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Plan for today

Derivation of O(N) bootstrap equations for all four-point functions involving

(v=0: s=¢° t=0:¢)

Cutting surface algorithm
Tutorial A : Learn how to use autoboot, how to use projectors, run cutting surface algorithm

Tutorial B : Using Hyperion to bootstrap 3d Ising
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Group theory: CG coeff, 3j symbol

[Reference : autoboot arXivi19os.10522, << Birdtracks, Lie's, and Exceptional Groups==> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t. r, ...
(n; : multiplicity)

Tensor product decomposition: s@t =" &n2 e =@ ... ,

I
ab i : ‘
_}3_1,.. ~, (a:indices of rep r,

7.5

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { f

ete.) ie. ¢P = {5

t

2L g gy

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}w = 0 O O

Define the 3j synlbol:(a'b‘_c) = —1— {5 “'b} , nhormalization: Za‘bf(&) {a'b'c) =1
r.8.iln \,"dimw'rr t e ln rs$tin \r.stlin

Example : O(n) group with S (singlet), V" (vector) reps:

CG coefficient: { 1_ Ii = J—l_ ;5 , 3j symbol : ( 5 1 1_) = —=6,, , i.j: O(n)vectorindices
5 e

v

£ g

Exercise : check< o 1') is symmetric (In general, 3j symbol is symmetric / antisymmetric)

Pirsa: 23040139 Page 3/40



- K < > 3 %

Group theory: CG coeff, 3j symbol !

[Reference : autoboot arXivi1goz.10522, << Birdtracks, Lie's, and Exceptional Groups==> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t, 7, ...
(n: : multiplicity)

Tensor product decomposition: s@t =" &n2 S =@ ... ,

a.b i : ‘
_}3_1,.. ~, (a:indices of rep r,

7.5

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { f

ete.) ie. ¢P = {5

t

2L g gy

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}w = O Opm' O’

" o b.c b.c
“_}ﬂ , normalization: Za‘bf(—a C)ﬂ{of C)ﬂ =1

r.8 r.s.t

Define the 3j symbol : < a'b‘c)n S {E

r.s.t + dim(t

Example : O(n) group with S (singlet), V" (vector) reps:

, %, 7: O(n)vector indices

CG coefficient: { 1_ - B -L 5., , 3j symbol : ( t 3 ) g

T e VVs

i 9
e |

Exercise : check< g

) is symmetric (In general, 3] symbol is symmetric / antisymmetric)
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Group theory: generalized delta

Let 7. j. k. ... be the O(n) vector indices. We can use the vector indices to label an arbitrarv rep R in O(n)

§ . . w olR R R R p : :
‘generalized delta function” 6;; : 65 ¢;" =¢;" , i={i. .. mland 3; = X, ¥ ...

Properties : §;'5 6.} = 6% and 6} = dim(R)

8% - projection V@ V@ V... » R
Example : traceless symimetric rank-2 tensor T : 5[5‘;‘% p = % (0:16;1+8;1051) — i 80k

T o = 1 o £ .
Example : 6, 11 0" ¢7 = ¢z &1 — = ¢" ¢: 6, is a traceless symmetric rank-2 tensor

b= =457 | ( = ) = —— 6% foranyrep R

Exercise :
{ + dimi Ry ARSI v dim(R)

g

=l

&
R
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CFT : 2-point, 3-point function

We define 3pt coefficient A, ;. as

[T (¢ | ab ZH1 _ ZH _trace po_ (z— (p—o
(5.!51_;'|a|(3:] d)ﬂ.slbll:y] (‘bg el ('i )) B {1123 { i A } AgtA—{Ar 1) A —f)-Ag (Ap fHA;-A: 7 Z S - e
D T A e T FP—— i8] (T-3) (y-2)

$1.10(z) - ¢ is in representation r with indices a.

b a.b.c . >
—} — Q'U;;< "H) ,Le. @i = Ay \ dim(gy)

We define 3pt coefficient @, ;; as A ;; { .

