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Bootstrap Spi g Operators
Warmup

General Blocks

(Oi(x1)O0j(%2) O (x3) O1(xa))
= Z g;}m(“: v) Th i (X1, X2, X3, Xa)

N (%) O0)(O)Ok(x3) Oy (xa) )
Z 0[0)

b,I
(U, v) E E )\Uo)\f,oG;k,’Ap(u, v), conformal blocks
A.p ab
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Bootstrap Spinning Operators

Warmup

Spinning Operators d = 3

(01020301) —  (010,0:0,)

We consider Hermitian local primary operators O with (A, ),
represented with 2 spinor indices,

O(al"'azj)(x).

where each index o; = 1,2, e.g. ¥ and V# — V(ae2)
Index-free notation, contract each index with a single real
polarization spinor

O(X, S) — O(almazj)(X)Sal e Sagja
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Bootstrap Spinning Operators
W

armup

Spinning Operators d = 3

O(Xv 5) = O(almaa)(x)sal "t Say; Sa (57) -

The the time-ordered two-point function for space-like
separated xq, x> Is given by

(st 585 x12,)¥
(O(x1,51)0(x2, %)) = co Xiiw —,
12

where x;5 = x; — X, Co is a positive constant.
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Bootstrap Spinning Operators

Warmup

Three-point and Four-point functions

m Three-point function, OPE coefficients ’\uk
<O'(X]_ 51)0'(X23 52)Ok(x31 S3)>
= Z )\fﬁ() T (a), ijk X1 51, X2, 52, X3, 53)

aEI,_,k

m Four-point function, function coefficients gég(z, Z)

(O-(xl, Sl)Oj(Xg, $)Ok(x3, 53)O)(xa, 54))

= E guk, Z, Z 1) y'kf(X1,S1:X2,52;X3,S3:X4,54),
fEI,jk,'

m Block decomposition of each function coefficient.

ab,l
gykf z, Z E ,§ :AuO kIOG;fjk.’Aul(z Z)

Aj ab
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Bootstrap Spinning Operators

Warmup

Crossing symmetry

=y - F
(Oi(x1, 1) O0j(x2, 2)|Ok(x3, 5) O (x4, 54))
= (Ok(XQ,, 53)01‘(}(2, 52)|O,'(X1, 51)01()(4, Sq)).

Factor out the tensor structures,

gz, 2) Z Migiu(1—2,1—-2)=0.

ab,l
gukl z,Z) § E :/\go kIOG.-JkIAp(Z Z)

Ap ab

Pirsa: 23040142 Page 7/39



Bootstrap Spinning Operators

Warmup

Blocks 3d

Gat'(z,2) o r*hy (2, 2)

2z DY 27— (L) (Rl (2, 2).

Blocks 3d computes blocks assuming that
m the three-point structures are defined in SO(3) basis,
a = (j12,/120), b= (Ja3,Ja30)-
m the four-point structures defined in g-basis,
I = [919293q4]
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

" Three-Point Structures

Three-Point Structures: g-basis

Given quantum numbers (A;, j;), the g-basis structures are

iik . .
Taj=[q1,qz,q3]’ g €E{—Jin—di+ 1, il a+ @+ g3 =0.

The structures T[g’;,qz,qﬂ(xhsl;xz, S; X3, 53) are defined by

requiring that in the following configuration,
¥ =10,0,0),26 =(0,0,1). (L) = (0,0, L),

the following identity holds

3
lim (%4 T[’:;tqz‘qﬂ(xla 31, X2, 52, X3, 53) = H((Si)l)j"w"((si)z)h'_q'ﬂ

L—4o00 .
=1
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 9)

— Three-Point Structures

Three-Point Structures: g-basis

R

Given quantum numbers (A, j;), the g-basis structures are

ijk . : .
T;=[q1,qz,q3], g €{—jin—Ji+ 1, jih, a + g+ g =0.

ijk

(o G:65] transform nicely under space parity

ijk

. ; ijk ; ;
[ql}q2,q3](xlaslrx2:521X3us3) =% I (x1, S1; X2, S2; X3, S3)

[—91,—q2,—q3]

and similarly under other permutations.
If we want structures invariant under some transformations, we
can construct them easily in g-basis.
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Bootstrap Spinning Operators
Blocks3d + Examples (o, v’)

— Three-Point Structures

Example : (o9 O)

Start from g-basis [q1, g2, g3, j1 = 0,2 = %/2 Q3 = —q1 — g2,
[g19293] = [0, 1/2, —1/2], [0,—1/2, 1/2].

