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SDP : Lagrangian formalism

(Reference : arXiv:1502.02033, A Semidefinite Program Solver for the Conformal Bootstrap, David Simmons-
Duffin)

Lagrangian: L = b.y+ c.x —z. B.y— Tr(Y(z A — X)) — p log(det( X))
BeRP®*;: 5. ¢cRY; X, Y, A, ..ApcSymy;: b yesR” ;: pcR*

Constants :o0 e{b, ¢. B. A}
Free variables : £ € {z. y. X, Y}

(1), SDP : find stationary solution of L (i.e. —I‘ = 0) at the limit 4 — 0 while keeping X. ¥ = 0

In bootstrap : b, ¢. B. A encode the bootstrap constraints. y encode the linear functional a.

—
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SDP: On-shell conditions

Lagrangian: L = b.y+ c.x —z.B.y — Tr(Y(z A — X)) — plog(det[X]) .

b—z.B=0

=0 = zA-X=0

h c—-B.y-Tr(YA4,)=0
XY=pul

Exercise : Derive above equations from —L =0

as&
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SDP : Primal-Dual formulation

On-shell constraints: (1), 5—-z.B=0:z24A-X=0(2),¢c-B.y-Tr(4. ) =0 (3), XY =ulrl

Dual version:
(2), Maximize “dual objective” = b.y over yand ¥ = 0, such thattr(d. )+ By=—c

Primal version:
(3), Minimize “primal objective” = c.zoverzand X =0, suchthat X = Az; BTz =

"duality gap®" = c.z-by=z.B.y-Tr(Y(z.4))—z.B.y=tr(X ¥V) =0
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SDP : connection with PMP and bootstrap

(See arXiv:1502.02033 for the precise procedure)

SDPB input : maximize objective = b-a , s.t.
oo ﬂfﬁ(l‘ =0)=1
a, M}z)=0forz>0,5=1,2, ..

PMP : maximize objective = by + b-y
MXNz)+y M2)20,5=1,2, ...
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SDP : connection with PMP and bootstrap

c bt

wiz) = — _[D‘”'qg(;r) gi(z) w(z)d = = 6 ;

(z-p1}{x-p3)... (x-Pp)

Define matrix Q; = (gi. ... ¢)¥ @ (q1. ... g)

Any polynomial of degree P(x) can be written as P = tr( Yy @;, ) + z tr( 13 @;,) for some 7. 13, 61, 6
(MU(z) + yo M), , = tr( Y1 Q5 (2)) + T tr(Ya Qsy())

To determine ¥7. Y5, we demand it hold at various points:
(M(2) + yn MP(zp)),, = tr( V1 Qs (2) + 2 tr( Y Qsy(xy))

.Y —Y Q) Quz)—A , Miz) — B

(ﬂff(;r} + Yn Mf(zg))“ = tl‘( Yi Q;lf;rg]) + t-r( Y5 QJQ(IQ]:) — tr(d, Y)+By=c

Theorem: ¥ =0 ﬂjj}(&f] + 4 MJ(2) =0
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Stationary solution : Newtonian method

Given f(z). find z satisfy df /9z = 0

%m

[ Mo fom s method 1, Starting at 7, expand f around g
|
(o 2, Built a quadratic model at x; :
tagpre¥) £, o [y A o NEL W ) y , ) g
1 W e fearepixacke el FERPO0 (£) = f(zo) + g+ (2 — To) + © (¢ — Zo)- H - (% - Zo)
| / with g=Vf(zo) . H:;=a.0; (o)
\ I
I; ri‘f_;_i x_ an {(rx ) =3 ;- — —
p l'f _i)_d______,i_ 3, Find solution z in f®# : H.(z —x1¢) = —g
- — X 4, Move to z and repeat.
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SDP : find stationary solution

. equivalent 5 . af ) ¥
f ' (xp) Ar = —f i) — linearize T — 0 S —
ar

i o

=1
1]

= F
Az + =
]_'{} axr

On-shell constraints : (1), b-2z.B=0:24A-X=0(2),c-B.y-Tr(Y. A)=0 3),X Y =pul

Linearized constraints :
ir(AfY +dY)+ Byt dy)=c

A +dX = Ap(x, + dxp)
BTz +dr)=1
XY+ XdY+dXY =pul
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SDP : Schur complement equation T

On-shell constraints: (1), 5—-z.B=0: 2.A-X=0(2),¢c-B.y-Tr(4. Y)=0 (3), XY =ul

(), tr(A(Y+dY)+B(y+dy) =c
(3). X +dX = Ay(x, + dxy)

(6), BT(z +dx) = b

(7), XY+ X@Y)+(dX) Y =pul

(5}-; —B](d:r) _ (—d—Tr(A_Z))
BT 0 J\dy p

dX = P+ A, dz,

dY = X' (R- dXY)

