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Plan for today

Derivation of O(N) bootstrap equations for all four-point functions involving

(v=0: s=¢° t=0:¢)

Cutting surface algorithm
Tutorial A : Learn how to use autoboot, how to use projectors, run cutting surface algorithm

Tutorial B : Using Hyperion to bootstrap 3d Ising
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Group theory: CG coeff, 3j symbol

[Reference : autoboot arXiviigog.10522, << Birdtracks, Lie's, and Exceptional Groups:> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t. r, ...

Tensor product decomposition: s@ t =" & n2 &= ®... , (n;: multiplicity)

t

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { ;

b o
a—} o (a:indices of rep r,
r.8 Jai=1..n

1
T

ete)) ie. ¢ = {E

T

a.b ) g (5)
—. } da P

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}w = Op' Opn e

. . .0 1 : b . . A.c i 5
Define the 3j sg.rmbol:<tl C) = —— {5 “—} , normalization: Za‘bc<—“ C) {“ "") =1
r.8.iln \,"climm T r.E In : rs&tin \7r.8t(n

Example : O(n) group with S (singlet), V' (vector) reps:

CG coefficient: { -

s
A

B
=

;} _ %5” . G syuﬂ)ol:(;_T_T

. ) = % 8:; , 1. j: O(n)vectorindices
vn 2

ol

Exercise : check( s 1') is symmetric (In general, 3j symbol is symmetric / antisymmetric)
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Group theory: CG coeff, 3j symbol -

[Reference : autoboot arXiviigoz.10522, << Birdtracks, Lie's, and Exceptional Groups:=> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t. r, ...

Tensor product decomposition: s@t =" & n2 &= & ... , (n,: multiplicity)

t

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { ;

b o
a—} i o (a:indices of rep r,
rsli=l.. n

ete.) ie. ¢ = {E

T

@b ey g (5)
;}dla Oy

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}w = Op' Opn Oce

Define the 3j symbol : < f“)ﬂ = — {

t + dim(t;

L et

a.b . . ) a.b.c a.b.c 4
_*}n g IlOIlllﬁllZﬁthIl. Za‘b.c<—)ﬂ < )ﬂ =

28, L

Example : O(n) group with S (singlet), V' (vector) reps:

CG coefficient: { -

s
A

B
=

1 . - P o A —— y - .
;} = \.'_T(S” s« 3 5}’1111301.(T_T_S> = 7= 0:; , % j: O(n)vector indices

L.

Exercise : check( o

} is symmetric (In general, 3] symbol is symmetric / antisymmetric)
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Group theory: generalized delta

Let 4, j, k. ... be the O(n) vector indices. We can use the vector indices to label an arbitrary rep R in O(n)

“generalized delta function” éﬂ - 5}? gb'fz* = gb'f:' j B=dll; safoland E; = F, E. -

Properties : o‘ﬁ 6';'1 = 6% and (S'Jﬁ; = dim(R)
5;3 :projecion V@ Ve V.. > R
Example : traceless symmetric rank-2 tensor T: 67, ., = = (6:5 8,1 +0:10;4) ?l 8; 163

T 7 7 1 7 - . .
Example : &, k@ =g — P P01 185a traceless symmetric rank-2 tensor

1 R) i 1 ()
b= ——&7 {” ,>= ——¢;, foranyrep R
v dinu RB) RS v dim(R)

|

=l

Exercise : { i
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CFT : 2-point, 3-point function

We define gpt coefficient A, ;. as

; sy ke M = (¢ | &b Z"l g% trace w _ gt g
c‘.ﬁl]__ﬂaﬂ:-r) (-‘bg-slbll:y) ¢3-T|C| (E:I) - 1193 { e } As+A Ay 1) Az A ~F)-Az (a7~ bag-Az 2 Z T e S
6L TS 1 g TR g, BRI VTS 1% (=-2)

$1.110/(7) : @ is in representation r with indices a.

b a.b.c - :
:} = Qi 1;( ; ) , LE. ;51 = ﬂltjﬁ: v dim(¢y)

.8

Iy

We define 3pt coefficient @, ;; as A, ;; {

~+
!

