw — s © aloans daue
@g caould e UQ\‘j hﬁi‘@(?@*&kf\\j&o cw&)i“PL ou& (e Cﬂ_QJ'G\gS
amd wndassiand oo érj(oe& ﬂ ngmQJrrJ J’QQ{’
(S

aaN aﬂSQ) Q.gu Lo

irsa: 23040164 Page 33/43



Pirsa: 23040164 Page 34/43




Pirsa: 23040164 Page 35/43




Pirsa: 23040164 Page 36/43




Pirsa: 23040164 Page 37/43




Pirsa: 23040164 Page 38/43




Pirsa: 23040164 Page 39/43




Pirsa: 23040164 Page 40/43




Pirsa: 23040164 Page 41/43




23040164 Page 42/43




Pirsa: 23040164 Page 43/43




