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Abstract: Every unitary map with a factorisation of domain and codomain into subsystems has a well-defined causal structure given by the set of
influence relations between its input and output subsystems. A causal decomposition of a unitary map U is, roughly, one that makes al there is to
know about U in terms of causal structure evident and understandable in compositional terms. We'll argue that this is more than just about drawing
more intuitive pictures for the causal structure of U -- it is about really understanding it at all. Now, it has been known for a while that
decompositions in terms of ordinary circuit diagrams do not suffice to this end and that at least so called 'extended circuit diagrams, or ‘routed
circuit diagrams' are necessary, revealing a close connection between causal structure and algebraic structures that involve a particular interplay of
direct sum and tensor product. Though whether or not these sorts of routed circuit diagrams suffice has been an open question since. | will give an
introduction and overview of this business of causal decompositions of unitary maps, and share what is an on-going thriller.

Zoom link: https://pitp.zoom.us/j/956891281627pwd=RFNgWIVHMFVORjRaakszSTBSWkZkUT09
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Causal decompositions of unitary maps
— an ongoing thriller —
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Outline

Part |: The basics — the idea of causal decompositions of unitary transformations

Part Il: Quick interlude — the wider context and why care

Part Ill: The hypothesis — where does it stand?
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Will draw on:

Allen, Barrett, Horsman, Lee, Spekkens (2017). Quantum Common Causes and
Quantum Causal Models.

Barrett, RL, Oreshkov (2019). Quantum causal models.

RL, Barrett (2021). Causal and compositional structure of unitary transformations.

Vanrietvelde, Kristjansson and Barrett (2021). Routed quantum circuits.

Barrett, RL, Oreshkov (2019). Cyclic Quantum causal models.
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Bits of notation

NB finite dimensions throughout (classically and quantum).

Denote system A and unitary maps as:

Ha Y . a3 He
A= L(Ha) W . A5
Xotes LIt

For CP map £ : A — B define CJ operator:

PBla = D_E(INall) ®

IJ

Voo il € L(MHs®H},)
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Causal influence

Definition [Causal (no-)influence]: Let U : Ha ® Hg — Hc @ Hp be a
unitary transformation. Then A does not influence D, write A - D, iff 3C:

= D

(—’._-"
A

- [©
AT

A is a direct cause of D iff A does influence D, i.e. =(A - D).
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These are all equivalent

TrC Q Z/{ = C/’ o) Tr/‘f\

[l o) S S
Tre [pCD\AB] = Ppig @ idas

Page 7/54



The special properties of unitary maps |

IB, IEJiL By
l f(\‘“ \T\ U \ For each output B; define:
| Pa(Bj) — {A,‘ | A — Bj}
u’ir{}——/ fin
(8

Theorem ['liber-theorem’]: The CJ operator of a unitary U factorises as:
k

U — | | Sl
pBl...BHAl....;’-’ln i ij|P3(Bj) 0
J=1

where [p3j|pa(8j) . JOB;;;|P3('B,H)] =0 Vj,m = ]__.....k.

[Allen et al. (2016), Barrett et al. (2019)]
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The special properties of unitary maps ||

Causal atomicity: A B A A e B = AR BB
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The special properties of unitary maps Il|

3, g B,

N AR 4

= T/\ !/ 4 |
4. ’41_ 43
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Summary causal structure of unitary maps

{ £a(B)) )le U(B;) C Pa(5))
( Ch(A) )T, U(A) € Ch(A)

B, Be R

AN LWL .
T/\‘// 6
A’. AL /43 \J
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Causal decompositions of unitary transformations
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U —_ —_— o
pBlB"g‘AlAg = ‘081|A1 pB’E|A2 = pBl|Al = ‘OB'Z|A'2

o
Z/{(Al) B A U(Az) C B> = U(Al) — S Z/{(A‘?) = &5
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= a
o]

Aol TA

[Schumacher, Westmeoreland (2005)]
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NB path connectivity in circuit diagram is sound for causal influence relations.

B' - -
W

Eval T

4 |a

A uni&y circuit diagram representing U is called causally faithful iff
there is path from A; to B; in the diagram & A; — B; in U.
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Hypothesis 1.0: All unitaries have causally faithful circuit decompositions. False!