Assuming that o is odd and v is even under parity, then O
and T, have opposite parity,

(o O) ~ X°T,

(91,92, 93] = [—a1, —q2, — ).
We then define the parity-definite structures

(019203 = [1G2G3] £ [~ 1, — 2, —a3].
[0, 1/2, —1/2]*, [0, 1/2, —=1/2] .
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Bootstrap Spinning Operators
Blocks3d + Examples (o, v)

 Three-Point Structures

S0O(3)-basis

The SO(3) basis structures are labeled by pairs (j12,j123)

Jji2 €{lh — Ll A =Rl +1, - i + )2},
h23 € {lz —j2l, s — ja2l + 1, 5 + 12}

Want to relate T7%
7 (12.123)
ij

[Q1,Q2sQS](X1’ 51, X2, 52, X3, 53)

(X1, 51; X2, 52; X3, S3) with
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Bootstrap Spinning Operators
B i’

locks3d + Examples (o, 9)

" Three-Point Structures

Example : (o9 O)

Then we use CG coefficient to write them in 50(3) basis. For
example

(v o111
[0,1/2,—1/2]—%fgl)(|231—2)+|2a1+2>>-

2

2

12
0, ~1/2,1/2) = CY°C (m L

2 (,-iﬁ)

2

[0,1/2, —1/2] =

0,1/2, —-1/2]" =
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Bootstrap Spinning Operators
B /

locks3d + Examples (o, )

 Three-Point Structures

Example : (o9 O)

Then we use CG coefficient to write them in 50(3) basis. For
example

PPN ikt R
0.1/2,-1/2] = 2(J+)(2.I S +150+3)-

2

2

12
0, ~1/2,1/2) = YT (|,J L

2 (,-iﬂ)

2

[0, 1/2, —1/2]" =

0,1/2, —-1/2]" =
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Bootstrap Spinning Operators
Blocks3d + Examples (o, 1)

| -
—Four-Point Structures

Four-Point Structures: g-basis

The g-basis four-point structures are \

ijkl . :
TIJ:[qlqzqzq:;]a g; € {=di—hi + Ly = btk (1)

Similar to three-point structures, we require that when

x = (0,0,0), x, = (52, 22,0), x3 = (0,1,0), x4(L) = (0, L, 0),

2

; ikl
lim 22TV
L—+00 [91929344]

= [Ty sy

(X1, 51, X2, $2, X3, 83, X3, 54)

Parity: Tqg,6:,93,qe] = (_I)ij;—q; 1,020,001
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Bootstrap Spinning Operators
Blocks3d + Examples (o, 9)

| ‘
—Four-Point Structures

Four-Point Structures: Stablizer

R

Given (010,030;), we call a permutation a stablizer if it
changes neither the ordering of the operators nor the
cross-ratios.

For four identical operators, such as (¥111)), the stablizers
are

le, (12)(34), (13)(24), (14)(23)} = Z» x Z,

For a pair of identical operators, such as (oo}, the stablizer
group is just {e, (12)(34)} = Z,.
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Bootstrap Spinning Operators
Blocks3d + Examples (o, v)
| .
—Four-Point Structures

Given

<¢1¢2¢3¢4 Z gw%iﬁhqﬁ'] E) T[q1q2q3q41-
%
Under (13)(24),

(¢3¢4¢1¢2 gzﬁfbfaqd Z 2) ' n(z’ 2) T[Q3Q4Q1Q2]'

Comparing with

(V3thatPrthn) = Z gﬁi‘lﬁml (2, 2) Tigsquq12)-

This implies that some function coefficients are linearly
dependent of each other

(2, 2)ggis ™ (2,2) = glii ™

For example, we have gpp141, but for g4 ) and g 14y, we
should choose only one of them to parameterize the four-point

function.
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Bootstrap Spinning Operators
Blocks3d + Examples (o, /)

| .
—Four-Point Structures

Four-Point Structures: g-basis

The g-basis four-point structures are »

ijkl : ’ .
Tf:[qlqzqaqda g; € t=Ji—hi+ Ly i) (1)
Similar to three-point structures, we require that when

70): X3 = (07 1:0)7 X4(L) = (09 L7 0)*

: ikl
lim [28+TY

= [Ty ()Y

(Xla 51, X2, 52, X3, 53, X3, 54)

Parity: Tig;.40.q5.q5] = (_I)Ziﬁ_qi Tla1,02,05,q4]-
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Bootstrap Spinning Operators
Blocks3d + Examples (o, v)

—Four-Point Structures
Four-Point Structures: Example

R

(coyy), (Yoorp), (Youo).