2pt function :

(4}
. a.b S4B as1 S4B,
(@4101(2) @i Y) = (Daj0)(2) mp(Y) 1) = lwl{; —} R
S TAB) jx—y- Vdim@ 1T-3°
(difference choices of a,.; lead to different conventions.)
—
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CEIN1OPE

Define C"1-"(x. —d.) by

JJ IHI JI'A'l : trace u
ot - = O (x, —3;) — =g
Aj+Ai{Ap ] AjH{Ap-rl-ag (Af -THA;-A; a2ap ? v v - e
| g TR g R ol R
!
g v dimi¢?) m a.a).a 1 - B u.
DPE s (,bl,;rlla”':.'ﬂ} X‘pﬂ,rﬂag‘[fﬂ) — Zr Z{J:r Zn o ‘3'1 $30 Z < - )»: Ct-,l ¢ ()( 1 — I, € @'1)0?“1' ]

(group decomposition n ® rn - rd ...)

Exercise : show ay, 4, in the OPE is the same a,, 4 in the definition of 3pt.
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Group theory : 4pt structure

For simplicity, let’s assume there is no multiplicity.

Define 4pt structure as

pe __z{_a nm}{g am} 1 1
mi[a1| ma[az| r3eg| rafay] - 4 ¢ .79 sy ) dims) 9ss1
Taking a..; = ——(in this case P is called 4pt projector), P has the following properties:
+ dimys)
1, (completeness), (Pimmnrm+ Primnm+... Pinnn) = i g, O
3 PIELENESS), (Frimnn BIISHES,E) Th s SR gy ey ey
0 "] - [ T : 5 b -4 ( s
=t {pl OJEC-UOHL 25‘3 a4 (P""l LR ) 6] 69 ag ay ( LERE R Tﬁjag Gy a3 6§ 6““ (P"’l 72 "5 76 ')ﬂl a9 a3 ag

3, (orthogonality), X, o a3, (P;’1 S ) = §, . dim(r)

: .
lay a9 ag oy ( TRENES ?'J‘.}al as ag ay

b

Exercise : proof above properties using the properties of{
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Group theory: CG coeff, 3j symbol

[Reference : autoboot arXivi19o3.10522, << Birdtracks, Lie's, and Exceptional Groups==> Predrag Cvitanovic]

Consider a group with real representations generic reps s. t, 7, ...
(n: : multiplicity)

Tensor product decomposition: s@t =" &n2H =@ ... ,

ab i : ‘
_}3_1,.. _, (a:indices of rep r,

7.5

Clebsch Gordan coefficient : decomposition r ® s — " is given explicitly by { f

ete.) ie. ¢P = {5

t

2L g g

a,b

r.s

Iy

Normalization of CG coeff: 3, {

}w = O Opm' O’

: : il JBiE
}ﬂ , normalization: Za‘bf(—a C)ﬂ {a C)ﬂ =1

r.s.t

a.b

Define the 3j symbol : < ﬂ'b‘c)n e {E

r.s.t + dim(t

r.s

Example : O(n) group with S (singlet), V" (vector) reps:

CG coefficient: { 1_ - = L 5,; , 3j symbol : ( L ) =L, i. j : O(n) vector indices

T L VVS Vo o2
= 1
Exercise : check< = Q) is symmetric (In general, 3) symbol is symmetric / antisymmetric)
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CFT : 4pt function