P=Az-X:p=b-BTz;d=c-Tr(A.Y)-By ; R=ulI- XY (errors)
Z=XYPY-R ; Sy=TrA; X147

Exercise : derive Schur complement equation using (4)-(7). Strategy: Starting from (4), eliminate d" using (7),
then eliminate ¢X using (5). Put the result and (6) in matrix form.
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I Mo tom s method
[
It - [ l:!'r,_‘: 1
»jwpm]-,—-jf:(.\-* Lix.) ok £ .1__?— aX
|
'
o
.
AX
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1, Starting at 7, expand f around g

2, Built a quadratic model at x; :
fEPPR (£) = f(z0) + g-(z = 2o) + % (z ~ zo)- H - (z - 20}

with g = vf(ID) . H:'j = Ht“}}'f(j*:u,)

3, Find solution z in f@»*9: H.(z —xq) = —¢

4, Move to z and repeat.
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SDP : naive Newtonian method

Step 1: Taking & = (2, . Xo. Yp), computing P, p. d. R. Z. Sy

Step 2 : Plugin to Schur complement equation RHS, solve for dz. dy. dX. dY

(o G-

dX = P+ A, dx,
d¥ = X'{(R- dXYV)

Step 3 : update (z. yo. Xp. Yp) - (mp + dz. yo + dy. Xp+ dX. Y5 +dY). Repeat.

Caveat: (1), we want solution at ¢ — 0, not finite  ; (2), we want X. Y = 0, but Xj + dX may ruins it.
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SDP : Schur complement equation

On-shell constraints: (1), - z.B=0: 2.A-X=0(2),c-B.y-Tr(4. Y)=0 (3), XY =ul

(), tr(A(Y+dY)+B(y+dy) =c¢
(3), X +dX = Ay(x, + dxy)

(6), BT(z +dx) = b

(7), XY+ X@Y)+(dX) Y =pul

(5}-; —B](d:r) _ (—d—Tr(A_Z))
BT 0 J\dy p

dX = P+ A, dz,

dY = X' (R- dXY)

P=Az-X:p=b-BTz;d=c-Tr(A.Y)-By ; R=ulI- XY (errors)
Z=XYPY-R ; Sy=TrA;X14;7)

Exercise : derive Schur complement equation using (4)-(7). Strategy: Starting from (4), eliminate d" using (7),
then eliminate ¢X using (5). Put the result and (6) in matrix form.
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SDP : Interior point method (SDPB)

1, Step length test : a(X. dX) : largest @ such that X + adX = 0
Update (x. p. Xp. Yp) = (2 + s dz. gy + sdy, Xp+ sdX. Yy +sdY) with s = min(0.7a(X, dX). 1)

2. When computing Schur complement : u —» g u (8 =0.3)
Initial choice x =0, y =0, X = 10?1, ¥ =107, p = tr(X Y)/dim(X) = 10%

time mu P obj D obj gap P err p err D err P step D step beta
1 27 1.6e.42 -1.53e 07 1.53e 67 0.00 1.00e- 20 3.62e-18 5.03e-21 9.298 @.379 2,300
2 52 8.0e. 38 7.86e.18 9.27%e.20 @.983 7.02e.19 2.54e .18 3.12e.21 ©.347 2.338 a.3eo
3 76 6.4¢.39 -1.9%4e-19 3.15e-20 ©.884 4.58e.19 1.66e-18 2.07e-21 ©.256 2,381 2,308
4 181 5.2e:39 2.84e-19 3.95e-20 1.0e 3.41e-19 1.23e-18 1.28e-21 9.278 0.331 Q.300
- 125 4.2e. 38 4.86e .19 7.38e . 20 1.88 2.46e.19 8.92e .17 8.56e .20 9.337 2,349 a.3ee
[ 149 3.4e.39 5.87e-19 8.96¢ 20 1.88 1.63e.19 5.91e-17 5.57e.208 8.263 8,336 2. 388
7 174 2.7e.39 .7.55e:19 8.57e-20 1.00 1.20e-19 4,36e-17 3.7¢e-20 ©.229 @.265 2,300
B 198 2.4e.39 9.26e.19 8.98e . 20 1l.8@ 9.28e.18 3.36e .17 2.72e. 20 ©.198 a.298 a.3ee
9 222 2.6e.39 1.1@e-20 9.05¢-20 1.8@ 7.4%¢-18 2.78¢-17 1.93e-208 9.185 8,228 2, 3ee
1@ 247 1.8e-39 .1.29e-20 9.04e. 20 1.00 6.06e - 18 2.20e-17 1.51e-20 ©.177 ©.284 @. 300
11 272 1.6e: 39 1.51e.28 9.82e .28 1.88 4.99e.18 1.81e:17 1.88e:208 @.2e4 8.33 a.3ed
12 296 1.3e:39 1.84e-28 9.05¢- 208 1.88 3.97e-18 1.44e-17 7.28e:19 3.294 8,327 8. 3880

320 1.1e.3% .2 1.00 2.80e-18 1 4 @.184 e a.

bt
.ow

.45e. 28 9.1%¢e. 20 .02e-17 .85e-19 315

Hotstart : take (z. y. X. ¥) of an old SDP as initial state for a new SDP.
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SDP : naive Newtonian method

Step 1: Taking & = (2, . Xo. Yp), computing P, p. d. R. Z. Sy

Step 2 : Plugin to Schur complement equation RHS, solve for dz. dy. dX. dY

(o G-

dX = P+ A, dx,
d¥ = X'{(R-dXYV)

Step 3 : update (z. yo. Xp. ¥p) - (mp + dz. yo + dy. Xp+ dX. Y5 +dY). Repeat.