Parity = (—1)=i/i~9, so the parity-even structures are

11
:575]7 [

1 1
040, —i 515

[0,0
Besides parity and stablizers,

(13): Tiquemal = (—1)nraras—ae T143,92,91,04]

(Z L 2) : T[QLQ‘2,Q3,Q4](21 2) - (_1)iji T[—ql,—Q2,—q3,—Q4](fﬂ Z)
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Bootstrap Spinning Operators
B b)

locks3d + Examples (o, 9

!—Crossiﬂg Equations
Crossing Equations

R

(Oi(x1, 51)O0j(x2, 2)|Ok(x3, 55) O (x4, 53))
=+ (Ok(x3, 53)O;(x2, 52)| Oi(x1, 51) O/ (xa, 51))-

[q1,92, 4 .-kl
Z gfjif ke (Z z) [éh q2,93, G'a]()d’ s1, )
(qi]
— [Q3 q2.q Q’4] kjil
== ngﬂ " -z1- )T[q3 9. Q'4](X3 s3,...)
lai]

4 ijkl
(_1)q1-+-cn+q3 g£E3 ,q2,q1, Q](l — )T[é] - q3q](X1’51’"')

gy M (z,2) = H(-1)HteteTagheadln _z1-3)

Page 20/39



Blocks3d + Examples (o, v)

!—CrOSsing Equations

Crossing Equations:Example
(wolba) = ~(volyo),
(oolvy) = (Yoloy).

Z

[QIsQ2-Q'3nQ4]( —) _ j:(_l)Q1+qz+qs—Q4 [q3,qz,q1.cu](1 — 71— f)

Eijki Ekjil

Crossing even
Yoyo - Yoo
Z.Z) = 4 Voo N
g[%o%o]( , ) g{%o%o] : g[i%Oi_%U](z,z),
Yoo - voyo ;

g[ 1 1 (Z,Z) =& 1 1 gy 7 Yooy F
~10-10] [ 30— 30] Bioos1+11(ZE) + 8 1004 11(212),
BV D . 2‘ 2, [0o£ 3 £3]V’ [£300£3]°

oo - oo
Z,Z) =
8lool ! (z,2) &(1o01] _
Crossing odd

ooy = Voo -
g[DO:i:%ié](z’ Z) - g[i%mi%](i_’,z).

= Yooy
zZ,Z2) =
12 2) = 870y

aopy)

g[oo—%—
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Bootstrap Spinning Operators
Blocks3d + Examples (o, /)

I—Crossir‘lg Equations

Functional: Derivative Basis (z, z

R

dlfl=" ). a,070f(z,2)

1 =__1
m+n<2nmax—1 (z= 5:4= 2)

Definite parity under the transformation z « Z,
(ze2): Tiggea6a(z,2) (—1)%i T-g1,-a0,—a3,-as) (2 2)

-I-[tn,q:z,qa}qa]i — T[c;mqrz,qa,cm]i + (_1)2”} T[-cn-.—qz,-qrs,—qa]:t

In our examples, these are

1
2

£ ] =00 ] %[00 7 — 2

(00 £ = :
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

I—Crossing Equations

Functional: Derivative Basis (x, t)

= — R ==
z+z-1 zZ—2Z zZ—2Zz

= —-—- VYV = ,t:
% YT T (

2
The crossing-symmetric point becomes x =t = 0.
Crossing acts by

?.

z—>1—2z, z—>1—-2Z or
X = —x, y——y (xy-parity)
crossing-even g(z,Zz) : xy-even.

crossing-odd g(z, z) : xy-odd.

crossing-even g(x,t): 9,9)g =0, m+ n = odd.
crossing-odd g(x,t): 0;0)g =0, m+ n = even.
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 9)

L—Cross‘ir‘lg Equations

Functional: Derivative Basis (x, t)

Similarly for z <+ Z, x — x, y — —y (t-parity),

Blaipasqa)+ (2, Z) ¢ t-parity even, y-even.
8la1vasaa- (2, Z) @ t-parity odd, y-odd.