4pt function:
(dh1(x1) Pa(a0) Pa(23) PulTy)) =

—

1 |z24] Y212 |11-L| Agy by .o bag.ay\ Vdimi@d)  Ajn.Agg ‘ :
|z10]"1**2 |zgy '3+ ( : ] ( ) 2s 2os Xnm @ L“101(J 03040" i o i, 2l

|z14] 713 5,711, ,73.7) 2501
where
213434 Iog |72 |1y A3 - \ v : y I (39)
(E 1’] = | SEge C( o9 OLE Ilr)' {}'7 C( oy O I3-L I:)4: T i =% — X5
- 14 13 16204(712: On) Cogeso ) o2 7T
= 5o
‘ v K
(Convention : Poland, Rychkov, Vichi (2018) Row1of TableI) . | """
TABLE 1 Sumnmary o varims vomforinal bliek

norngtlizations N o B (52 62), vsed o thee Titer ot o

Exercise : plug in OPE and derive above expansion.
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CFT : 4pt function

4pt function: .

(d1(x1) Po(1) P3(73) Pu(T)) =

1 ( |zo4] ]Alg (lIl-L| )334 » - < by .o9 ) < b.ag.ay ) yAim(Q)  Ajp.Agy
= IZyal s 24005 a @ “ A, )

|za] "2 |z34[*3*4 N |zyy |z13] Lo Zos Lo @iy 0 Vg 40 2 S Bt ol st

where
MoAzy Iy |TM2 | ;g |34 ., » \ oy 3 y Flims) _
Go (u. v) = - - “y B9 (}.;:(_119- l‘?-yl ) C'¢n3 1.540.;(-7334- 0@)3) \yp\?'\ y Lij =& — X
" = [
(Convention : Poland, Rychkov, Vichi (2018) Row 1 of Table I) ik
TABLE 1 Sumnmary o varioms vomforinal bliek

norntlizations N o B (52 62), vsed o thee Titer ot o

Exercise : plug in OPE and derive above expansion.
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CFT : 4pt function

4pt function:
(d1(x1) Pa(a0) Pa(23) PulTy)) =

1 |224] Y212 f 11y }A34 b.ay.an b.ag.ay VAim)  Ajp.Agy ;
|1'1]|$1 +49 |ISJI|J3+M‘ | ( ZL Eﬂ s zn m L"l P00 o_), iaye] Zb » " QU (u, v)

14 1713 s.ryury fn \ srgry Tl
where
212.434 & | Za™™2 |ma |23 = \ . \ It (y10) o -
G0 (u. v) = 24 I3 Cl-bl ) (}.k(_llﬂ- a-yl ) C'¢.53 ¢.5_LO.)(I3-L- ayg) \yp\?'\ y Lij = Li— I
\y

(Convention : Poland, Rychkov, Vichi (2018) Row 1 of TableI) . .|

TABLE 1 Sumnmary o varioms vomforinal bliek
nornulizations A, Eas, (52, 62), used in thae Tieet un

Exercise : plug in OPE and derive above expansion. I
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CEIN1OPE

Define C"1-"(x. —d.) by

H]_ He l
H T e Ly L, -trace il
ZH1  EW _trace = C"-%(z. —0.) il JH=§r_9 (p=2) (g—2h

Aj+A —{Ar -]  AjHAr-{|-Ag (A -THA;-A, i T - 2ay ’ v 6 = e

L i " 5 R
/d
g Y dim(() m a,a.an w1 - f; u.

OPE : (,bl,rlla”':.’ﬂ} X‘f)ﬂ,rﬂaﬂ‘[fﬂ) = Zr ZJ::‘ Zn _ C‘l $70 Z ( —_ )»: C*"l ¢ ()( 1— .t %'1)0?“1' ]

(group decomposition 1 ® rn - rd ...)

Exercise : show ay, 4, in the OPE is the same a,, 4 in the definition of 3pt.
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= K < > o
Bootstrap equations

nN®n— RE ...

