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Bootstrap Spi g Operators
Warmup

General Blocks

(Oi(x1)O0j(%2) O (x3) O1(xa))
= Z gi}k!(ua V) Th i (X1, X2, X3, Xa)

N :(x2)|0)(O|Ok(x3)Oi(xa))
Z (010)

b,I
gj(u, v) E E Ao Jk,OG’j"k‘,Ap(u v), conformal blocks
Ap ab
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Bootstrap Spinning Operators

Warmup

Spinning Operators d = 3

R
(P1020302) —  (010.030,)
We consider Hermitian local primary operators O with (A, ),
represented with 2; spinor indices,

O(al"'azj)(x).

where each index o; = 1,2, e.g. ¥ and V# — V(ne2),
Index-free notation, contract each index with a single real
polarization spinor

O(X, 5) = O(almazj)(x)sm TSy Sa;

]
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Bootstrap Spinning Operators
W

armup

Spinning Operators d = 3

§

The the time-ordered two-point function for space-like
separated x;, x> Is given by

O(X7 5) = O(almazj)(x)sal " San  Sa; = (é:) |

i B 2j
i (st Yap32 X12,u)%

(O(x1,51)0(x2,52)) = co

where x;0 = X3 — X2, Co IS a positive constant.
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Bootstrap Spinning Operators

Warmup

Three-point and Four-point functions
(a)

ijk *

<O'(X1351)O'(X2:52)Ok(x3:53)>
= Z Afj,?T (a),iik (X1, 51; X2, $2; X3, S3),

aEI,_,k

m Three-point function, OPE coefficients Al

m Four-point function, function coefficients gé-;;),(z, Z):

(O-(xl, sl)Oj(x2, $2)Ok(x3, 53)O)(xa, 51))

=Y 852, 2) Ty u(x1, 515 X2, 52: X3, 53 Xa, Sa),
IEIW

m Block decomposition of each function coefficient.

ab,l
gykf z,2) E E :/\UO k/OGUkJAu-(Z z)

Aj ab
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Bootstrap Spinning Operators

Warmup

Crossing symmetry

=)o -z F
(Oi(x1, 51)0j(x2, 2)|Ok(x3, 53) O (x4, 54))
= <Ok(X3, S3)Oj(X2, 52)|O,'(X1, 51)0,'()(4, S4)>.

Factor out the tensor structures,

gz, 2) Z 81 —2,1—-2)=0.

ab,!
g.gkl ZziZ) E E :/\Uo kIOG.-_;kIAp(Z Z)

A,p ab
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Bootstrap Spinning Operators

Warmup

Blocks 3d

Gziz’." (z,Z) x r® hzbj (z,2)

hzbj'(z, Z) = hggJJ(Z, Z)+ A A ’(Ej,i)gf(Rj’f)gf hif:-ff,;»f(z’ ).

Blocks 3d computes blocks assuming that
m the three-point structures are defined in SO(3) basis,
a = (j12,/120), b= (Js3,Ja30)-
m the four-point structures defined in g-basis,
| = [919293q4]
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Bootstrap Spinning Operators
B 3

locks3d + Examples (o, 1)

Three-Point Structures

Three-Point Structures: g-basis
Given quantum numbers (A, j;), the g-basis structures are
ijk

I o G €4—Ji—ji+ 1 ji}, n + 2+ g3 =0.

The structures T[q @.5] (xl,sl;x2,52;x3,s3) are defined by
requiring that in the following configuration,

x1 = (0,0,0),x = (0,0,1),x3(L) = (0,0, L),

the following identity holds

3
. i+ i — g
lim [223TY XSG S s H . a((s 0,
[—=+o0 [a1, Q2q]( 1521, A2 92, A3, 3 i )J ,) )J
=1
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Blocks3d + Examples (o, v)

Three-Point Structures

Three-Point Structures: g-basis

R

Given quantum numbers (A, j;), the g-basis structures are

Ty @ € =i =i+ 1 ik i+ @+ 03 =0,

a=[q1,

ifk . .
T[ql,qz,qa] transform nicely under space parity

ijk : : ijk : :
T[ququq:,;](xh S1; X2, S2; X3, 53) — T[-ql,—qz,—qa] (X1, 51: %2, 525 X3, 53)

and similarly under other permutations.
If we want structures invariant under some transformations, we

can construct them easily in g-basis.
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Blocks3d + Examples (o, v)

Three-Point Structures

Example : (o9 O)

Start from g-basis [q1, g2, q3], j1 = 0,2 = %/2 Gs = =1 ==
[g19293] = [0, 1/2, —1/2], [0, —1/2, 1/2].