Convention in Hyperion, 97"0) has the same t-parity /y-parity
as g, and opposite xy-parity to g.

afva:g[qs,qz,q:l,m]*(x’ t)
x=t=0
2 .
oma" [93.92,01,08] " (¢
ot (2 )

x=t=0

2m+n < 2nmax — 1.
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Bootstrap Spinning Operators
B )

locks3d + Examples (o, 9

I—Crossir‘lg Equations

Functional: Derivative Basis (x, t)

aron

8ot 11 (X, 1) + gigg1. (x, ), xy-0dd, y-even — x-odd, y-even

g[‘;g’%’*'g_(x, t) + gé‘;g;_ (x,t),xy-odd, y-odd, — x-even, y-odd
Voo
Ei30500+

Yoo
8130300-

(x, t),xy-odd, y-even, — x-odd, y-even

(x, t),xy-odd, y-odd — x-even, y-odd

ooy Yooy

g[oo%%]T(x t) [3001]*
ooy _ gYooy

g[oo%%]—(x t) [3003]~

(x, t), xy-even, y-even — x-even, y-even

(x, t),xy-even, y-odd — x-odd, y-odd
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

I—Crossir‘lg Equations

Smoothness of g(t = 0)

R

When we expand the four-point function in conformal blocks,
we will find that the result is smooth (as a function of x;). But
it turns out that not any choice of g4,,q:4.](2, Z) leads to a
smooth correlator, and a finite number of boundary conditions
need to be imposed on derivatives of gg,4,4,:](2,Z) at z =2
ort =0.

OFr O™ gy (1) n21,20

[5225

Reference: Counting Conformal Correlators
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)
—Blocks3d Software

Blocks 3d Software

ijkl
g[qlqzt73q4] i(x t)

—Y T y: /\834'12@))\%%11430)Gg12mo U43J430)(X, t)

J[q192q394), £
A (h24120) (azdaso)

e mp (s, Gt el )

x=t=0

./blocks 3d --help

./blocks _3d --j-external 0.5,0,0.5,0 --j-internal
0.5,1.5,2.5,3.5,4.5,56.5,6.5,7.5,8.5,9.5,10.5,11.5,12.5,13.5,14.5,15.5,16.5
--j-12 0.5 --j-43 0.5 --delta-12 0.4176 --delta-43 -0.4176
--delta-1-plus-2 1.7196 --four-pt-struct 0.5,0,0.5,0 --four-pt-sign -1
--order 60 --lambda 11 --coordinates xt --kept-pole-order 8

--num-threads 6 --debug 1 --precision 768 -o output/derivs.json
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

I—Crossing Equations

Functional: Derivative Basis (x, t)

Similarly for z <» Z, x = x, y — —y (t-patity),

Blaipasqa)+ (2, Z) ¢ t-parity even, y-even.
8la1vasae- (2, Z) @ t-parity odd, y-odd.

Convention in Hyperion, 9770y has the same t-parity /y-parity
as g, and opposite xy-parity to g.

a?ra:g[qs,qz,q:uqar(xj t)
x=t=0
2 .
oma" [93.92,01,08] " (¢ ¢
£ x((z_z)g (x ))

x=t=0

2m+n < 2nmax — 1.

Pirsa: 23040142 Page 28/39



Bootstrap Spinning Operators
B 3

locks3d + Examples (o, v)
—Blocks3d Software

Blocks 3d Software

ijkl
g[q1qzt73q4] i(x t)

—T T y: /\ggmo)/\g%ﬁao)cgumo U43J43O)(X’ t)

J[9192q394], £
A (h24120) (azJaso)

s (s, Gt el )

x=t=0

./blocks 3d --help

./blocks _3d --j-external 0.5,0,0.5,0 --j-internal
0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5,10.5,11.5,12.5,13.5,14.5,15.5,16.5
--j-12 0.5 --j-43 0.5 --delta-12 0.4176 --delta-43 -0.4176
--delta-1-plus-2 1.7196 --four-pt-struct 0.5,0,0.5,0 --four-pt-sign -1
--order 60 --lambda 11 --coordinates xt --kept-pole-order 8

--num-threads 6 --debug 1 --precision 768 -o output/derivs.json
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Bootstrap Spinning Operators

Warmup

Blocks 3d

Gat'(z,2) o r*hy (2, 2)

2z DY 27— (L) (Rl (2, 2).