Define crossing matrix “A{4” by P? = Yo Mgs P2
g )

LT I rrmiryry °

' Ag+ag 41 +49
12:34 —— A9 Al L 2 Aaa A
Define convolved block : Fi 5 (u. v) = v~ 2 g, (u. v)+u 2 g0 (v, u)

The bootstrap equation is
: 39:14 12:34
* Eﬁ‘ EJ:R Apg 490 Apy 640 (*MT)S.R FL.(J (u, v)— Z): S Aoy g9 0 Ay, 0 FLU (u, v) =0

SPECial case ¢ = @3 : YR 20R Qpy 90 gy 00 ( M7T - Ds.r F_'l.%u( u, v) =0
Note : Mg s depends on the choice of

Exercise : derive above equations
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- I < > > i
OPE coefficient conventions

Let’s now fix o, . Different choices of a,,; correspond to different OPE coefficient conventions.

5 5,1sIm) 1 b i.] b
FOIQSSl:lﬁ Pzw‘;( g— b{j‘—}{_

8

S Ve 5 ) { 254

73 ?-L LR

|
it
i
()
=g
2
Il
|
=]
e
[I=3

FOI‘QSS]._  T—

v dimys) s | m,

. s.(aut) b.1.j b.k.j

Fora..; = ¥dim(s) , P;;% = 25< . ){ . )
: §.1.79 §.73.74
“ Al — Al A4 . , s s 4 - 1 2
OPEs : Qape, sim = dll‘n(C) Gabc.;}rj s Qape.aut = dun(c)aabc‘prj + Qabe,sim = 'r—dim' abc, aut
v dimi(c)

@, . = a5, ,, dim(ér) ™ dim(¢én)t™* dim(gg)t

Pirsa: 23040139 Page 15/40



CRIN1OPE

Define C"1-"(x. —d.) by

JJ IHI JI'A'l : trace u
s = (g, —d;) —— [+ = g0 — o T D
Aj+Ai{Ap —f]  AjH{Ap-rl-ag (Af -THA;-A; a2ay ? v v - e
L i o e
/
g y dimi(¢?) m a.a].a 1 - B u.
OPE : (,bl,;rllaﬂ':.'fll X‘pﬂ,rﬂaj‘(ﬁ) = Zr Zﬁ:r Zn _ Qyy 090 Z ( S )»: C‘-,l 9 ()( 1 — I, ¢ ?Jl)O”ﬂl Y1)

(group decomposition 1 ® n - rd ...)

Exercise : show ay, 4, in the OPE is the same a,, 4 o in the definition of 3pt.
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-

Bootstrap equations

n®n— RE ...

Define crossing matrix “M” by PY ., . = Xs Mrs Py, 1) oy, -

Ag+ag

A1 440
= 12:34 A9 Al ! e’ ST P ¥
Define convolved block : Fi 5 (u. v) = v~ 2 g, H(uw. v)+u 2 gy (v, u)

The bootstrap equation is
. 39:14 12.34
= Zﬁ‘ EJ:R Apg 490 Apy 640 (*MT)S.R FL.(J (u, v)— Z): S Aoy g9 0 Ay, 0 FLU (u, ) =0

Special case ¢; = ¢3 : Xg 2o g Aoy 690 Xey 0,0 (+MT -1 p F}E;“(u. v)=0
Note : Mg s depends on the choice of

Exercise : derive above equations
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CFT : 2-point, 3-point function

We define 3pt coefficient A, ;. as

[T (¢ | ab ZH1 _ ZH _trace po_ (z— (p—o
(5.!51_;'|a|(3:] d)ﬂ.slbll:y] (‘bg el ('i )) B {1123 { i e } AgtA Az 1) AsHfAr —f)-Ag (Ap fHA;-A: 7 Z g - e
D P A B T Loz K i8] (T-3) (y-2)

$1.70(z) - ¢ is in representation r with indices a.

a.b a.b.c . g
—} — Q'U;;< ‘) ,Le @i = Aijp \ dim(gy)
T.5,1

r.8

We define 3pt coefficient @, ;; as A ;; {

~+ I

2pt function :

(A

. ab | ¢ @1 9ABY.p

':—gﬁ-llm(-r) (‘I)B[bll:y]:) = <d):1|a|[1::. !qu[m(y] -l> = ‘]‘LM-']. { : AB } Iz -:13_\ = "ﬁ i Jlg_,.
S B « dimy(A) =z

(difference choices of a,.; lead to different conventions.)
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- I < > > i
OPE coefficient conventions

Let’s now fix o, . Different choices of a,,; correspond to different OPE coefficient conventions.