2pt function :

(A)

] : . g @i §4B 'u-.n"J

(D 410)(T) Ol y)) = (Do) () a5 (Y 1) = n‘wl{: T;;} ” iga — I l |2y 4
sl - v dimia) =3

(difference choices of a,.; lead to different conventions.)
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EEINIOPE

Define C"1-"(x. —d.) by

: s B
M FH _trace = (% (r. —:‘? ) Iy, -trace [# =56 _9 (-2 (y—2),
Aptagi—{ap—r]  AsHap-r|-a; (A -fhag-ay I ay ? v v - i
REE T TR et |-/ jr” (g=2)
[d
] : _ Y dimi?) m a.a.an i A ) 5 Sy U2
OPE: ‘_vbl.r1|_all':~r1:' X‘;{)Q.rﬂag‘(fﬂ) = Zr Z(J:r Zn — Qy1 800 }:. ( — )n C‘-"l 0 C ( I — I, ayl)O?'lﬂl (y1)

(group decomposition 1 ® n - rdH ...)

Exercise : show a,, 4, o in the OPE is the same a, ., in the definition of 3pt.
1 2 1%
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-

Group theory : 4pt structure

For simplicity, let’s assume there is no multiplicity.

Define 4pt structure as

5 ‘b |oLe) fb| 038y 1 1
Pttt = B2 22} 2] 22} 2

el mlealrsleslrlad = 2035 | T s | Tam S e wrd
Taking a..; = —— (in this case P is called 4pt projector), P has the following properties:

+ dimys)
1 59 sV ‘ rl ol

1, (completeness), (Pr1 mrn+Prinnn+.. Pinn @Jﬁl 83 iy — Ocy a3 Oas ay
o . ; T s ‘ . s
=2 {pl OJECUOH)’ 2&3 ay (Prl ™73 ’l)al a9 ag ay (.PTS 175 Tﬁ)a:; 1y a5 o 5?3 (PTI ™ 7578 '}“l a9 Gy Gf

3, (orthogonality), ., ;a3 e, (Pr =6, dim(r)

17273 7'4)a1 4y ag oy (P"l 273 1 )al as ag ay

b

Exercise : proof above properties using the properties of{
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Group theory: CG coeff, 3j symbol

[Reference : autoboot arXiviigoz.10522, << Birdtracks, Lie's, and Exceptional Groups==> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t. r, ...

Tensor product decomposition: s@ t =" & n2 &= ® ... , (n;: multiplicity)

t

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { ;

b o .
a—} i ot (a:indices of rep r,
s Ji=l.n

c
3

gte.) leglt = {

@b iy g (S)
:}dla ds

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}” = 6&' 5m: 5{5‘

. . .0, 1 s b . . e e 5
Define the 3j symbol : ( . C) = —— {5 “—} . normalization: ¥, , c(—“ C) {“ "") =1
g \,"climm T r.E In ! rs&tin \7r.81(n

Example : O(n) group with S (singlet), V' (vector) reps:

Setaats f £ Elak. . 2. e : fEray 1 e . e
CG coefficient: { - £ | -} = o d:; , 3j symbol : ( rrs) = =—=4&;; , i j: O(n)vectorindices
2 9 I
Exercise : check{ e Q) is symmetric (In general, 3j symbol is symmetric / antisymmetric)
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CFT : 4pt function

4pt function:
(P1(x1) Pa(m) Pal(3) Pul(T)) =

—

1 |I3-L] A9 -]II-L| Agy % - b.ay .o bag.ay |\ dim(o) Ayo.Agy :
|z10[*1 "2 |2g, '3t ( ] ( ) 2o 20 Znm 1 490 Xog0,0 2 9o (% @)