B, 2, 32

instantiates
‘{7

generally
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Theorem. Given unitary U : Ha, @ Ha, @ Ha, = Hp, ® Hp, ® Ha,,
if Ay - B3z and A3z - Bj, then

U = (ids, ® T®idg,) (P Vi W) (ida, ® S ®ida,)

for some (families of ) Hilbert spaces and unitaries

S Ha 2 A Xt 5y XR Vi: Ha ®H XL 5 Hp i vt
] ] L] I
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T @, VieoWw,

ys i 1 3 i
Ha, ® ( B, Ho. @ H,p H ax

T ida, ® S ® ida,

H s H H s

Pirsa: 23040162 Page 19/54



The graphical language

Extended circuit diagrams [RL, Barrett (2021)]

(Index-matching) routed circuits [Vanrietvelde, Kristjansson and Barrett (2021)]

By

Well-behaved compositional language: symmetric
monoidal category

Sound for no-influence: if no path from input A to
output B in diagram representing U, then A -~ B in U.

Notion of causally faithful decompositions in terms of
index-matching routed circuits makes sense.

A
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Hx = P; Hx

U: Hx — Hy

e U

U+ Hx. — Hy.

S]] !
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S S ¢ ’H,—J'z — @,HXL & 'HXR £ ,\’_Jr‘_j 1 ( {_{L 1/ , :I
A

B,
B T : @M, ®@Hk - M,
i i

\V D, Vi

] [} @ \jj‘@wl . i
\/ W i Vi W, .
r - : L
/4. A N W,
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U = (idg; ® T®idg;) (B; Vi® W) (ida; ® S®idag)
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The core ideas behind the proof

Proofs in [RL, Barrett (2021)] exploited the factorisation of CJ operators. In this case:

u el
p818283|,41,42ﬁl3 T p81|A1 pBQ|A1 Az p83| Az -

But let's stay closer to the heart of things.
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Theorem [‘Wedderburn decomposition']: Let A C £(H) be a *-subalgebra.
Then there exists a Hilbert space H = @, Hy1 @ Hyr and a unitary map

S :H — H such that
SASt = B L(Hy1) ® idyr .
: ; :

£
=
U
-
I

£ o
D X' @ idyr
i
P idye ® X7
1

i

IR
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Theorem [‘Wedderburn decomposition']: Let A C £(H) be a *-subalgebra.
Then there exists a Hilbert space H = @, Hy1 @ Hyr and a unitary map

S :H — H such that
SASt = B L(Hy) ® idyr .

i

o
LH)y 0 A = @ XI-L ® idyr
A = Pidy ® XF

i

— ]' X & 1_‘.[; .."]I"._‘J | [\ 4] =0 J
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U(A1) C B1B>
U(A3) C B2Bs

[12~

F = L{(A]_Ag)ﬂBg

= SPAGLLZ,

i
. Centre of a subalgebra
ZA”(Z[F])CAQ Z[A] = A
Ui: Hay @ Hay), ®Hay = Hp, @Hy1t @ Hyr @ Hp,g
: R L
Ay - Y."By, Az -» B1Yo |

U=VieWw,.
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Some more decompositions
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Hypothesis 2.0: All unitary transformations (in finite dimensions)
have a causally faithful decomposition in terms of

index-matching routed circuit.
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Part Il: Quick interlude — the wider context and why care
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P(Xi, X2, X3, X4, Xs)
= P(X5|X1-X}1)
P(X4|X2_-X3)

P(X2|X1) P(X3|X1)
(X1)

-

Diagrammatics for causal models

Classical causal models

Causal models as network diagrams composed
of single-output boxes and copy maps in FStoch.

[Fong (2013); Jacebs et al. (2021); Fritz and Klingler (2023)]
[RL, Sean Tull (2023)]
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In particular for functional causal models:

{ fi : Pa(Xi) x U; = X; }r.
{ P(Uy) }r
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Now, what of quantum causal models?

TA; Ay A3 Ay As
As ~
=TI1; paiPa(a;) /?/41
e
= PAg|A1Ay PAy|AsA3 Az A3
PA| A1 PA3|A /’1 -
PA, «

[Allen et al. (2017)],
[Barret, RL, Oreshkov (2019)]

s
e

Defines a comb.
[Chiribella et al. (2009)]

Though unsatisfactory as
representation of a causal model!
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Quantum causal models are grounded in causal structure of unitary transformations

A bit better:
g.A1.42.43.44.45
=
U ! ! \ ‘
= g g 52 [ ulv —
Trex; .. [f),dl...,;15F|,»'11“_-’-‘\5)\1,,,)\5 (Pkl ®...Qpxg) ] ‘ U, A—T—
o o c
AiL_\L_J i
— I
'."“
A v ] !