: 1 N bk
a1, R = B ] ) - VA )2
\4" dimy(s) 3 1 1179 sl L L 147 3,737y
. 1 s i) ] b Kk
FOlﬂfssl: — ”1;} Zb{ § }{- : }
+ dimysy T1+72 51137y
7 s.(aut) b.k.j
Fora..; = vV dim(s) , aj‘u 25{ ){ . )
§.17.79 §.73.7y

“al vV 2 i _ 1 2
OPEs : Qabe, sim = cllm(c) Qabc pIj Q abc,aut — dun(c)aabc PIj ° Qaoc, sim = ,fg abc, aut
v dim(c)
B s = Ty g AT ¢1)H* dim(¢y) ' dim(epz) 4
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- I < > X
autoboot

a,b,c
oy @ of iz B
be = : S L7 : l\: :.!['I '} @ 7
( i: ;) is an invariant tensor : S| 8t %< Example: ¢ = 6,50 0"
¥ Y ¥
()‘itl & {);"::‘ —_— (_)"::'
) a’, b, ¢ i
{ )
r,s, [
M (sy b Jab.ey  fabe n . trix 1 . tati f R 1 tinr
G Goy Gee{ ) =(77;] (g : matrix representation of any group element in rep r)

y LB (7} : : :
- { 2 : ) =0 (G, - matrix representation of any generators in rep r)
.5,

o' a.a

Autoboot : treat ( “'”) as explicitly dim(r) x dim(s) x dim(¢) rank-3 tensor. Solve above equation explicitly.

r.s,t

Work well for small number of generator and small rep dimension. |
Good for discrete group and small lie group O(2). O(3).

Actually computation of 17 : tutorial this afternoon
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Compute 3j symbols : a simple example

Take O(n) v® v — t as an example

Step 1 : write down generalized delta function 6 'T . 6;5’,_ &b
.: i ) 1 ot 1
{SLTJ :6?,}' 3 dlri]-}':‘.d.'f: _— 5 ((51'&' aj? +6ffé‘jk]* géf_}'éﬁgf

. R = = Tk e . . — .
For genericreps R: 65 = Yo Y;c67 67 ... where Y;is Young symmetrizer operating on i indices and subtract
iJ J Y9 J

traces.
E le:6' 7 1, =6%62—26;;6:,,wherez = * isfixed by 6767 ,, =0
Xa]-npe—an;:.lkhf (1 ()J,:—I ijOr1, WNETre T = nlS Xe ¥ @ikl =

Exercise : proof for traceless symmetric rank-/ tensor, the generalized delta is

by... b by N n o3 b, ’ b5 by
ol a, = Oy - Oy + €1 8(ay a 81122 853 .. oty + €2 8ay oy Oag o, 012 6B M 853 ... 6oy + ...
. nil ¢y [ 4
-1 |§_§ -'Im |_l__’ -‘lm

where ¢, = -
—f+2

m

Tim+1)[-

b3
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- K < > X
Compute 3j symbols : a simple example

Take O(n) v® v — t as an example

YA = 7
Step2: UV T> . ’

(T Ii %) = % (611850 +6:6,1) — ié} ;651 (overall factor is fixed by Za,b_c<

Pirsa: 23040139

a.b.e

il

r.8.t

a.b.e

)

T.5,

g

g

1)

Page 22/40



-

Compute 3j symbols : (T T T)