Caveat: (1), we want solution at ¢ — 0, not finite  ; (2), we want X. ¥ = 0, but Xj + dX may ruins it.
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SDP : Interior point method (SDPB)

1, Step length test : a(X. dX) : largest @ such that X + adX = §
Update (x. w. Xp. Yp) = (a + s dz. gy + sdy, Xp+ sdX. Yy +sdY) with s = min(0.7a(X, dX). 1)

2. When computing Schur complement : u — g u (8 =0.3)
Initial choice z =0, y=0. X =10° 7. Y =10"7, u = tr(X Y)/dim(X) = 10%

time mu P obj D obj gap P err p err 0 err P step D step beta
1 27 1.6e.42 -1.53e 07 1.53e 67 0.00 1.00e- 20 3.62e-18 5.83e-21 9.298 @.379 2,308
2 52 8.0e. 38 7.86e.18 9.27%e.20 @.983 7.02¢.19 2.54e .18 3.12e.21 ©.347 2.338 a.3eo
3 76 6.4¢.39 -1.94e-19 3.152-20 0.884 4.58e-19 1.66e-18 2.07e-21 ©.256 2,381 2,308
4 11 5.2e:39 2.84e-19 3.95e.20 1.0e 3.41e-19 1.23e-18 1.28e-21 9.278 0.331 Q.300
- 125 4.2e. 38 4.86e .19 7.38e .20 1.88 2.46e.19 8.92e.17 8.56e.20 9.337 2,349 @, 3ee
[ 149 3.4e.39 5.87e-19 8.96¢ .20 1.88 1.63e.19 5.91e-17 5.57e.208 8.263 8.336 2,388
7 174 2.7e.39 .7.55e:19 8.57e-20 1.00 1.20e-19 4,36e-17 3.70e-20 ©.229 @.265 @, 300
B 198 2.4e.39 9.26e.19 &.98e . 20 1.e@ 9.28e.18 3.36e .17 2.72e. 20 ©.198 a.298 a.3ee
9 222 2.6e.39 1.1@e-20 9.05¢-20 1.8@ 7.44¢.18 2.78¢-17 1.93e-208 9.185 8,228 2, 3ee
1@ 247 1.8e.39 -1.29e-20 9.04e. 20 1.00 6.06e - 18 2.20e-17 1.5le-20 ©.177 @.284 @. 300
11 272 1.6e: 39 1.51e.28 9.82e .28 1.88 4.99e.18 1.81e:17 1.88e:208 8.2e4 8.331 a.3ed
12 296 1.3e:39 1.84e-28 9.05¢- 208 1.88 3.97e-18 1.44e-17 7.28e:19 3.294 8.327 8. 3ee
1.1e:39 .2 1.00 2.80e-18 1 4 @.184 e .

13 328 .45e. 28 9.1%e. 20 .02e-17 .85e-19 315

Hotstart : take (z. y. X. 1) of an old SDP as initial state for a new SDP.
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SDP : naive Newtonian method

Step 1: Taking & = (2, . Xp. Yp), computing P, p. d. R. Z. 54

Step 2 : Plugin to Schur complement equation RHS, solve for dz. dy. dX. dY

(o G-

dX = P+ A, dx,
d¥ = X'{(R-dXYV)

Step 3 : update (z. yo. Xp. Yp) - (mp + dz. yo + dy. Xp+ dX. Y5 +dY). Repeat.

Caveat: (1), we want solution at ¢ — 0, not finite i ; (2), we want X. Y = 0, but Xj + dX may ruins it.
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SDP : Interior point method (SDPB)

1, Step length test : a(X. dX) : largest o such that X + adX = 0
Update (x. w. Xp. Y0) = (2 + s dzx. y + sdy, Xp+ sdX. Yy +sdY) with s = min(0.7 a(X, dX). 1)

2. When computing Schur complement : u —» g u (8 =0.3)
Initial choice x =0, y =0, X = 10?1, ¥ =107, y = tr(X Y)/dim(X) = 10%