714 |z sl \ syl epy
where
412434 Iy |TA12 | 1y A3 ' ; : y Il
(u, v9)=|— o Co sl Z19. Op | Cun iy 0.1l T34, Oy Lij=&i— %
Yo Ty 13 b #3 C (_ ﬂ) 3“4f1( ﬂ)\ﬂﬂ‘i H J £
O
(Convention : Poland, Rychkov, Vichi (2018) Row1of TableI) .= | """ ¢

TABLE 1 Rummary o sarioms comforimal bloek

normulizations X, Eogs. (52, 62), used in thae Tineei

Exercise : plug in OPE and derive above expansion.
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CFT : 4pt function

4pt function:
(1(x1) Pa(20) Pa(x3) Pul(Ty)) =

v dim(3} Ajo.Agy
Jo

1 (|19_L|)L\12 (|11.L| )334 5 s ( b.al.ag) < b.ag.a_l)
L D = == s20slmm gy 90 & A
|710[*1"2 234"3*%4 |z |z15 Le2os 2o 81 #9030 2 s.rymlin \srrylm ape ( )
where
Appdgy, o | Z2a A2 | Ty |43 3 . 3 y e
9o (u, v) = Sia 7z Cé 69 (J_.I:(_Ilﬂ- Oy ) Cos 6 (J.j(_ISA- 0;;9) g Li; =4 — %
(Convention : Poland, Rychkov, Vichi (2018) Row 1 of Table I) | | ™ s

TABLE 1 Rummary o sariones comforimal - bloek
normlizations X, Eogs. (52, 62), used in thae Tieei

Exercise : plug in OPE and derive above expansion.
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CFT : 4pt function

4pt function:
(P1(x1) Pa( 1) Pal3) Pul(T)) =

.
1 (x| Y212 ]114| Agy o5 b.ay .00 b.ag.ay y dimic) Ajo.Agy
|zga[*1 2 |zgy[*3*24 ( : ] ( ) 2s 2o Xom *“1 $20 a(f_)‘ @40 2 I Ty im 9o e

714 |73 $. 7.0 $.13.7) T001
where
412434 To4 |7AM2 | 11y |34 ; y L)
(l U] -_— Er C& & 0.k .I'lj. (’.}1 CL‘ d 2.7 I3_L ()1 S o I‘g 5 = Ig’ —s
bo Ty 13 b #3 C ( 3‘1_] 3¢10.7 ( 5"‘) \1,!1-]\2'\ H J J
O
(Convention : Poland, Rychkov, Vichi (2018) Row1of TableI) .= | """ ¢
TABLE 1 Sty o wvarioms comforinal bk
normlizations X, Eogs. (52, 62), used in thae Tieei
Exercise : plug in OPE and derive above expansion. I
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EREINIOPE

Define C"1-"(x. —d.) by

Z*1 . Z¥ _trace oy, Ii“l i Lﬁ"ll—trace i : ‘3*'_' F g2
Aptagi—{ap—r]  AsHap-r|-a; [ —fhag-a, = O “(z. —f') ) 2 A7 ? 'E- = 5"}' - 2
| AR T g ! or =
[d
) y dimi) m a,4a1.49 [ R HY - B
QPR ; ‘_f)l,r |a I':Il) X@Q.rﬂm\[rﬂ) = Zr Zﬂ:r Z*: @, #9 0 z Ci‘: ¢ ( -, {?%'1)0?1“ (yl]
11%1 PRI ﬂ(}(}l 1 7. ?1 T*‘| n 1

(group decomposition 1 ® n - rdH ...)

Exercise : show a,, 4,0 in the OPE is the same a,, ., o in the definition of 3pt.
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Bootstrap equations

n®mn— RE ...