Assuming that o is odd and v is even under parity, then O
and T, have opposite parity,

(e O) ~ N°T,

(91,92, 03] = [—a1, — 2, — ).
We then define the parity-definite structures

[019203]° = [01G2¢3] £ [— a1, — 2, —a3].
[0, 1/2, —1/2]*, [0, 1/2, —1/2].
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Blocks3d + Examples (o, v)

Three-Point Structures

SO(3)-basis

The SO(3) basis structures are labeled by pairs (j12,/123)

Jji2 €4{lh — Ll A =Rl +1,--h + )2},
J123 € {Us — Jizls 3 — a2l + 1, - jz + Jiz}-

Want to relate T7%
iy (j12.123)
yj

[Qh‘?ZsQS](xl’ 511 X2, 2; X3, 53)

(x1, 51; X2, 2; X3, S3) with
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 1)

Three-Point Structures

Example : (o9 O)

Then we use CG coefficient to write them in 50(3) basis. For
example

L CUR L1
0.1/2,-1/2) = 2(1?)0 J-PHlgit):

2

5)

12
0, ~1/2,1/2) = CYT (m SYRES

2j
()

2

[0,1/2, —1/2]T =

~ ( 1)_; 1 2
0, 1/2, 2 _
[0,1/2, -1/2] 2(1-2’;)|2
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

Three-Point Structures

Example : (o9 O)

Then we use CG coefficient to write them in 50(3) basis. For
example

(—1)y-1/2 s O, PR |
0. 1/2 —Uﬂ—w (130-3+13:0+3)-

2

5+

2
0, —1/2,1/2= EV7 (|,J 1

2j
()

2

[0,1/2, —1/2]T =

~ ( 1)_; 1 2
0. 1/2. 2 _
[0,1/2, —-1/2] 2(1-2’;)|2
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Blocks3d + Examples (o, )

Four-Point Structures

Four-Point Structures: g-basis

The g-basis four-point structures are \

ijkl 4 . H
T.H:[qlng:,'q,‘]? gi € {_.]f: =i 1: e JJf}' (1)

Similar to three-point structures, we require that when

xi = (0,0,0), x, = (52, 22 0), x; = (0,1,0), xs(L) = (0, L, 0),

2R

. ikl
lim [2A«TY
L—+o00 [919293G4]

= Ty (s)ep =

(Xla S1, X2, 52, X3, 53, Xa, 54)

Parity: Tig,,q,,q5,0:) — (_I)Z’Ji—qi T(91.2,05,q4]-
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 1)

Four-Point Structures
Four-Point Structures: Stablizer

R

Given (010,050,), we call a permutation a stablizer if it
changes neither the ordering of the operators nor the
cross-ratios.

For four identical operators, such as (111)1)), the stablizers
are

le, (12)(34), (13)(24), (14)(23)} = Z» x Z,

For a pair of identical operators, such as (co1)), the stablizer
group is just {e, (12)(34)} = Z,.
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Bootstrap Spinning Operators
Blocks3d + Examples (o, v)
Four-Point Structures

Given

(h1atstia) = > BB (2, 2) T quanaa)-
Under (13)(24), *

(’([)31?/)4@1 wQ Z giq$j)f3Q4] ) n(z, E) T[Q3q4 q1q2]"

Comparing with

(V39a10112) Z gg[;izzﬁl . (2,2) Tigsquqranl-

This implies that some function coefficients are linearly
dependent of each other

(2, 28500 (2,2) = g0

For example, we have gp4141, but for g4 ) and gj 147, we
should choose only one of them to parameterize the four-point

function.
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Blocks3d + Examples (o, v)

Four-Point Structures

Four-Point Structures: g-basis

The g-basis four-point structures are \

ikl S .
TFZ[Q1Q2Q3€,'4]’ gi € {_.]f: —Ji ax 1: e JJf}- (1)

Similar to three-point structures, we require that when

x1 = (0,0,0), x, = 2tz 0), x3 = (0,1,0), xs(L) = (0, L, 0),

2 )

. ikl
lim [28«TY
L—+00 (919293G4]

= Ty ((sep =

(X1, 51:.X2,5; X3,53, Xa; 54)

Parity: Tig,,q,,q5,0:) — (_I)ijf_qi T(91.2,05,q4]-
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Blocks3d + Examples (o, 1)

Four-Point Structures

Four-Point Structures: Example

R

(ooyy), (Yooy), (Yoyo).