L. 2

Exercise: compute {2 2 =2)
T T T
Answer :
| {-2em){-L+m|{24n)[d+m) <ﬂ M ﬁ) = 7L”v S e S 'J
“l Bin T T ik In 1.9 Tl 1.4 Tk n»

1

+ &y

{19 ‘,”' i1+ i Jodq * ¢ 1k 2 a0 _|* [_"‘21~_ng Y1ty 1 Y "”-.":1 din _'*

5 [""11 2 ["-::_;,F.:E "-'jl deg ¥ "-7.2 I "'j]_ ko J* "-':1 Jiny |.“-'?Lj 32 "-jl Jq * Y901 ;-"?"I"l S ;:1 Jq [""'ij.j-‘_) “'}1 Jy * Y.y "-'j.r_; dg It %Y. ["-'7.2,.":.2 "-'}2,.":1 * o iy "-'_,1'9 dey JJ*
2

o M .03 % B R L

P Sl B
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- I < > X
Exercise : current and central charge

Traditionally we define the O (n) current through the Ward identity :

€' (™ (11) (1)) = — =L rﬁl d 5, (J*f(z)¢'(z1) ¢’(m)) , where €' ™ is O (n) generator

9
The normalization of J; # is related to the current central charge through

} ; Gipdip—dijé5p 2 Cy T 2 9 Tﬁ--i
S I = — . L with 5,1 = =
c 5 . y } 2 | S'd'_l_}j |3_‘7y|3 e Li d_."gh

However in conformal bootstrap numerics, we normalization

ik 0101551 L.

('},EJ(I] Jff(y]} o ﬂ

i )
A dimi.Jy 2 lx—31” 27

Exercise :
1, Workout the coefficient (...)in J;7 = (...) J}7.

2. Workout the relation between ay, ;. @z, and C;
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- I < > X
Exercise : current and central charge

Traditionally we define the O (n) current through the Ward identity :

€' (9™ (11) ¢ (1)) = — =L rﬁl d 5,(J*f(z)¢'(z1) ¢’(m)) , where €' ™ is O (n) generator

9
The normalization of J; # is related to the current central charge through

} ; Gipdip—dijé5p 2 Cy T 2 9 Tﬁ--i
DI = — . L —  with 5,1 = =
c s . y } 2 | S'd'_l_}j |3_‘7y|3 A Li d_."gh

However in conformal bootstrap numerics, we normalization

ik 0101551 L.

('},EJ(I] Jff(y]} o ﬂ

i )
A dimi.Jy 2 |lx—31” 27

Exercise :
1, Workout the coefficient (...)in J;7 = (...) J}7.

2. Workout the relation between ay, ;. @z, and C;
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O(N) {v,s,t} bootstrap equations

All correlators :
(Ppppg). (tttr), (ss55). (Psds). (PPts), (Ppdtt), (Pdss). (sstt), (sstt). (Pots)

Rep decomposition:
VeV=5eTapA

T@T=50TOAD Y r D Y,® Y31

Te V=V Y:d Y,

2j symbols:

(VY S (VVAL{VY T (5SS}

(TTE) {ATTT) ATTA), {TT Yas}, {T T Y. (T T ¥q:}
KLV Yap, {1V Yag)

Bootstrap equations for O (N):
Videntity + (Apet: Atts, Attt Assss Aggs)- Va-(Aggts Atts, Attt Assss Aggs) + 2 2o Ve =0

Actually computation of 17 : tutorial this afternoon 1

Pirsa: 23040139 Page 26/40



- I < > X
Correlators and theory space

Correlators:

O(2) : (Pppg). (tttt). (ss55). (Ps3ds). {PPts). (PpPtt). (ddss). (sstt)
O(3), Od), ... : {PPp). (ttrt). (s533). (Pshs). (PpPts). (¢pdtt). (Ppss). {sstt). (ss5tt). {PPts)

Parameters to scan:

O(2) = {Ap, Asy Arand {Ap. Avees e}/ Ages
0(3), O(4), ...: (A, As, As} and (g, Atts, Asss, Attt} / Ape

It's important to scan those OPEs to ensure {¢. s. t} are really the only one relevant operators

Naive scan : cost ~ ¢™™@#2°2 (the curse of dimensionality)

Plan : Scan {A,. A.. A;} using Delaunay search. Scan {1,:. At A, Airy} Using cutting surface algorithm.
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O(N) {v,s,t} bootstrap equations

All correlators :
(Ppppd). (tttr), (ss55). (Psds). (PPts), (Ppdtt), (Pdss). (sstt), (sstt). (Ppots)

Rep decomposition:
VeVvV=5eTapA

T@T=50TOA® Y s D Y,® Y31

Te V=V Yo Y,

2j symbols:

(VY S . (VVAL{VY T (5SS}

(TTE) {ATTT) {TTA), {TT Yas}, {TT Yy (T T ¥a1}
KLV Yo, (T V You)

Bootstrap equations for O (N):
Videntity + (Aggt. Atts, Attt, Asss. Agos). Va(Adegr. Asts. ‘{ttt- Asss. Aggs) + 20 20, Ve =0

Actually computation of 17 : tutorial this afternoon
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- I < > X
Correlators and theory space

Correlators:

O(2) : (Pppg). (tttt). (ss55). (Ps30s). {PPts). (PpPtt). (ddss). (sstt)
O(3). O(). ... : (Bddp). (tttt), (s555), (Psps). (Ppts), (PPLt), (Bdss). (sstt). (stitt). (pdts)

Parameters to scan| I

O(2) = {Ap, Asy Arand {Ap. Avees e}/ Ages
0(3), O(4), ...: (A, As, As} and (g, Atts, Asss, Attt} / A

It's important to scan those OPEs to ensure {¢. s. t} are really the only one relevant operators

Naive scan : cost ~ e™™@#2°2 (the curse of dimensionality)

Plan : Scan {A,. A.. A;} using Delaunay search. Scan {1,:. At A, Airi} Using cutting surface algorithm.
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Why OPE scan

Videntity + (Apet. Atts: Atrr: Asss. Apps)- Va-(Aggt: Atess Atrts Asss. Apgs) + 20 20:r Ve =0

Without OPE scan: e Vigentity = 1. @- V320, @- 17,20

allowed region : {(A;. A;. A;)| cannot find @ at (A, Az, A}

With OPE scan: @ Vigentity = 1. .{.(a- I--"g).i =0, a-V, =20
allowed region : {(‘i\@. A A {H cannot find @ at [ﬁ,ﬁ.. L R, Y {]}

allowed in As :{(Aw. Ay, &)

(%_ e {] is allowed for some {}
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Why OPE scan

Voroity A VGAE S T Vo= 0

OPE scan demands ¢. s. t are really the only relevant operators. It’s a stronger condition.

Without OPE scan: - Vigentity = 1. @- V520, @-V, =20

For some {A,, A, A;}, there are solutions with two ¢1. @2, Ay, = Ayy, Asyogt F Asy ot Vs ens F Aoy s 5
but no solution for Ay, = Ay, Apy st = Aoy pot, Aoy srs = gy gos , 1€ D1 = o
Without OPE scan: cannot find o

With OPE scan : canfind a

... (Thursday tutorial)
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e L L .
Cutting surface algorithm : a prototype example

Parameters : {A,, A., T = Asoe/ A}

SDP in feasibility mode : find a linear functional a = (a1. @y. @3. ay. @s) such that

(1) - a[1 1) Vevenla - 0. r-[h-[i"-l

a Vovenia, nz0fraz3 ¢r=0

@ Veventa e 0 for & = appiare. 0= 2,46,

a-Voggia n=0foraz3,¢-0 I
a-Vogqia. 0 =0 fora = Aynitary- - It N

X

(2): a»(u 15 Vovenlf = A, f:m-(l

)+ 3 VailA = A, I = 0]] =0

Assuming we find such o at {A, p. A p. 2}, constraint (2) has the form(z 1) ( mu mn ) ( ) = .
12 Mo