- E 2 . g
Define crossing matrix “M” by Py, ., ., -, = Xa Mrs P} 1, v, -

12:34 223 A19.Agg -
Define convolved block: F, 57 (n, )= v 2 g~ " (u, v)+u 2

The bootstrap equation is
+3r 20:R Qpg g0 0 Uy ¢y 0 (ﬂ-fr)sﬁ F ( u, )~ o5 Ay 690 Aoz 40 z

Special case ¢; = @3 : Y 20R @y 490 Xy M‘OHM —Ds g Fl 2

Note : Mg s depends on the choice of

Exercise : derive above equations
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a0

Asa Ay
9o (v, u)

12 3-1 :
+ (] i- U) = 0

(u. ) =0
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OPE coefficient conventions

Let’s now fix a.,; . Different choices of a,,; correspond to different OPE coefficient conventions.

5.(sim) b bkl
Fora..1 =1, P = T— b{ ‘ — }{— } vV dim(s) Zb< )( : )
+ dimgs) Tt 81 ) TaTy 1472 517374
1 g b k.
forans =, P =50 ) (1] )
v dimis ) s | 3.y

2 s.(aut) b.k.g
For a..1 = V dim(s) = 11‘;|7 Zb< }{ >
2 |8 ?’1 'F”'] s ?‘3 .7'4

2 = a 2 = 1 9
OPES a\oc sim — dlIl'l(C) awc prj ° Crﬁi::c aut — dun(c)aacnc PIj * anc sim — ,: &abc.a‘at
,“l mi e
@i 4, = a5, ,, dim(ér) ' dim(¢n)t™ dim(gg)
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EEINIOPE

Define C"1-"(x. —d.) by

FM mH _trace . Ii#1 ] ﬁ;.‘"_trace ) - ~ (I—2H (y—2),
Aptag—{ap—r]  AiH{ap-r|-a; [Ap—rHA-AS = CH~% (z. _a ) 2 Ay ? 'E- = (l)"} -2 2
BEE T TR e TE TS g 4 r” (g=2)
[d
] ) _ Y dimi?) m a.a.an i A ] ) Sy U2
OPE : ‘_wbl.rllall':irl:' X@Q.rﬂag‘(}:ﬂ) = Zr Z(J:r Z*: — Qg 490 >:. ( s )n C"’l 0 C ( I — I, l'r—:a?,ll)(j?'lﬂl (y1)

(group decomposition 1 ® rn - rdH ...)

Exercise : show a,, 4,0 in the OPE is the same a,, ., o in the definition of 3pt.
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Bootstrap equations

n®mn— RE ...

Define crossing matrix “M” by P% ., . = Xs Mrs Py 1y o s, -

Ag+a A1+

12:3 2703 A9 Agn A
Define convolved block : F, 5 (u. v) = v~ 2 g, Hu. v)+u 2 g0 (.
The bootstrap equation is
. 1284, o
izﬁ: E}:Ra‘égéi() a"u‘al Lﬁ_L(}(alII)SRF (N ?:) == Z)S a’[ﬂl lﬁj(;l a“‘S {;‘.LGF L. l') ]

Special case ¢; = ¢3 : 2R 20:R Aoy 600 @y 0,0 (£ MT—-D. HFI M 1) =0
Note : Mg s depends on the choice of

Exercise : derive above equations
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CFT : 2-point, 3-point function

We define gpt coefficient A, ;. as

TH oy
™' —trace ZH (-2}

(B1.7101(2) dr.0n(¥) B2l (2)) = Aasa { €

7.8 - 3:+)1—}jlg,—!| -
-yt =g

$1.10/(7) @ is in representation r with indices a.

g

We define 3pt coefficient @, ;; as A, ;; {

ab a.b.c
— ) =Q;qr
1k

.8 .8

+
3

!