Parity = (—1)=i/i9 so the parity-even structures are

11
:575]7 [

1 1
anv _51 _517 ..

[0,0
Besides parity and stablizers,

(13): Tiqeea = (—1)mraras—ae T143,92,91,q4]

(z 7 2) : T[Q'l;‘??ﬂ%‘?d](z? E) —* (_1)2;1} T[‘ng—Q2,—q3,—Q4](EJZ)
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Blocks3d + Examples (o, 1)

Crossing Equations
Crossing Equations

R

(Oi(x1,51)0j(x2, 92)|Ok(x3, 53)Oi(Xa, 53))
=1 <Ok(X3, S3)Oj(X2, 52)|O,'(X1, 51)0{(X4, S4)>.

[91,92,93,q4] ikl
E ikl (z,.Z2) T (22,35, qA](’d’Sl’ ..)
(9]

=+ g mrd1_z1-)TH (x3,53,..)
[a:]

: ijkl
(_1)q1+qz+q3 giEﬁ ,q2, QI,Q‘4](1 —z1- )T[{?] — ](xl, sl )

g (2, 2) = H(-1)preteagheatln _z1-3)
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Blocks3d + Examples (o, v)

Crossing Equations

Crossing Equations:Example

(Wolpo) = —(polpo),
(oolp) = (oloy).

[ql,q:z,qa,cn](z E) _ j:(_l)Q1+Q2+QB—Q4 [qaaqz,qlscul(l — 71— 5)

Eijki Bjil

Crossing even

voyo (z,z).

L:nwa(z 2) voyYyo g
[+1o0+10]

Stiolo) ~ &ijolo
Yoo s\ _ LYovo _ cobl _ S _
g[_%o_%o](z,z) = &_10-10q ’ g{ooi"";i;](z,z)—I—g[’“iéo’éi%](z,z),
ooy =\ _ Yooy
g[OD%%](Z’z) _g[%OO%] -
Crossing odd

agoyy - vooy =
g[UO:téié](z’z) g[iéﬂﬂi%](z’z)'

gopp ] Yooy
Z. 2] =
g[oo—%—%]( ,Z) g[—%oo--zl-]
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Blocks3d + Examples (o, v)

Crossing Equations
Functional: Derivative Basis (z, )

R

olfl= Y &,0r0if(z,2)

m+n<2nmax—1 (z=3,2=3)

Definite parity under the transformation z < Z,
(2 2): Tgeealz,Z) = (—1)= T-a1,-a2,—a3,—as) (2, Z)

T[ql,q;z,qe.u:;*a:]i — -’-[ch,qr;z,qa,q‘:]i + (_1)E'Jf T[—tn,—qz,—qrs,—qa]i

In our examples, these are

1

1., 11 1 1
00 £ 2 & S} = [0027] F [00 - 5 — 7]

2 2
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

Crossing Equations

Functional: Derivative Basis (x, t)

z+z-1 z—2Z Y z—Z 9
- —_— . t — .
The crossing-symmetric point becomes x =t = 0.
Crossing acts by

X =

z—>1—-—2z, Zz—>1—-2z or
X = —x, y——y (xy-parity)
crossing-even g(z,Zz) : xy-even.

crossing-odd g(z, z) : xy-odd.

crossing-even g(x,t):  9,0)g =0, m+ n = odd.
crossing-odd g(x,t): 0;0)g =0, m+ n = even.

Pirsa: 23040142 Page 23/39



Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

Crossing Equations

Functional: Derivative Basis (x, t)

Similarly for z <> Z, x = x, y — —y (t-pagity),

Blavapasar] - (2, Z) © t-parity even, y-even.
8la1vasaa]- (2, Z) © t-parity odd, y-odd.