A T3] - AL
N T o
e e 2
A// | e I*LST:\
= I Uz_ ] r_
a1 \:2 <Ll
!
A; = Aj for A; & Pa(A;) |_‘LU|._J I |"ij
Ai = Aj for i # j <7
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NES
| { U
AH ,4, ’ ,- ) A7
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T A Ay Az Ay As
= p,f315 ‘Al Aq pA;l ‘ 142,43
PA;|A; PAs|A;

PA,
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[ ]

Processes with indefinite

Insightful decomposition of causally
non-separable processes like the Quantum
SWITCH and the Lugano process.

[Barrett, RL, Oreshkov (2021), Ormrod et al. (2022)]

Behind results like all bipartite unitarily
extendible processes are causally separable.
[Barrett, RL, Oreshkov (2021)]

Construction recipe for Consistent circuirsﬁrith
indefinite causal order.

[Vanrietvelde, Ormrod, Kristjinsson and Barrett (2022)]

Hope for progress with technical open questions
(equivalence Markov condition and compatibility
in cyclic case.)

Natural question: all unitary processes direct
sums over acyclic processes?

causal order
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Causal decompositions have been and likely will be useful for:

(1) Diagrammatics for causal models & understanding of causal mechanisms
(2) Handle on processes with indefinite causal order (cyclic causal structure)
(3) Inspiration for a quantum realist causal-inferential theory?

(4) Inspiration for foundational works on interpretations and counterfactuals?

(5) Other not explicitly ‘causal’ quantum information theoretical problems?
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What is known

,B. e
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Processes with indefinite causal order

® |nsightful decomposition of causally
non-separable processes like the Quantum
SWITCH and the Lugano process.

[Barrett, RL, Oreshkov (2021), Ormrod et al. (2022)]

® Behind results like all bipartite unitarily
extendible processes are causally separable.
[Barrett, RL, Oreshkov (2021)]

® Construction recipe for Consistent circuits with
indefinite causal order.

[Vanrietvelde, Ormrod, Kristjinsson and Barrett (2022)]

® Hope for progress with technical open questions
(equivalence Markov condition and compatibility
in cyclic case.)

® Natural question: all unitary processes direct
sums over acyclic processes?
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Part Ill: The hypothesis — where does it stand?
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What is known

3, A causally faithful decomposition

B . is known for any U with:

®

neEN, k=2

U |

n=3 keN
ncelN k=3

=~
™
™
s

L ]
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A particularly interesting example for n = 3, k =4

L . - o i3
M(A2A3) BB — $11k Idejl) (°] IdN.(z) (03¢ Njk

ik

L/
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B2 @ &
v
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A particularly interesting case

U © B:B:B:
U(As) ©  BiBibB
U(A3) C BiB:Bs
U(As) C B1B:B;s
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Candidate
decomposition:
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Return to the interesting (3,4) case — a glimpse of hope?

U(Al) & Bz B3 B4
U(Ag) G B1 B3 By
Z/{(AE,) (Gl B1B.By
ut (Bi) C AA; | @

Z/{T(Bg) (G AIAB
u*‘(83) (= AlA;
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Return to the interesting (3,4) case — a glimpse of hope?

U(A1)) C  B2B3By

U(A) C  BiB3By 77

U(As) C  BiBBs

U'(B1) < A ul(B:Bs) n A

Z/{T(Bg) (G AIAB
u*‘(83) (= AlA;

Pirsa: 23040162 Page 49/54



However....

Augustin recently found a concrete U, which does not have expected decomposition:
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Current state of our understanding:

That concrete map U does not evade a compositional understanding
and there will be a faithful decomposition — we have a few ideas —

but it will likely require extending the diagrammatic language!
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?

Hypothesis 2.1

Mildly extending
(index-matching) routed
circuits suffices.

i

Hypothesis 3.0

A quite different approach, a
language that isn't a superset
of (index-matching) routed
circuits?

?

No-go-theorem
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?

Hypothesis 2.1

Mildly extending
(index-matching) routed
circuits suffices.

i

Hypothesis 3.0

A quite different approach, a
language that isn't a superset
of (index-matching) routed
circuits?

The thriller continues.

?

No-go-theorem
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