(m depends on A, p. A.p and @, but not z)

Solve this constraints, one find o concludes a wide range of points in z!
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e g . ) mns
Fix {A;} . Scan z = {1;. .... A,}, assuming a bounding box At = Aust = Aot

Given a functional @ at 7 = (A1, ... 1) — quadratic constraints (@ Vy)z<0 (a- Vz:nxnmatrix)

I NI
20f
15}
10
5 Step 1
(]u; ratio : 0.94
ol }
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(max)

White region : ruled out
Blue region : undetermined (yet to be scanned)

Cut ratio ~ 0.5
Steps « log(volume) « dim of the space
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Cutting surface algorithm

(max)

. g - - 1 1]
Fix {A;} . Scan z = {1;. .... A,}, assuming a bounding box At =Nest = Aot

Given a functional a; at the :-th step, defined U, = {E | T-(@- Vo) =< 0} (region allowed by a)

- can't find &
run SDP at x. End : allowed
]

found a;, compute LI; = I?I? (u',-V”].J_L! < 0}

check N;U; = @ {End : disallowed‘

-+ =*
findx, , € N;U,

move ;m to the center of M ;UI; (roughly)
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Cutting surface algorithm : subtleties

Unfortunately checking (M U; . () is NP-hard!

In practice : with small bounding box, we have effective heuristics to find a pointin " U;
For example : z, often sit slightly outside the boundary of N U, , i.e.
Let f™(z) = z-(@™- Vo)-z , f(z;)=<0. f(z,)<0. ... except f9(z,) = e for small .

We may try to minimize f‘)‘”(;ﬁ-) while keep the rest f"m(;?]-} =0

Given z..; € N} U; , how to move z,.; to the center of (", U; ?

. ; =0y o g : =0y . ' =y
starting with z,_; € (" U;, one may draw a line interval over z,_; and ends on the boundary of " I7;. Move x,_,

=1y . .
to z,.; at the center of the interval.
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e bl . S mns
Fix {A;} . Scan z = {1, .... A,}, assuming a bounding box At = Aust = Aot

Given a functional @ at z = (1;.

I P Al —
20f
15}
10+ .
5 . Step 2
| Cut ratio : 0.51
Ok
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Cut ratio ~ 0.5
Steps « log(volume) « dim of the space
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e g . ) mns
Fix {A;} . Scan z = {1;. .... A,}, assuming a bounding box At = Aust = Aot

Given a functional @ at z = (1;.

I p| &l -
20f =
15] f
10 ,JRS‘
51 " Step 2
' Cut ratio : 0.51
Ok
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Cutting surface algorithm : subtleties

Unfortunately checking (M U; . ( is NP-hard!

In practice : with small bounding box, we have effective heuristics to find a pointin (" U;
For example : z, often sit slightly outside the boundary of N U, , i.e.
Let f™(z) = z-(@™- Vo)-z , f(z;)=<0. f(z,)<0. ... except f9(z,) = e for small e.

We may try to minimize f‘)‘”(;ﬁ-) while keep the rest f"m(;?]-} =0

Given z..; € )} U; , how to move z,.; to the center of ("), U; ?

. ; =0y o : : =0y ” e =y
starting with z,_; € (" U;, one may draw a line interval over z,_; and ends on the boundary of " I7;. Move x,_,

=1y . p
to z,.; at the center of the interval.
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Summary of the search algorithm

Theory space : {A;], |A;]

check feasibility of p € [A;) | . [cutting surface algorithm| <———= [run SDP with SDPB
find o

[check feasiblity of an grid of points in A spacel

{Delaunay search : find points near the boundary of allowed regicm.‘

||

check feasibility of those points
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