Convention in Hyperion, 070y has the same t-parity /y-parity
as g, and opposite xy-parity to g.

azna:g[qs,qz,qma]*(x’ t)
x=t=0
2 _
aman [q3!q2aqlsq4] : '3
o (—(Z_E)g (x ))

x=t=0

2m+n < 2nmax — 1.
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 1)

Crossing Equations

Functional: Derivative Basis (x, t)

aron »

gt (x t) + g4t (x, ), xy-odd, y-even — x-odd, y-even
[00} 1] [3003]*

g[‘;gg_(x, t) + gé‘;g;_(x, t), xy-odd, y-odd, — x-even, y-odd
Voo

Ei3050

Yoo

8130300

(x, t),xy-odd, y-even, — x-odd, y-even

(x, t),xy-odd, y-odd — x-even, y-odd

ooy Yooy

g[oo%%]v(x t) g[%00%1+
ooy _ Yooy

g[oo% - (X t) [3003]-

(x, t), xy-even, y-even — x-even, y-even

(x, t), xy-even, y-odd — x-odd, y-odd
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Bootstrap Spinning Operators
B

locks3d + Examples (o, 1)

Crossing Equations

Smoothness of g(t = 0)

R

When we expand the four-point function in conformal blocks,
we will find that the result is smooth (as a function of x;). But
it turns out that not any choice of g(4,q,q:4.](2, Z) leads to a
smooth correlator, and a finite number of boundary conditions
need to be imposed on derivatives of gg,4,4:q.](2,Z) at z = Z
ort =0.

"o gl () n21,20

[5225

Reference: Counting Conformal Correlators
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Blocks3d + Examples (o, )

Blocks3d Software

Blocks 3d Software

ijkl
El0192934a], i(x t)

_7 y* y: /\51292.1'120 Ag4éJ43O)G(AJI2J120 U43J43@)(X, t)

Jl9192q3q4], =
Aj (124120) (JazJazo)

i—#fermionsa;na? (pd: (X, t) ng! z[;';f(;)z)q(;l;;z]dﬁo ) (X, t))

x=t=0

./blocks 3d --help

./blocks_3d --j-external 0.5,0,0.5,0 --j-internal
0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5,10.5,11.5,12.5,13.5,14.5,15.5,16.5
--j-12 0.5 --j-43 0.5 --delta-12 0.4176 --delta-43 -0.4176
--delta-1-plus-2 1.7196 --four-pt-struct 0.5,0,0.5,0 --four-pt-sign -1
--order 60 --lambda 11 --coordinates xt --kept-pole-order 8

--num-threads 6 --debug 1 --precision 768 -o output/derivs.json
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Bootstrap Spinning Operators
B

locks3d + Examples (o, v)

Crossing Equations

Functional: Derivative Basis (x, t)

Similarly for z <> Z, x = x, y — —y (t-pagity),

Blavaasan]+ (2, Z) @ t-parity even, y-even.
8la1wasaa]- (2, Z) @ t-parity odd, y-odd.

Convention in Hyperion, 070y has the same t-parity /y-parity
as g, and opposite xy-parity to g.

ara:g[qs,qz,%q::]*(xj t)
x=t=0
2 _
aman [q3!q2aqlsq4] ! t
o (—(Z_E)g (x ))

x=t=0

2m+n < 2nmax — 1.
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Bootstrap Spinning Operators
B 3

locks3d + Examples (o, 1)
Blocks3d Software

Blocks 3d Software

ijkl
8(01929344], i(x t)

_y y\ y: /\ggﬂzo )\%%J“O)Ggu‘hw U43J43@)(X, t)

J[9192q3q4], =
Aj (124120) (JazJazo)

i—#fermionsa;na? (pd: (X, t) ng! z[;';f(;)z)q(;l;:]dﬁ(? ) (X, t))

x=t=0

./blocks 3d --help

./blocks 3d --j-external 0.5,0,0.5,0 --j-internal
0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5,10.5,11.5,12.5,13.5,14.5,15.5,16.5
--j-12 0.5 --j-43 0.5 --delta-12 0.4176 --delta-43 -0.4176
--delta-1-plus-2 1.7196 --four-pt-struct 0.5,0,0.5,0 --four-pt-sign -1
--order 60 --lambda 11 --coordinates xt --kept-pole-order 8

--num-threads 6 --debug 1 --precision 768 -o output/derivs.json
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Bootstrap Spinning Operators

Warmup

Blocks 3d

Gziz’." (z,Z) x r® hzbj (z,2)

hzbj'(z, Z) = hggJJ(Z, Z)+ A A ’(Ej,i)gf(Rj’f)gf hif:-ff,;»f(z’ Z);

Blocks 3d computes blocks assuming that
m the three-point structures are defined in SO(3) basis,
a = (j12,/120), b= (Js3,Ja30)-
m the four-point structures defined in g-basis,
| = [919293q4]
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Bootstrap Spinning Operators
GNY

Model

The Model

The 3-dimensional O(N) Gross-Neveu-Yukawa (GNY) theories
with N Majorana fermions v;, interacting with a pseudoscalar

¢

1 _ 1 A
Lony = 5(599)2 + i — §m2¢2 - Z¢54 + govit;.