2pt function :

Act{Ap -T)-A;
4 ¥ -

(A~ |+Ay —Aj' 2

1A
[ |C—I| [

), ie @n = Ajx V diméy)

a {A)
501 YABY. 3

(D 410)(T) Ol y) = (D10 (T) PEip(Y) 1) = Aegt { >

a.b } J4B

AB \I_y\?‘\

(difference choices of a,.; lead to different conventions.)
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OPE coefficient conventions

Let’s now fix a.,; . Different choices of a,,; correspond to different OPE coefficient conventions.

s.isim 1 bl 1 b | ki == bij bkl
Fora..1 =1, o= —— b{ ‘71 }{— 7{}:"\/{11111(5) Zb< j)( )
v dims) $1Tdg L8 ) Iy STyl Yoy
. 1 8.ipIj) b 2.7 b k.l
Fora:.; = - ’ Peﬂ;{‘:Zb{' }{' }
+ dimys) §1n.a 8 1 13.7y

Fora,,i = Vdim(s), P = % 21 }{b )

a2 -/ di 2 9 — 9 9 1 )
OPEs : Qape, sim = dlIl'l(C) Qabc.prj » Qape.aut = dun(c)aabc.prj + Qabe,sim = ,f: @3be, aut
v dimic)

o =a® . dim(pr)t* dim(go)t* dim(ps)t*

] B9 @3 & d9 93
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a.bel . . . ReR ) s Lol % - -
( ) is an invariant tensor : S| 8| S« Example: ¢ = 8,50, ¢

=z

-+

o

ol ® of —_— ol
a’, b, c

r,s, b

T s) iy falb.c .. ) i i .
Go s Goa G < Lt ) = ( . f) (g4 - matrix representation of any group element in rep r)

. { 2 ; ) =0 (G, . : matrix representation of any generators in rep r)
8,

T’ Ta,.a

i“) as explicitly dim(r) x dim(s) x dim(¢) rank-3 tensor. Solve above equation explicitly.

Autoboot : treat <
Work well for small number of generator and small rep dimension. I
Good for discrete group and small lie group O(2). O(3).

Actually computation of 17 : tutorial this afternoon
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Compute 3j symbols : a simple example

Take O(n) v® v — t as an example

Step 1 : write down generalized delta function 6 'T b, TJ s

(7 ~( T 1l =« o 1 -
57..} :5?'_}' H ali}':-.l'kf:-:g(ai'kbj'EWL&fEéjl;]*:5?}&1’[

For generic reps R : 6'f_, = Yo X5 P(S‘lll 67 ... where Y;is Young symmetrizer operating on 7 indices and subtract

traces.

~(T) =k =1 ~ I 7 (T)
Example : 6;; 5, 1y = 01 0 — 20; 0z, where x = — isfixed by 6*7 d,;j, 4.1y = 0

Exercise : proof for traceless symmetric rank- tensor, the generalized delta is
ity ghy . by b : : . by by
Sui ey =8y o Oty +€1 00y 0, L2863 .. Bgly + €380y g, Oty o, B REBUSS ... B0y + ..

[ az ay

where ¢, =

m
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Compute 3j symbols : a simple example

Take O(n) v® v — t as an example

1 48 _—
Step 2 : <UT:7 T E

3Ry _lye o o _
l:T v I)—Q(ézkc’j("'oiﬂjﬂ:)

Pirsa: 23040139

= T

8, ;6;; (overall factor is fixed by Za,b_c<

/A 1 /
. 7
A
— Lk \\' rlr g} {
Lo ¥ \
. L
‘ ‘S:’T. k \ | {Ilf 7
ke, & ) ‘ 4] ket e )
h —[_’_“__ e —
. .
a.b.c
5T

)

a,
r.s,

b,

g

c

T

|

1)
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Ehay r‘: /
e o
L

]

; N Mkl Kk
Exercise: compute (<= =2 =)