time mu P obj D obj gap P err p err 0 err P step D step beta
1 27 1.0e.42 -1.53e 07 1.53e 67 0.00 1.00e-20 3.62e-18 5$.03e-21 9.298 @.379 2,300
2 52 8.0e. 38 7.86e.18 9.27e.20 @.983 7.02¢.19 2.54e .18 3.12e. 21 ©.347 2.338 a.3eo
3 76 6.4¢:39 .1.94e-19 3.15e-20 0.884 4.58e-19 1.66e-18 2.07e-21 ©.256 2,381 2,308
4 11 5.2e:39 2.84e-19 3.95e.20 1.0 3.4le-19 1.23e-18 1.28e-21 9.278 0.331 Q.30
- 125 4.2e. 38 4.86e .19 7.38e . 20 1.88 2.46e.19 8.92e.17 8.56e .20 9.337 2,349 @, 3ee
[ 149 3.4e.39 5.87e-19 8.96¢ - 208 1.88 1.63e.19 5.91e-17 5.57e.208 8.263 8,336 2. 388
7 174 2.7e.39 .7.55e:19 8.57e-20 1.00 1.20e-19 4,36e-17 3.7¢e-20 ©.229 @.265 2,300
B 198 2.4e.39 9.26e.19 8.98e . 20 1.e@ 9.28e.18 3.36e .17 2.72e. 20 ©.198 a.298 a.3ee
9 222 2.6e.39 1.1@e-20 9.05¢-20 1.8@ 7.44¢.18 2.78¢-17 1.93e-208 9.185 8,228 2.3ee
1@ 247 1.8e-39 .1.29e-20 9.042.20 1.00 6.06e - 18 2.20e-17 1.51e-20 ©.177 @.284 @. 300
11 272 1.6e: 39 1.51e:.28 9.82e .28 1.88 4.99e.18 1.81e:17 1.88e:208 a.2e4 2.331 a.3ed
12 296 1.3e:39 1.84e-28 9.05¢- 208 1.88 3.97e-18 1.44e-17 7.28e:19 3.294 8,327 2. 388
1.1e:35 .2,45e-28 9.152-20 1.e2 2.80e-18 1 4 @.184 e a.

13 328

.02e-17 .85e-19 315

Hotstart : take (z. y. X. ¥)of an old SDP as initial state for a nef SDP.
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SDP : Schur complement equation

On-shell constraints: (1), 5-z.B=0: 2.A-X=0(2),c-B.y-Tr(4. Y)=0 (3), XY =ul

Si; —B\(dz —d—Tr (A, 2
(4), tr(A (Y +dY) + B(y+ dy) = ¢ ( ] )( l):( I ( ))

BT 0

dy
dX = P+ A, dz,
dY = X' YR -dXY)

p
(3), X +dX = Ay(x, + dxy)

(6). BI(x +dx) = b
(7), XY+ X(dV)+(dX) Y =uI

P=Az-X;p=b-BTxz;d=c-Tr(A.Y)-By ; R=ulI-XY (errors)
Z=XWPY-R : S;=TrA:X'4,Y)

Exercise : derive Schur complement equation using (4)-(7). Strategy: Starting from (4), eliminate d" using (7),
then eliminate dX using (5). Put the result and (6) in matrix form.
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SDP : Interior point method (SDPB)

1, Step length test : a(X. dX) : largest @ such that X + adX = 0
Update (xg. w. Xp. Yp) = (2 + s dz. gy + sdy, Xp+ sdX. Yy +sdY) with s = min(0.7 a(X, dX). 1)

2, When computing Schur complement : u —» g u (8 =0.3)
Initial choice x =0, y =0, X = 10?1, ¥ =10"7, p = tr(X Y)/dim(X) = 10%

time mu P obj D obj gap P err p err D err P step D step beta
1 27 1.6e.42 -1.53e 07 1.53e 67 0.00 1.00e - 20 3.62e-18 5.83e-21 9.298 @.379 2,300
2 52 8.0e. 38 7.86e.18 9.27%e.20 @.983 7.02¢e.19 2.54e .18 3.12e.21 ©.347 2.338 a.3eo
3 76 6.4¢:39 .1.94e-19 3.152-20 0.884 4.58e.19 1.66e-18 2.07e-21 ©.256 2,381 2.308
4 11 5.2e:39 2.84e-19 3.95e.20 1.0e 3.4le-19 1.23e-18 1.28e-21 9.278 0.331 Q.300
- 125 4.2e. 38 4.86e .19 7.38e .20 1.88 2.46e.19 8.92e.17 8.56e .28 9.337 2,349 a.3ee
[ 149 3.4e.39 5.87e-19 8.96¢ - 208 1.88 1.63e.19 5.91e-17 5.57e.208 8.263 8.336 2. 388
7 174 2.7e.39 .7.55e:19 8.57e-20 1.00 1.20e-19 4,36e-17 3.7¢e-20 ©.229 @.265 2,300
B 198 2.4e.39 9.26e.19 &.98e . 20 1l.ee 9.28e.18 3.36e .17 2.72e. 20 ©.198 a.298 a.3ee
9 222 2.6e.39 1.1@e-28 9.05¢-20 1.8@ 7.44¢.18 2.78¢-17 1.93e-208 9.185 8,228 @, 3ee
1@ 247 1.8e-39 .1.29e-20 9.04e. 20 1.0@ 6.06e - 18 2.20e-17 1.51e-20 ©.177 ©.284 @. 300
11 272 1.6e: 39 1.51e:.28 9.82e .28 1.88 4.99e.18 1.81e:17 1.88e.28 @.2e4 8.33 a.3ed
12 296 1.3e:39 1.84e-28 9.05¢- 208 1.88 3.97e-18 1.44e-17 7.28e-:19 3.294 8,327 8. 388
1.1e:39 .2 1.00 2.80e-18 1 4 @.184 e e,