Blocks 3d computes blocks assuming that
m the three-point structures are defined in SO(3) basis,
a = (j12,/120), b= (Ja3,Ja30)-
m the four-point structures defined in g-basis,
I = [919293q4]
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Bootstrap Spinning Operators
GNY

L Model

The Model

The 3-dimensional O(N) Gross-Neveu-Yukawa (GNY) theories
with N Majorana fermions v;, interacting with a pseudoscalar

¢

1 _ 1 A
Lony = 5(3615)2 + i — §m2¢2 — z¢4 + goin;.

Global O(N) symmetry and invariant under parity
transformation.

m One of the simplest models for scalar-fermion interaction.
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Bootstrap Spinning Operators
GNY

L Model

Condensed Matter Applications

The universality class of the GNY model is used to describe a
variety of quantum phase transitions in condensed matter
systems.

m N = 8: Quantum Phase Transitions in graphene [Phys.
Rev. Lett. 85 (2000) 4940-4943].

m N = 4: Spinless fermions on honeycomb lattice
[1703.08801].

CFT scaling dimensions = critical exponents.
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Bootstrap Spinning Operators
GNY

L Model

N = 1: Emergent Supersymmetry

m N=1:

1 sa 1 A _
Lany = 5(00) + @) — 5m'e* — 6" + gduy.

Emergent supersymmetry arising at criticality, A = g°.

Emergent supersymmetry on the boundary of topological
superconductors [Science 344, 280 (2014)].
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Bootstrap Spinning Operators
GNY

—Bootstrap Setup

Bootstrap Setup

O: (¢,P,powm)

il , 1 A
Leony = 5(34?5)2 + i — §m2¢,2 - Z¢4 + goYiv;.

We consider the mixed system of the lowest-dimension
operators ¢;, € and o, where their quantum numbers are,

o~¢: (0,0dd,e)
e~@* : (0,even,e)

Vi (%,even, 0).
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!—-Three—point Structures

Counting Three-point Conformal Structures

(O., C)_-JCJ, ) Structures

OPE O€(l,Pp)

axa -
(I € 2Z,even, o)

(l € 2Z,0dd. e)
(l€Z+ 1, even,
- l,‘tltili.

} .’,. even,

+ 1 odd,

OPE | O€(l.Py)

(Ll € 2Z, even, p € e,

(l€2Z+1, even, u=

[(le:

l (le2Z+1,0dd, ue {.. }) . T,';j“:‘.
(1€ (2Z)>3, odd, p= ) T3,

:(fe

)

)

)

odd, p=1) [ T[4,

<:(H,"Of_ - —ri"{(]_ , = .:

(00 Q)
(eeQ)
(0e@) | 1000]
(ea D) (=1)7[000]

000]

15[1,0,
300, 1,
264[L 0,
5[0, !
1y-264[1,0,
—(5”‘_(]. E,

( 1 cijrl
(=1)y724%(5,0,

| | [l M
TP T
[

"o

. (' O%) Structures
[ rijag 1 14+
Toa L ~I )
| T [843,—1]"
T’JI['J =
ol

]—:ll_jll' R
) T[4,

| pei—pai—| | E2i—
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Four-point Structures

Conformal structures with nice symmetry properties,
(Vplpy) = —(Pylyy),
(—1)%i/~9% = 8 parity even structures.

(M1 A [P AT T [, [, [
Invariant under (12)(34), (13)(24), (14)(23),

(1), D, (M, (T, -

t-parity or parity under z — Z (in this case [1] < [}])

R A A Gy
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Bootstrap Sp g Operators
GNY

| ;
—Four-point Structures

Four-point Structures

Conformal structures with nice symmetry properties,
(eelp'y’) = (W'eler’),
(W'ele) = —(Wely'e)
(oel'y!) = (P'e|loy’),
(Wolyle) = —(Waly'e).

Parity odd structures [1]], [{1].

Definite t-parity structures,

[NF = [T F [1]
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| ;
—Four-point Structures

Results: Archipelago

The O(N) Gross—Neveu-Yukawa Archipelago

A
1.0

1.04 1.06 1.08

Pirsa: 23040142 Page 38/39



| ;
—Four-point Structures

Results: Archipelago

The O(N) Gross—Neveu-Yukawa Archipelago

A
1.0

1.04 1.06 1.08
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