Global O(N) symmetry and invariant under parity
transformation.

m One of the simplest models for scalar-fermion interaction.
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Bootstrap Spinning Operators
GNY

Model

Condensed Matter Applications

The universality class of the GNY model is used to describe a
variety of quantum phase transitions in condensed matter
systems.

m N = 8: Quantum Phase Transitions in graphene [Phys.
Rev. Lett. 85 (2000) 4940-4943].

m N = 4: Spinless fermions on honeycomb lattice
[1703.08801].

CFT scaling dimensions = critical exponents.
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Bootstrap Spinning Operators
GNY

Model

N = 1: Emergent Supersymmetry

m N=1:

1 - 1 A _
Lony = 5(%)2 + gy — §m2¢2 - Zcb“ + g,

Emergent supersymmetry arising at criticality, A = g°.

Emergent supersymmetry on the boundary of topological
superconductors [Science 344, 280 (2014)].
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Bootstrap Spinning Operators
GNY

Bootstrap Setup

Bootstrap Setup

O . (23 Pa MO(N))

1 1
Lony = 5(8@5)2 + i — Emquz — %de' + govii.

We consider the mixed system of the lowest-dimension
operators 1;, € and o, where their quantum numbers are,

o~¢: (0,0dd,e)
e~ ¢> : (0,even,e)

Yit  (3,even, ).
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Bootstrap Spinning Operators
GNY

Three-point Structures

Counting Three-point Conformal Structures

OPE O€(l,Pu) (00,0, Structures
[ [ (e00) 7
(eeO)
(0e@) | 1000]
(ea @) (-1)y (K]IJ]
| (o O7) [ —d” (]. .
(Y'eO? 184[3,0,
{ov'0?) | 810, !
(P'e D7) ( ] ;fi”
| (erp'O7) | 4 (.:.
W'eo) | ( 264 (1,0,
ewi0d)y | ~54(0, 1,
(V'e0) i-364[},0,

axa

(l € 2Z, even, o) 000]

(I € 2Z,0dd, )

.E,.Ud(i. )

OPE [Oc (I, Pu) (v'y? O%) Structures
' ' T ot

' ‘ 1)*
Lo
,—1)7

1.0

2

(l € 2Z, even, p € {e, H

o X O (le2Z +1, even, p=H)

(l € 2Z, odd, p € {eo, H

(l€2Z+1,0dd, p€{o, 1}
(1€ (2Z)>g, 0dd, = 1) [
[ (l€2Z+1,0dd, p= 1)

S =D =D = D = D = b == o |—
| pei—pai—=| | 2=
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irsa: 23040142

Four-point Structures

Conformal structures with nice symmetry properties,
(VY|Y) = —(Yolyy),
(—1)%i/~9% = 8 parity even structures.

(M1 A [, AT [ L [, [
Invariant under (12)(34), (13)(24), (14)(23),

(1), D, (M), (1), (-

t-parity or parity under z — Z (in this case [1] < [}])

D s T (D G ™
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Bootstrap Sp
GNY

Four-point Structures

g Operators

Four-point Structures

Conformal structures with nice symmetry properties,

(eelp'y!) = (Y'eley),
(W'ele) = —(Wely'e)

)
(oelg'y!) = (V'eloy),
)

(Y'ole) = —(Waly'e).

Parity odd structures [1|], [}1].
Definite t-parity structures,

[TF = [T F [1]
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Bootstrap Spinning Operators
GNY

Four-point Structures

Results: Archipelago

The O(N) Gross—Neveu-Yukawa Archipelago

r

A
1.0

1.06
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Bootstrap Spinning Operators
GNY

Four-point Structures

Results: Archipelago

The O(N) Gross—Neveu-Yukawa Archipelago

r

A
1.0

1.06
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