13 328 .45e. 28 9.1%e. 2@ .02e-17 .85e-19 315

Hotstart : take (z. y. X. ¥)of an old SDP as initial state for a new SDP.
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Slater condition

(1), Find stationary solution of L at the limit ¢ — 0 while keeping X. ¥ = 0
(2) (Dual version), Maximize “dual objective” = b.y over yand Y = 0, such thattr(4A. Y)+By=c¢
(3) (Primal version), Minimize “primal objective” = c.xoverrand X =0, suchthat X = Az ;B .2 =b

Iftr(A. Y)Y+ By =c¢, X = Az, BT .z = band has a solution with X > 0. Y > 0 (no equal sign) , then (1) has solution
mmatu—0
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SDPB : primal / dual feasible jump

“primal jump detected” : find z suchthat X = Az ; BT z = b and X > 0 (no equal sign)

*dual jump detected” : find y such that ¢ — B.y — Tr(4. Y) =0and Y > 0 (no equal sign)

*dual jump detected” — find @ — bootstrap equation has no solution

Why in bootstrap “primal jump detected” = allowed point?
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SDP in feasibility mode

Set b = 0. Askif solution (z. y. X. V) exist for
X=Az,BTz=b6=0,X>0

e—By—Tia, ¥}=0, ¥>0

y

“dual jump detected” : infeasible
“primal jump detected” and c.z < 0 : feasible

“primal jump detected” and c¢.z < 0 AND we find a “dual jump detected” later :
cx—by=cr=tr(XY)=0
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SDP in feasibility mode

Set b = 0. Askif solution (z. y. X. V) exist for
X=Az,BTz=b6=0,X>0
e—By—TiAa, ¥}=0, ¥>0

“dual jump detected” : infeasible
“primal jump detected” and c.z < 0 : feasible

r=0isasolutionto“X =A2,BTrz=0=0,X20": czx=<0

Conclusion : “primal jump detected” : feasible
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Goals for today

Semidefinite program (SDP)

SDP definition
SDP solver algorithm

Primal / dual jump and SDP in feasibility mode

Navigator function

Reference : [Reehorst, Rychkov, Simmons-Duffin, Sirois, SN, van Rees 2021]

Broyden—Fletcher—Goldfarb—shanno (BFGS) algorithm

Afternoon ; tutorials for using the navigator function
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Result from Wednesday tutorial

- KoK > X
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{8.51, 1.}
[0.515, 1.}
[8.515, 1.5}
[8.52, 1.]
[8.52, 1,5}
18.51333, 1.3333)
r9.51111, 1.2778)
10.51352, 1.4629)
{8.51759, 1.537]
10.51037,
10.51111,
10.51599,
10.51889,
19.51228,
19.51049,
r0.51012,
8.51407,
8.51951,
[0.51317, 1.502]
r9.51021, 1.3847)
r9.51858, 1.5987)
r0.51545, 1.5514)

1.2592)
1.4444)
1.5617}
1.5555]
|
;|
;|
1
1

4876

4012
.2531]
.5061]
.5617}

primal

primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal

primal

6.2301 < 18%° |

7.8617 x 18%°
3.5328 x 10°
1,1536 x 1626
3.6487 x 10°
8.4373 x 10°
2.0032 x 19°
6.5707 x 10°
4,8335x 10’
3.3872 % 10°
3.054 x 10°

2.6262 x 10°
5,5408 « 10°
1.222 x10°

3,4749 « 10°
5.5324 x 10°
9,1704 x 10°
2.798 < 10’

1.5068 « 18°
5,1195 x 18°
2.1818 x 10°
3.8794 < 10’
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Slater condition

(1), Find stationary solution of L at the limit ¢ — 0 while keeping X. ¥ = 0
(2) (Dual version), Maximize “dual objective” = b.y over yand Y = 0, such thattr(4A. Y)+By=c¢
(3) (Primal version), Minimize “primal objective” = c.xoverrand X =0, suchthat X = Az ;B .2 =b

Iftr(A. YY)+ By =c¢, X = Az, BT .z = band has a solution with X > 0. Y > 0 (no equal sign) , then (1) has solution
mmatu—0
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Result from Wednesday tutorial *

T I T
[0.515, 1.}
[0.515, 1.5}
[8.52, 1.}
(0,52, 1.5}
r8.51333, 1.3333)
r8.51111, 1.2778}
18.51352, 1.4629]
{0.51759, 1.537)

10.51037, 1.2592)
(0.51111, 1.4444)
0.51599, 1.5617}
{0.51889, 1.5555)
10.51228, 1.4876)
10.51049, 1.4012)
10.51012, 1.2531)}
0.51407, 1.5061)
19.51951, 1.5617}