Answer :

| {-24m){-Len|{24n)[{d+m) ( UH Hp Rk ) _ ) ) ) ) ) o e ) ) i )
\ Sn e R R T L R R G OO R P S LR L
g W2 Paaks “ryaky, " Mg TH o )T e P02 T4k TR0 TIaaR )T e TR T e T g Tk )T ek Tiaky T R Tk
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Exercise : current and central charge

Traditionally we define the O (n) current through the Ward identity :

€T (¢ (21) PH(m)) = — =2 ﬁ_l d 5,(J*f(x)¢'(z1) ¢’(m)) , where €™ is O (n) generator

2

The normalization of J; # is related to the current central charge through

Sikdj 1% 1% 205 P ; y 9,82
- — = — 5 with §g.1 = =
- (Sg-1)" Jz-41"77 Lid/2)

(B oy ) =

However in conformal bootstrap numerics, we normalization

ik 0001551 i

(J37 (2) JE () = 2

Iz 22
v dimi J) = =Y

Exereise :
1, Workout the coefficient (...)in J}7 = (...) J}7.

2. Workout the relation between a, ;. az ; and ¢
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Exercise : current and central charge

Traditionally we define the O (n) current through the Ward identity :

€T (¢ (21) PH(m)) = — =2 ﬁ_l d 5,(J*f(x)¢'(z1) ¢’(m)) , where €™ is O (n) generator

2

The normalization of J; # is related to the current central charge through

Sikdj 1% 1% 205 P ; ; 9,82
- — = — 5 with §g.1 = =
= | Ed_l_l' =™ S Tidi2y

(B (o) ) =

However in conformal bootstrap numerics, we normalization

CJTJ(I) }}_‘fl:y)) = QJ—JJ]- L ;:-J'JV{_JHJ}"?‘- T
. J — p 9.
. v dim(.J) 2 ERT

Exercise :
1, Workout the coefficient (...)in J}7 = (...) J}7.

2. Workout the relation between a, ;. az ; and C;
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- K < > > i

O(N) {v,s,t} bootstrap equations

All correlators :
(Pppdg). (tttr), (ss55). (Psds). (PPts), (Ppdtt), (Pdss). (sstt), (sstt). (Podts)

Rep decomposition:
VelV=5eTspA

TRT=5STHAP Yoo Y,d Ya,

TRV=VaY:d Yy,

2j symbols:

(VS AVVA IV TL{5S5S8),

AL L8y AL T TY ST T Ay, «T T Yogy, {F T Yg), {T T ¥ay1}
(LY Yoy ATV Yoy

Bootstrap equations for O (N):
Videntity + (Agt: Attss Atet: Asss Aggs)- Vo-(Agots Atts: Attrs Asss: Aggs) + 24 20 Ve =0

Actually computation of 17 : tutorial this afternoon 1
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Correlators and theory space

Correlators:

O(2) : (Ppdg). (tttt). (ss55). (Psds). {PPts). (PpPtt). (ddss). (sstt)
O(3). O4), ... 1 {ddppd). (ttrt). (3553). (Pshs). (PpPts), (ddtt). (Ppss). {sstt). (ss5tt). {PPts)

Parameters to scan:

O(2) : {Ay, A, Ay and A, Ates, Asse }/ Ages
Ciidy, ey, ...0 18, 8 &) and Ry Avess Mooy Aeeek [ X

It's important to scan those OPEs to ensure {¢. s. t} are really the only one relevant operators

Naive scan : cost ~ e™™e2°2 (the curse of dimensionality)

Plan : Scan {A,. A.. A;} using Delaunay search. Scan {1,:. At A, Aire} Using cutting surface algorithm.