[8.51317, 1.582}
10.51021, 1.3847)
10.51858, 1.5987]
19.51545, 1.5514}

Pirsa: 23040145

primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal
primal

primal

6.2301 « 18%° )
7.8617 x 18%°

3.5328
1,1536 x 1626
x 188
<108
x 10°
« 10°%
« 107

3.6487
8.4373
2.0032
6.5707
4,8335

3.3872 x
«10°

3.054

2.6262 x
« 100

5.5408

1.227 x
3.4749 x
5.5324
9.1704:
2.798 =
1.5868:
51195 j
2.1818:
3.8794:

< 10°

10°

10°

10°
10°

<10°
<10°

107

<10°
<10°
<10°
<10’
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Slater condition

(1), Find stationary solution of L at the limit ¢ — 0 while keeping X. ¥ =0

(2) (Dual version), Maximize “dual objective” = b.y over yand Y = 0, such thattr(4A. Y)+By=c¢
() (Primal version), Minimize “primal objective” = c.xoverrand X =0, suchthat X = Az ;B .2 =b

Iftr(A. Y)Y+ By =c¢, X = Az, BT .z = band has a solution with X > 0. Y > 0 (no equal sign) , then (1) has solution
mmatu—0
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SDPB : primal / dual feasible jump

“primal jump detected” : find z suchthat X = Az ; BT z = b and X > 0 (no equal sign)
*dual jump detected” : find y such that ¢ — B.y — Tr(4. Y) =0and Y > 0 (no equal sign)

*dual jump detected” — find @ — bootstrap equation has no solution

Why in bootstrap “primal jump detected” = allowed point?
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Slater condition

(1), Find stationary solution of L at the limit ¢ — 0 while keeping X. ¥ =0
(2) (Dual version), Maximize “dual objective” = b.y over yand Y = 0, such thattr(A. Y)+By=c¢
() (Primal version), Minimize “primal objective” = c.xoverrand X =0, suchthat X = Az ;BT .2 = b

Iftr(A. Y)Y+ By =c¢, X = Az, BT .z = band has a solution with X > 0. Y > 0 (no equal sign) , then (1) has solution
mmatu—0

Pirsa: 23040145 Page 31/55



SDP in feasibility mode

Set b = 0. Askif solution (z. y. X. V) exist for
X=Az,BTz=b6=0,X>0
e—By—Tia4, ¥}=0, ¥>0

“dual jump detected” : infeasible
“primal jump detected” and c.z < 0 : feasible

r=0isasolutionto“X =A2,BTrz=0=0,X20": cx=<0

Conclusion : “primal jump detected” : feasible
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SDP in feasibility mode

Set b = 0. Askif solution (z. y. X. V) exist for
X=Az,BTz=b6=0,X>0

e—By—TrA, ¥}=0, ¥Y>0

¥

“dual jump detected” : infeasible
“primal jump detected” and c.z < 0 : feasible

“primal jump detected” and c¢.z < 0 AND we find a “dual jump detected” later :
ex—bhy=cz=(X ¥Y)=D
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Review of feasibility mode

: A
El’)i.‘ o ‘11-3&-509 Fj";m-a( u, 'U) = 0 =
1.8¢
Find a linear functional a satisfy 1.6F +
a( FFo(u. v)) > 0 LA
o FI7% (u, v)) = 0for A = A, 1o}
a(FL77(u, v)) = 0for ¢ > 0, A = Austary
1.0 ; 3 : : : '
0.50 055 060 065 070 075 0807

“Find a at +" — a-(bootstrap equation) — 2, positive number =0 — “+1is excluded”
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Examples of « -

oCooo
A=0.7=f)

, . = lie er m O T

=1

@ = 2pimen-11 Com O} ‘?;72':_;_%
At disallowed points :
run | a-F{7, |min(e-F% ) [ min(a- FIP%) | min(a- F7777) | min(a- FIIF)
1 |1.7581x102 | 0.000084458 | 0.00018025 0.021167 0.011633
2 [3.5297x10717 | 0.000022712 | 0.000022478 | 0.0052397 0.025652
3 [1.6527x 10716 | 0.000046844 | 0.000097581 0.018461 0.017934
At allowed points :
run | @ -F{%7, |min(a-F{7% ) |min (e F{7%) |min(a- F7%7) min (e FJIF)
1 |-2.3514x1071> | —0.000084458 | —0.00004048 0.010235 0.039432
2 | 4.39345x10°1" | 0.00013043 | —0.00090309 0.044526 0.194500

Pirsa: 23040145

Fact : We can always find e s.t. a- F,, = Ofor all A = Aypiare and ¢
Strategy : ensure a- F,, = 0 except a- Fy, then maximizing a -

T

A=0,=0
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. I < > X
Navigator function

9 0y
Fjrfrﬁol[}(u 1‘1) -1 ZJA()_AEF—O i.‘.,_.r_-wyj_ Fj?aa('u. ‘U} + ZJ-AOQ'—\unitarj‘-{gﬂ ;1,,5‘,_5()_ Ff‘rc’a( u. ?_.-'] = 0

N

Maximize objective = a - (FI%Z(u. v)), such that

- (F2o% (u, v)) = 0for A = A,

a-(Fy7(u, v)) = 0forf >0, A = Aupstary
a-("a good normalization vector") =1

Navigator function : objective as a function depends on the parameters
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- I < > > i
Geometric picture

9 9
EEFD"D?:D(H 1‘1) -+ ZJJ{)—-\EF_O ‘.‘-l-bd'l'}_ F;Taa(u. U} +- ZJ-AOQ'—\unitaﬂ‘-{gﬂ ;1,,5‘,_5()_ Ff‘rc’a( . ?_.-'] f—t 0

maximize objective = a( FIF7(u. v)), s.t.