Pirsa: 23040139
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- K < > > i

O(N) {v,s,t} bootstrap equations

All correlators :
(Ppppg). (tttr), (ss55). (Psds). (PPts), (Ppdtt), (Pdss). (sstt), (sstt). (Pots)

Rep decomposition:
VelV=5eTpA

TRT=5STHAP Yoo Y,d Yq,

TRV=VaY:d Yy,

2j symbols:

{IF VS AV IV TL{5SS8),

AL L8 AL T Ty, KT T A, T T Youy, {F T Y}, {T T ¥q1}
(LY Yoy ATV Yoy

Bootstrap equations for O (N):
IE"ric'EE»n‘ci‘c_\' + (‘rlt-f‘ﬁit' J-tte- Ilttt- J-s:.:.- ‘LDU?E]' T'%-(flzmt- *Lct':-- ‘{ttt- ‘1:.5:.-- ltk*») + Zv Eﬁ:r rr =0

Actually computation of 17 : tutorial this afternoon
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Correlators and theory space

Correlators:

O(2) : (Ppdg). (tttt). (ss55). (Psds). {(PPts). (PpPtt). (ddss). (sstt)
3). OH). ... {dddd), (tttt), (3388), (Psdhs), (Pdts), (ddtt), (dPss), (sstt), (stitt). (PPts)

I

Parameters to scan|

O(2) : {Ay, A, Ay and A, Ates, Asse }/ Ages
Q(3), O4). ... {As As, A} and A, Avees Asss, Attt} / Ao

It's important to scan those OPEs to ensure {¢. s. t} are really the only one relevant operators

Naive scan : cost ~ e™™e2°2 (the curse of dimensionality)

Plan : Scan {A,. A.. A;} using Delaunay search. Sean {A,. Ats. Asce.
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- K < > > i

Why OPE scan

Videntity + (get. Aerse Avrrs Aess Ague): Vollsor. Avees Aere Assss Agge) + 25 250 V7 =0

Without OPE scan: e Vigentity = 1. @- V320, @- 17,20

allowed region : {(A,. A;. A;) | cannot find @ at (A, Az, A}

With OPE scan: @ Vigentity = 1. .{.(a- I-Tg),.{ >0, a-V, =20
allowed region : {(_\ S, {H cannot find a at [&@. Ag. N {)}

allowed in As : {(Aﬁ. N ALY (Am. o {] is allowed for some {}
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- K < > > i

Why OPE scan

Videntity + 4. Vol + X, Yoy V; =0

OPE scan demands ¢. s. t are really the only relevant operators. It’s a stronger condition.

Without OPE scan: a- Vigentity = 1. @+ V520, @-V, =20

For some {A,, A, A;}, there are solutions with two ¢;, ¢o, Ay, = Ay, Noyest # Noyontr Aeysgs * Aoy oo 5
but no solution for Ay, = Ay, Apjeot = Aot Aoy oo s = Aoy gos , LE. D1 = o

Without OPE scan: cannot find a

With OPE scan : canfind o

... (Thursday tutorial)
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Cutting surface algorithm : a prototype example

Parameters : {A,. A.. T = Aooe / e}

SDP in feasibility mode : find a linear functional @ = (a1. @y. @3. ay. @s) such that

(D o1 1) Vom0, -0 [1]) -1

a Vevenia. 1 z0for a=3 ¢-0

a- Vavenia. 1 = 0 for a = Aynitary: f - A

a Vogqa.nn=0foraz3, ¢-0 il
a-Vogqia. 01 =0 fora = Aynitary- - 12,84

x

(2) m@xlyrggA:an:m(l

)+f¥@dﬁzﬁmf:0q20

. ) myy Mp\(I
Assuming we find such @ at {A, p. A.p. 2}, constraint (2) has the form (z 1 )( mu mn ] ( 1 ) 2.
12 My

(m depends on A, p. A.p and @, but not z)

Solve this constraints, one find o concludes a wide range of points in z!
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Cutting surface algorithm : visualization for 2 OPE coeffs

(many

Fix {A,}.Scan z = {Ay. ... A,) , assuming a bounding box A

Given a functional @ at z = (A1, ... 1) — quadratic constraints (@ - Vy)-z =0 (@ V,:nxnmatrix)