A=l ;m.[]
a-a=1 Y
ToTT A e / .r \ o
o FIo% (u. 1-))::0f01AzAE Pb K \ fia )
a(ij‘”’(u. -u)) >0for/>0,A= . SER \ ’[\
//,7
inimi 2€ 9
gt AN 6 = 90 : disallowed
cos(d) = _
lal [ Fo.of 6 > 90 : allowed /

Unfortunately a.a = 1 can not translate to standard SDP

—
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- I < > X
A good normalization vector

@(Fy—gim (u. v)) = 1 doesn't work : a(Fy_g,-0(u. v)) » +ocoin disallowed region (a.a = )

V.S.
For F, on the boundary of the cone : For F.inside thecone: Aa s.t. a L F.
da st.al F, ie a.F,=€e~0 af;=1 = @a<c
% Ja'st. a F;=1, a'.a'= Lo (otherwisecx' — i = @ K. = U)
—
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- I < > X
A good normalization vector

Condition for the normalization vector to guarantee finite navigator function : any vector inside the cone
(not on the boundary of the cone).

In numerics : any vectors sufficiently away from the boundary of cone.

Vector of physical operators : in general, they are on the boundary of the cone.
(For example, if EMT is not on the boundary, we would have F,_gm 2 = X z; Fs,,, with positive z,)
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The 2-Navigator

Maximize objective = a(F,_p,-0(u. v)), such that

al(Fy,o(u, v)) = 0for A = A,
a(Fy (u, v)) = 0for? > 0, A = Ayppary

a+(X; Fy,o.(u. ) = 1 for a finite set of {(A;. £,)}

Guarantee a(F, g, o(u. v))is bounded both above and below. (otherwise a.a = o)
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The GFF-Navigator

A,

Take {A,. A.} = {0.55, 1.6) o
No solution for it p -

1.4f

Fao-0(u, )+ 2upPas Faelu, v)=0forA, > 1.6

l 1.2}
. R

1.0 . : . : )
. : ; 0.50 055 060 065 070 075 080
Solution exist for

Fyor0(u, v)+ po(Facaa, e<0(U, ©)) + Xiasy Pas Farlu, v) =0 forA, > 1.6

Minimize py : maximize objective = a(Fyo-o(u. v)) with - (F{FY  g(u. v)) = -1

Guarantee a(F{% ,_o(u. v))is bounded above by pcre.
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Virtualization of navigator function

From Ising {(cooo), {ecee), {ooee). Assuming A, > 3. A > 3. 0, = Aee / Aoore UNSpecified

1.50F
Unspecified 6., A=19 vs A=11 I
1.45¢
< 1.40f
A=19 I
=11

1.35]

1.3 - |
0.510 0.515 0.520 0.525 0.530

A

T
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Virtualization of navigator function

Unspecified 7., A=19vs A=11

1,3.5\:‘1.401.-&‘_?1.{41.

From Ising {(ocooo), (eeee), (ooee). Assuming A, > 3. Ao > 3. 6,.

o A=19

Pirsa: 23040145

A=11

Previous Slide

Aee / Arre Unspecified

0.515 0.520 0.525 0.530



Minimize the navigator function
Unspecified #.., A=11

21038
T~ 140 &
T LA2

nav - -
- ~~__ 1.46

Page 44/55
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Navigator function : gradient formula

L=byt+tcz—z.B.y-Tr(Y(z A- X)) - pulog(det(X))
In the limity - 0and b-2z.B=0: 2A-X=0;¢c-By-Tr(Y. A)=0
L = b.y = c.z (primal dual objective)

Define navigator function I‘J(;—{)) = L|e(pl. &;| , where ¢ is solution to —L — 1}

Ifbob+db,c>c+de,B>B+dB: (1),é>&é+dé (2),L->L+dL.

aL o aL d&
— _— + _— D

aN

ap do dp a& ap

—f dé = (b—z.B)dy+dr(c—B.y—Tr(Y A)-Tr(dY(z A-X)+Tr(Y —u X1 dX) =0 for &

aiN=d;by+dicx—z.d;B.y

Pirsa: 23040145
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Navigator function : gradient formula

L=byt+tcz—z.B.y-Tr(Y(z A- X)) - plog(det(X))
In the limity - 0and b-2.B=0: 2A-X=0;¢c-By-Tr(Y. A)=0
L = b.y = c.z (primal dual objective)

Define navigator function I‘J(;—{)) = L|e(pl. &;| , where ¢ is solution to —L — )

Ifbsb+db,c>c+de,B>B+dB: (1),é>&é+dé (2),L->L+dL.

aL o aL &
— _— + _— B

aN

ap do dp a& ap

—f dé = (b—z.B)dy+dr(c—B.y—Tr(Y A)-Tr(dY(z A-X)+Tr(Y —u X 1) dX) =0 for &

& N=d;bytdicxz—z.d; By

Pirsa: 23040145
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Quasi-Newton method

Assuming we can compute gradient cheaply, but not hessian

Minimize f(z), given g(z) = V f(z)

2 5'\(}
'1l|'/ 5 v — — - —
Given gradient g, at zp and ¢, at z; :

. e
& We know certain component in Hessian (approximately)!
H-(z1-z0) = (g1 — go) (secant equation)

Basic idea : Take initial Hessian H” = Id , minimize 9z ) f+9.2

In the subsequent steps, update H* — H*1 such that H*V(z;.; - z; }

Page 47/55
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Navigator function : Hessian formula

Similarly d; d; N(p) = d: b.d; y + d: c.d; 2 — d; 2.d; B.y— z.d; B.d; y+(d: d; b).y +(d; d; ©).x — 2.(d; d; B).y

d;z, d; y:assuming £ = (z, y. X, Y) are stationary. Slightly perturb ' = b+ db. ¢' = c+de, B'= B+dB.How &

changes?
il
tr(A(Y +dY))+ B'(y+dy) = ¢’
X +dX = Ap(ap + dxp) = ( S —B)(d:c')_(—d—Tr(A_Z)
BT 0 dy) P

B'(z+dx)=10'
XY+ XdY +dXY =pul

P=Ax-X=0; p=b'—-B'.z= db—(dB)zx;

d=c¢'-Tr(4. Y)-B'y=dc-Tr(A, ¥)-dB.y; R=ul-XY =0
Z=XYPY-R=0; S;=Tr(A; X147
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Quasi-Newton method

Assuming we can compute gradient cheaply, but not hessian

Minimize f(z) , given g(z) = V f(z)

2 5\(}
'1l|'/ 5 3 — — - —
Given gradient g, at zpand ¢, at z; :

. e
& We know certain component in Hessian (approximately)!
H-(z1-z0) = (g1 — go) (secant equation)

Basic idea : Take initial Hessian H” = Id , minimize 'z ) f+9.z

In the subsequent steps, update H* — H*1 such that H*V(z;.; - z; }

Page 49/55

Pirsa: 23040145



Broyden—Fletcher—Goldfarb—Shanno formula

- -

- - - —
Ypr = 9pa — 9 - Sp = Ip1 — Xk

Ansatz: H. = H.+auvu’ + Bv v»T  for some numbers a. B and vectors v. u

Secant equation : Hy,; s, = Hy sp +au(ul.sp)+ Bv(vl.s) = g

. o 1 3 1
Solution: u=#, v=Hy %, a= ey B=- BT

. - - - T - T T
BFGS formula : H;.; = H; + WU~ Hesesi By

Pirsa: 23040145
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Quasi-Newton method

- KT > > i

Assuming we can compute gradient cheaply, but not hessian

Minimize f(z), given g(z) = V f(z)

Given gradient g, at zpand ¢, at z; :
. o
: >3 We know certain component in Hessian (approximately)!
H-(z1-10) = (g7 — go) (secant equation)

Basic idea : Take initial Hessian H” = Id , minimize f'#»°9(z )

In the subsequent steps, update H'*' - H**1' such that H*-V (I; 1— I )

Pirsa: 23040145
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Line search

Given H;.:, quadratic model : f2** (1) = f(zo) +g;. - (z - z4) +_f]; (z - z1)- Hea1-(z - 72)

Naive step : Hi.1-AT = —g;

Line search : find a good a for Til=Ir+alAz N 3-0
{ (o)
fi
ol

“good a” :
(1), f(z +adz) = f(z)

(2), |0 f(z + @A z)| < |0, f(2))
® ’ (Guarantee H;. > 0)
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BFGS : find boundary of feasible region

Same as minimization, except we solve for the boundary in N@=(p)

. : - 1 = ! : : g e ]
Exercise : Given N = S r.H.x + g.x + f and N = 0, show the boundary point in the direction é is given by

r=HY -g+A&)withA = \/(g.H‘l.g—Qf]/é.H‘l."e

Subtleties : in the line search, if the solver goes too far into the N > 0 region, we should be cautious and back

track.
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Summary

A section of SDPs over a parameter space. We solve SDPs one by one.

5 o)
foph) “evvor /R

N SpPi g 5,9}2‘
y
v Y
Vi
VD
—
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Maximize A

'fll
[
l-'l‘z_'-rlaetl
1n-1
11 2 S
1.43] i, T
10—11 "
L
[.42
103} :
141+
L
1 : 1 -I :Step
_ 5 10 15
‘4” " U T P S — R S T — Ar
0517 ol= 0.519 0.520 0.521 .h22
—
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