B
=2
L

—
[ §
=

[
=
T

5 Step 1
Cut ratio : 0.94

Pirsa: 23040139

00 05 10 15 20

White region :
Blue region

Cut ratio ~ 8.5

(max)
< Apet = Apot

ruled out
undetermined

(yet to be scanned)

Steps « log(volume) « dim of the space
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Cutting surface algorithm

(minj

. = - -
Fix {A;}. Scan z = {1;. .... A,}, assuming a bounding box 1, =Nset = Aper

(max)

Given a functional «, at the i-th step, defined U, = {E | (@ Vy) 1< D} (region allowed by @)

- can't find
run SDP at 1. End : allowed
]

found a;, compute LI; = I?I{) (u'!-lf'”]..{! < 0}

, n ,-U,- = ._J
check N;U; = @ > End : disauowed}

-y =3
findx, , € N;U;

move ;m to the center of M ;U{; (roughly)
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Cutting surface algorithm : subtleties

Unfortunately checking (M U; % ( is NP-hard!

In practice : with small bounding box, we have effective heuristics to find a point in [ U;

For example : z, often sit slightly outside the boundary of N, , i.e.

Let f™(z) = z-(@™- Vo)-z , fM(z;) =0, fA(z;)<0, ... except f9(z;) = e for small e.

We may try to minimize f'?":'(;z) while keep the rest f™( E} <0

Given z..; € )} U; , how to move z,.; to the center of (", U; ?

; ’ =iy & ; : =y . = : =y
starting with z..; € (N U;, one may draw a line interval over z,_; and ends on the boundary of M U;. Move x,_;

=1} - .
to .., at the center of the interval.
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(many (max}

. = - -
Fix {A;}. Scan z = {1;. .... A,}, assuming a bounding box 1. = Asst = Aper

Given a functional @ at z = (A1, ... 1,) — quadratic constraints (@ - Vy)-z =0 (a-V,:nxnmatrix)

w
»
€«
Il

S
2
L

—
[ §
=1

[
=
T

Step 2
Cut ratio : 0.51

Pirsa: 23040139

05 10 15 2.0

White region : ruled out
Blue region : undetermined (yet to be scanned)

Cut ratio ~ 6.5
Steps « log(volume) « dim of the space
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Cutting surface algorithm : visualization for 2 OPE coeffs

(manj (max}

. = - -
Fix {A;}. Scan z = {1;. .... A,}, assuming a bounding box 1. = st = Aot

Given a functional @ at z = (1;.

B
=2
L

—
[ §
=

5 . Step 2
Cut ratio : 0.51

Pirsa: 23040139

00 05 10 15 20

... 1) — quadratic constraints (@ - Vy)-z =0 (@ V,:nxnmatrix)

White region : ruled out
Blue region : undetermined (yet to be scanned)

Cut ratio ~ 6.5
Steps « log(volume) « dim of the space
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Cutting surface algorithm : subtleties

Unfortunately checking (M U; % () is NP-hard!

In practice : with small bounding box, we have effective heuristics to find a point in [ U;

For example : z, often sit slightly outside the boundary of N, , i.e.

Let f™(z) = z-(@™- Vy)-z , f(z;) =<0, f¥(z;) <0, ... except f9(z,) = e for small e.

We may try to minimize f'?":'(;z) while keep the rest f™( E) <0

Given z..; € N U; , how to move z,.; to the center of ", U; ?

: ; =iy & ’ : =10y : - : =
starting with z..; € (N U;, one may draw a line interval over z,_; and ends on the boundary of M U7;. Move x,_;

=1} = .
to .., at the center of the interval.
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Summary of the search algorithm

Theory space : {A;], |A;]

pick |4, ]

: Icutting surface algorithm} o — lrun SDP with SDPB
find

check feasibility of p € [A;}

[check feasiblity of an grid of points in A spacel

[Delaunay search : find points near the boundary of allowed reginnw

||

check feasibility of those points
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